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Abstract:

In this paper, we consider meet hyperlattices and we define ordered meet hyperlattices. It is already
introduced that there exists product of hyperlattices [5]. We introduce the notion of product of two ordered meet
hyperlattices in this paper. Moreover, we define the quotient of ordered meet hyperlattices with a regular
relation. Also, we investigate isomorphism on the product of two ordered meet hyperlattices with a regular
relation.
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l. INTRODUCTION AND BASIC DEFINITIONS
We define a regular relation on Ordered meet hyperlattice such that its quotient [4] is an ordered
hyperlattice and we study some properties of such relations.
Definition 1.1:

Let H be a non-empty set. A Hyper operation on H is a map ° from HxH to P*(H), the family
of non-empty subsets of H. The Couple (H, °) is called a hypergroupoid. For any two non-empty subsets A and
B of H and x € H, we define A° B=U,egpep a°b;

Aecx=A-{x} and x°B={x}-B
A Hypergroupoid (H, °) is called a Semihypergroup if for all a, b, c of Hwe have (a°b)>c=a- (b c).
Moreover, if for any element a € H equalities

A+ H=H-°a=H holds, then (H, ) is called a Hyper group.
Definition 1.2:

A Lattice is a partially ordered set L such that for any two elements x, y of L, glb {x, y} and
lub {X, y} exists. If L is a lattice, then we define x V' y = glb {x, y} and lub {x, y}.

Definition 1.3:

Let L be a non-empty set, A: L x L — p* (L) be a hyper operation and V: L x L —»L be an
operation. Then (L, V, A) is a Meet Hyperlattice if for all X, y, z € L. The following conditions are satisfied:

1) x€ExAxandx=xV X

2) xVyV2=xVy)VzandXxA(YAZ)=(XAY)Az

3) xVy=yVxandxAy=yAX

4) XEXAXVY)NXV (XAY)

Definition 1.4[3]:
Let (Lq, V1, A1, <q) and (L,, V5, A5, <,) be two ordered hyperlattiice.
Give (Lyx Ly, V', A), he two hyperoperations V" and A’ on L;x L, such that for any
(1, ¥1), (x2, ¥2) € Ly L,, we have
(e, y1) N2, ¥2) = {(u, v); u € x1 Ay X2, vE y1 Ay 2},
(x1, ¥1) < (x2, yz) ifand only if xy < x5, y1 <3 y2.
The Hyper operation V” is defined similar to A’.
Definition 1.5:
Let R be an equivalence relation on a non-empty set L and A, B C L, A R B means that
for all a € A, there exists some b € B such that a R b,
for all b’ € B, there exists a’ € A such thata’ R b’.
Also, R is called a regular relation respectto A if x R y impliesthat x Az Ry Az, orallx,y,z€ L. R is called a
Regular relation if it is regular respect to V and A, at the same time.
Definition 1.6:
An ldeal P of a meet hyperlattice L is Prime [2] if for all x,y € L and x Vy € P, we have x €
Pandy € P.
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II.  QUOTIENT OF ORDERED MEET HYPERLATTICES WITH A REGULAR RELATION.

In this section, we study special relation which is regular on ordered meet hyperlattices which has
connection with order on L and we derive ordered meet hyperlattice from an ordered meet hyperlattice with
such regular relation.

Let (L, V, AX) be an ordered meet hyperlattice and v be a relation which is transitive and contains the
relation <. Moreover, forany X,y €L, ifxvy,wehave x AzvyAzandxVzvyVzforallz€Landx €y
A z implies that xvy, yvX, xvz, zvx, we call such relations as quasi-ordered relations. We know that if v is a
regular relation, the quotient L/v is a hyperlattice. But this relaton is not equivalence relation. So, we define v*
={(a b) Evxv;avb,bva}.

Theorem 2.1:
Let (L, V, A) be an ordered strong meet hyperlattice and v* be a relation defined by
v* = {(a, b) €Evxv;av b, bva}. Thus, L/ v* isan ordered hyperlattice.
Proof:
We can easily show that v* is an equivalence relation.
Now we show that v* is a regular relation.
Let xv*y,z € L and X” € X AZ.
Thus,xvyandyv x.
Therefore X Az vy Az, y Az V X Az and we conclude that there exists y’€ y Az such that X’ v y’.
By the property ofv, we have y’ vzand z v x’.
So,y’ v x” and X AZ V* Yy Az.
Since V is a binary operation, we show thatx vz v*y v z.
So, v* is a regular relation and L/ v* is a hyperlattice.
We have to show that L/ v* is an ordered hyperlattice.
Let v*(X) < v*(y).
Since L/ v* is a hyperlattice, we have v*(x) A v*(z) = v¥(z’) where z” € X Az and v*(y) Av*(z) = v*(W), W EY
AZ.
Thus, there exists X’ € v*(x) and y’ € v*(y) such thatx” < y’.
Therefore, we have (x” Az) < (y’ Az) and so (X’ AZ) v (y° AZ).
S0, v¥(X*) Av*(2) S v¥(Y’) AVv*(2).
Since v¥(x”) = v*(x) and v*(y’) = v*(y), we have v*(X) A v*(2) < v*(y) A v*(2).
Therefore, L/ v* is an ordered hyperlattice.

Theorem 2.2:
Let (L,v, A, <) be an ordered strong meet hyperlattice and v be a quasi-ordered relation. There is one to
one correspondence between quasi-ordered relations on L which contain v and quasi ordered relations on L/ v*.
Proof:
Let n be a quasi-ordered relation on L/ v*.
We have to prove that 7 = {(X, y); (v*(x), v*(y)) n} is a quasi-ordered relation on L which containsv.
Letx <vy. So, x vy and (v*(x), v*(y)) € L/ v*.
Since 7 is a quasi-ordered relation, it is clear that (v*(x), v*(y)) en and so (X, y) et and < S 7.
We can prove that 7 has the transitive property.
Now, let x € y Az. Therefore, v*(x) ev*(y) A v*(z) where A is a hyper operation on L/ v*.
Therefore, (v*(x), v*(y)) en and (v*(X), v*(2)) en.
So,(Xx,¥)et,(X,2) et,(y,X) e, (z,X) eTand let (X,y) € T, a € X Az.
So, v*(a) ev*(x) A v*(z) and since 7 is a quasi-ordered relation, there exists v*(b) ev*(y) A v*(z) such that
(v*(a), v*(b)) n.
Hence (a, b) 7.
Also, we can show for V that  is a quasi-ordered relation on L.
Similarly, if we have a quasi-ordered relation on L which contains v, then there exists a quasi-ordered relation
onL/v*

Theorem 2.3:

Let (L,v, A, <) be an ordered strong meet hyperlattice and v, T be two quasi-ordered relations on L
such that v € 7 and v*(x) =/ vv*(y) if and only if there exists a € v*(x), then there exists b € v*(y), av b. Then,
7/ v is a quasi-ordered relation on L/v*.

Proof:

Let (v*(X), v*(y)) € ©/ v.

Thus, there exists X € t*(a), y € v*(b) such thatx v y.
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Hence, av xandy v b.

So,avbandsincev S t,we havearth.

We can easily prove that 7/v contains <on L/ v* and has the transitive property.
Now, we let (v*(x), v*(y)) € /v and v*(z) € L/ v*, v*(c) € v*(X) A v*(2).
Thus, (X, y) € vand c € X Az.

Since t is a quasi-ordered relation, there exists u € y Az such that ¢ 7 u.
Therefore, there exists v*(u) € v*(y) A v*(z) such that (v*(c), v*(u)) € t/v.
Also, let v*(z) € v*(X) A v*(y).

Thus,zexAyandztX,zTtYy,XTZYTZ

Therefore, (v*(2), v*(X)) € t/v, (v*(2), v*(y)) € t/v, (v*(X), v*(2)) € t/v and (v*(y), v*(2)) € t/v.
Similarly, we can prove for v.

In the following theorem we are going to investigate quasi-ordered relation on the product of two
ordered meet hyperlattices.

Theorem 2.4:

Let (L1,V1,A1, <1) and (L,,V;,A;, <) be two ordered strong meet hyperlattices and v;, v, be quasi-
ordered relations on L;and L,. Then, (L{XL,) / v* is isomorphic to Li/v{* XL,/v,*.
Proof:

We define f: (L1XLy) I v* — Lilvi* xL,lv,* by f(v*(a), v*(b)) = (v1*(2), v *(b)).
We can show that f is well defined and one to one.
Now, we claim that f is a homomorphism between two ordered meet hyperlattices.

f (v*(aq, by) A v*(ay, by)) = f(v*(u, v)) where u € a; A ay, V € by A b,.
So, we have f (v*(ay, by) Av*(az, b)) = (v¥(ar) AL v¥(az), v¥(by) Ay v¥(Dy))

=f (v*(ays, b1)) * f(v*(az, by)).

Similarly, these relations also hold for the binary operation v and by the definition of order on(L;XL,),
if v¥(ay, by) < v*(ay, by), we have (aq, b1) v (ay, by).
Therefore, (a;, a;) € v; and (b, by) € v,.
Thus, vi*(a;) <1 vi*(az) and  v,*(by) <; vy*(by).
Therefore, f is an order preserving map and it is clear that f is onto.
So, f is an isomorphism and the proof is completed.

I1l.  CONCLUSION
In this paper, we have successfully derived a ordered meet hyperlattice from a ordered meet
hyperlattice with a regular relation induced in it. We have also investigated quasi-ordered relations on the
product of two ordered meet hyperlattices.
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