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1. INTRODUCTION

Initially Sharma [16] study of nonlinear abstract measure differential equations and studied some basic
results concerning the existence and uniqueness of solutions for such equations. Later, such equations were
studied by various authors for different aspects of the solutions under continuous and discontinuous
nonlinearities. The abstract measure differential equations involve the derivative of the unknown set-function
with respect to the o -finite complete measure. Some of the abstract measure differential equations have been
studied in a series of papers by Joshi [17], Dhage [2-3], Dhage et al. [8] and Dhage and Bellale [9] for different
aspects of the solutions.

The perturbed ordinary differential equations have been treated in Dhage [14] and it is mentioned that
the inverse of such equations yields the sum of two operators in appropriate function spaces. The Dhage [15]
fixed point theorem is useful for proving the existence results for such perturbed differential equations under
mixed geometrical and topological conditions on the nonlinearities involved in them.

The fixed point theorems so far used in the above papers of Dhage [1], Joshi [17], Bellale [4-6] study
the abstract measure integro differential equation and existence theorem. This is a stringent condition and
recently, the authors in Dhage [8] proved the existence and uniqueness results for abstract measure differential
equations. Here our approach is different from that of Sharma [16] and Joshi [11]. The results of this paper
complement and generalize the results of the above-mentioned papers on abstract measure differential equations
under weaker conditions.

2. PRELIMINARIES
A mapping T : X — X is called D -Lipschitz if there exists a continuous and nondecreasing function

¢:R* — R" such that

ITx=Tyl<o(l x=VyI)
for all x,ye X, where ¢(0)=0. In particular if ¢(r)=ar,a>0, T is called a Lipschitz with a Lipschitz
constant o . Further if o <1, then T is called a contraction on X with the contraction constant o.

Let X be a Banach space and let T: X — X, T is called compact if T(X) is a compact subset of

X . T is called totally bounded if for any bounded subsets S of X, T (S) is a totally bounded subset of X . T is
called completely continuous if T is continuous and totally bounded on X. Every compact operator is totally
bounded, but the converse may not be true, however, two notions are equivalent on bounded subsets of X . The
details of different types of nonlinear contraction, compact and completely continuous operators appear in
Granas and Dugundji [19].

To prove the main existence result of this section, we need the following nonlinear alternative proved
in Dhage [2].

Theorem 2.1. Let U and U denote respectively the open and closed bounded subset of a Banach algebra X

suchthat 0eU . Let A:X — X andB:U — X be two operators such that
(@) A'is nonlinear D -contraction, and
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(b) B is completely continuous.
Then either

(i) the equation Ax+Bx =X has a solution in U , or
(i) thereisa point uedU such that satisfying }\.A(%j'ﬁ‘;\‘BU =u.

for some 0 < L <1, wheredU is a boundary of U in X.
An interesting corollary to Theorem 2.1 in the applicable form is

Corollary 2.1. Let B,(0) and B, (0) denote respectively the open and closed balls in a Banach algebra X

centered at origin 0 of radius r for some real number r > 0. Let A: X — X,B:Br(0) — X be two operators

such that

(a) A is contraction, and

(b) B is completely continuous.

Then either

(i) the operator equation AX+ Bx =X has a solution x in X with || x||<r, or

(ii) there isan u e X such that ||u ||= r satisfying AA(%}%BU =u forsome0< A <1

In the following section we state our perturbed abstract measure differential equations to be discussed
qualitatively in the subsequent part of this paper.

3.STATEMENT OF THE PROBLEM

Let X be a real Banach algebra with a convenient norm ||.||. Let x,y X . Then the line segment xy
in X is defined by

xy={zeX|z=x+r(y—x),0<r<1} (3.1)
Let X, € X be a fixed pointand z € X . Then for any x € @ , We define the sets Syand Syin X by
S, ={rx|—o<r<1}, 3.2)
and
Sy ={rx|—o<r <1} (3.3)
Let x,X, e xy be arbitrary. We say X < Xy if Sy, &S, Or equivalently, Ec@ In this case we also
write X, > X, .

Let M denote the o -algebra of all subsets of X such that (X, M) is a measurable space. Let ca(X,M) be the
space of all vector measures (real signed measures) and define a norm||.|| on ca(X,M) by

lIpll = IpICX), (3.4)
where |p| is a total variation measure of p and is given by

11O =sup ST p(E)], E <X, (3.5)
i=1

where the supremum is taken over all possible partitions {E, :i € N} of X. It is known that ca(X,M) is a Banach
space with respect to the norm ||.|| given by (3.4).

Let u be a o -finite positive measure on X, and let p eca(X,M). We say p is absolutely continuous with
respect to the measure p if p (E) =0 implies p(E) = 0 for some E € M . In this case we also write p<<p.
Let X, € X be fixed and let M, denote the ¢ - algebra on SXO . Let ze X be such that z > X, and let M, denote

the  -algebra of all sets containing M, and the sets of the form S,,x €,z .
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Given a p eca(X,M)with p<<p, consider the abstract measure differential equation (AMDE) of the form

d — — [E—
ﬁ: f(x p(Sx))+a(x p(Sx))  ae.[u] on X,Z. (3.6)
and p(E)=q(E), EeM,, (3.7
where g is a given known vector measure, j_p is a Randon-Nikodym derivate of p with respect to
n

uwf,g:S,xR—>R,and f(x, p(S,)) and g(x, p(S,)) is p-integrable for each p eca(S,,M,).

Definition 3.1. Given an initial real measure g on M, a vector p eca(S,,M,)(z > X,) is said to be a solution
of AMDE (3.6)—(3.7) if

(i) p(E)=q(E).EeM,

(i) p<<pon x,z and

(iii) p satisfies (3.6) a.e.[ p]on x,z.

Remark 3.1. The AMDE (3.6)—(3.7) is equivalent to the abstract measure integral equation (in short AMIE)
p(E) = [ f(x, pSx)du+[g(x, p(Sx))dp (3.8)
E E

if EcM,,E cx,z,
and p(E)=q(E), ifEeM,. (3.9)

A solution p of the AMDE (3.6)(3.7) on x,z will be denoted by p(Sx,.q).

Note that our AMDE (3.6)—(3.7) includes the abstract measure differential equation considered in the
previous papers as special case. To see this, define g(x,y)=0 for all XE@ and ye R, then AMDE
(3.6)—(3.7) reduces to

s—p= f(x, p(Sx)) aeu] on X,z . (3.10)
1

and P(E)=4q(E), if EeM,, (3.11)

The AMDE (3.10)—(3.11) has been studied in Joshi [3] and Dhage et al. [8] which further includes the abstract
measure differential equations studied by S.Leela[10] and Dhage [9] as special cases. Thus our AMDE
(3.6)—(3.7) is more general and we claim that it is a new to the literature on measure differential equations. As a
result the results of the present study are new and original contribution to the theory of nonlinear measure
differential equations. In the following section we shall prove the existence and uniqueness theorems for AMDE
(3.6)—(3.7).

Remark 3.2 In this section, we prove an existence and approximation result for the closed and bounded interval
J = [a, b] under mixed partial Lipschitz and partial compactness type conditions on the nonlinearities involved

in it. The function space C(J,R) of continuous real-valued functions defined on J. We define a norm || - || and
the order relation <in C(J,R) by
I x[[=sup|x(t)| (3.12)

ted

And x<y<sxt)<yt)forall ted (3.13)

Clearly, C(J,R)is a Banach space with respect to above supremum norm and also partially ordered w.

r. t. the above partially order relation <. It is known that the partially ordered Banach space C(J, R) is regular
and lattice so that every pair of elements of E has a lower and an upper bound in it.

4. MAIN RESULT

Given a vector measure a p e ca(X, M)with p<<p, consider the initial and periodic boundry value problems
of first order nonlinear abstract measure differential equation (in short AMDE),
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(;iﬂ[p(sx)— f(x, PSNI+ALP(S,) - f (X P(SNI=g(X, P(S,)), X €X,Z,
P(E)=q(E),EeM,

(4.1)

and

%‘[D(SX)— F(x PESINI+ALP(S,) - (X PS,)]=9(X, P(S,)) X €X,2,

x(0) = x(M),

(4.2)

Where q is a given known vector measure , L€ R, A >0andf, g:S, xR — R are continuous functions.

The solution of the AMDE (4.1) or (4.2) we mean a function p e ca(S;, M,) such that
(i) the function x = x —f (x, p(Sy)) is differentiable for each x and
(ii) x satisfies the equations in (4.1) or (4.2),

where ca(S,, M,) is the space of continuous real-valued functions defined on x,z .The AMDES (4.1) and (4.2)
are linear perturbations of the second type of the nonlinear differential equations

%_ _
dﬂ—g(x, P(S,)). X eX,z 43)

p(E)=4q(E), EeM,
and

%_ N
dﬂ_g(x’ p(sx))!XeXOZ (44)

x(0) = x(M),

and a sharp classification of different types of perturbations of a differential equation appears in Dhage [2]
which can be treated with the hybrid fixed point theory (see Dhage [15] and S.Heikkilaand and
Lakshmikantham [7]). The AMDE (4.1) with A = 0 has been thoroughly discussed in the literature for different
basic aspects of the solutions such as existence theorem, differential inequalities, maximal and minimal
solutions, comparison principle under some mixed Lipschitz and compactness type conditions.

Definition 4.1. A mapping t : E — E is called partially continuous at a point a € E if for ¢ > 0 there exists a
d > 0 such that || tx —ta||< € whenever x is comparable to a and || x—a||<&. © called partially continuous on

E if it is partially continuous at every point of it. It is clear that if tis partially continuous on E, then it is
continuous on every chain C contained in E.

Definition 4.2. A non-empty subset S of the partially ordered Banach space E is called partially compact if
every chain C in S is compact. A nondecreasing mapping < : E — E is called partially compact if ¢ (C) is a
relatively compact subset of E for all totally ordered sets or chains C in E. t is called uniformly partially
compact if t is a uniformly partially bounded and partially compact operator on E. < is called partially totally
bounded if for any totally ordered and bounded subset C of E, t (C) is a relatively compact subset of E. If 1 is
partially continuous and partially totally bounded, then it is called partially completely continuous on E.

Definition 4.3. An upper semi-continuous and monotone nondecreasing function y:R, —> R, is called a D-
function provided v (0) = 0. An operator t: E — E is called partially nonlinear D-contraction if there exists a
D-function y such that

It =7y I<w(l x=y 1D
for all comparable elements x, y € E, where 0 < y (r) <r for r > 0. In particular,

if W (r) =kr, k>0, tis called a partial Lipschitz operator with a Lischitz constant k and moreover, if
0 <k<1, 7 iscalled a partial linear contraction on E with a contraction constant k.
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The Dhage iteration method developed in Dhage [8], S.S.Bellale [18], may be described as “the
sequence of successive approximations of a nonlinear equation beginning with a lower or an upper solution as
its first or initial approximation converges monotonically to the solution.”

Theorem 4.1. Let (E,<, || . ||) be a regular partially ordered complete normed linear space such every compact

chain C of E. Let A, B: E — E be two nondecreasing operators such that
(@) A is partially bounded and partially nonlinear D-contraction,
(b) B is partially continuous and partially compact, and

(c) there exists an element x, € E such that xo < AXo + BXg 0r Xo > AXo + BXo.

Then the operator equation Ax + Bx = x has a solution x* in E and the sequence {p,} of successive iterations
defined by X1 = Ax, + Bx,, n =0,1,. .., converges monotonically to x*.
Remark 4.1. We consider the following basic hypothesis is as follows.

(Hy)  The mapping x> x— f(x, p(S,)) is increasing in R for each x e@ .
(Ho) There exists a D-function such that
0< f(x, p(Sx)) - f(x, p(S,)) <w(x-y)

Forxex,z allandx,y € Rwithx > y.

Moreover, 0 <  (r) <rforr>0.
(Hs) There exists a constant M; > 0 such that

If (X, p(S,))| < M forall xex,z and xe R.
(Hs)  There existsa My > 0 such that |g( X, p(S,) )| £ M,

forall xex,z andx € R.

(Hs) a(x, p(S,)) is nondecreasing in x for each x eﬁ .

Remark 4.2. If the hypothesis (H;) holds, then the function x — x— f (x, p(S,)) is injective in R for each

X €XyZ

Remark 4.3. The hypotheses (H,) and (Hz) hold, in particular if f satisfies the inequality
L(x-y)
0< f(x,p(S)—-f(x p(S,)) <
(6 P(S)= F 0 pLS, ) < 3= =

forall x,y € Rwith x > y, where L > 0 and K > 0 are constants satisfying L < K.

The lemma given below follows from the theory of calculus and linear differential equations.

Lemma 4.1. Assume that hypothesis (H;) holds. Then for any continuous function h: S, x R — R, the
function p € ca(X, M) is a solution of the AMDE

;—ﬂ[p(sx) — £ pS NI+ ALP(S,) - f (X, P(S, )] =h(x), X € %2,

(4.5)
X(0)=M,,
if and only if x satisfies the abstract measure integral equation (AMIE)
p(xX) =ce ™+ f(x, p(S,)) +e j e”h(x)dx, x € X,z , (4.6)
0

where ¢ =M, - f(0,M,).

Proof. Let h € ca(X, M). Assume first that x is a solution of the AMDE (4.5) defined on J. By definition, the
function x = p(Sy) - f(x, p(Sy)) is continuous on @ , and so, differentiable there, whence

di[p(sx) —f (x, p(SX))] is | integrable on x,z . Applying integration to (4.5) from 0 to x, we obtain the
7

AMIE (4.6) on x,z.

Conversely, assume that x satisfies the AMIE (4.5). Then by direct differentiation we obtain the first equation in
(4.6). Again, substituting x = 0 in (4.6) we get

x(0) - £ (0,x(0)) = My — f (0,M,).
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Since the mapping x — x—f (X, p(S,)) is increasing in R for all x ex,z the mapping x > x— f (0,x) is
injective in R, whence X(0) = M. Hence the proof. We need the following definition in what follows.

Definition 4.4. A function u eca(S,,M,) is called a lower solution of the AMDE (4.1) on x,z , if the

function x> x—f(x, p(S,)) is differentiable and satisfies the inequalities

:Lﬂ[p(sx)— f (%, PSI+ALPES,) - (X PSNI<F(X P(S,)) X €%,2,

X(0) =M,

@.7)

for all x eﬂ. Similarly, an upper solution of the AMDE(4.1) on ca(S,,M,) is defined.
The AMDE ( 4.1) has a lower solution u eca(S,,M,).

Now we are in a position to prove the following existence and approximation theorem for the AMDE (4.1) on
ca(S;,M,).

Theorem 4.2. Assume that the hypotheses (H,) through (Hs) and (H,) through (Hs) hold. Then the AMDE (4.1)
has a solution x* defined on ca(S,,M,) and the sequence {p,}._, of successive approximations defined by
converges monotonically to x*, where ¢ =M, — f(0,M,).

Proof. Set E = ca(S;, M,). Then, by Lemma 4.1, every compact chain C in E possesses the compatibility
property with respect to the norm || . || and the order relation < so that every compact chain C is in E.

Now, using the hypotheses (H;) and (Hz), by Lemma 4.1 the AMDE (4.1) is equivalent to the nonlinear AMIE
p(xX) =ce ™ +  (x, p(S,))+e " [e"g (x,p (S, ))dx (4.8)
0
X =U,

P, (X)=ce ™ + f(x,p,(S,)+e ™ j e”g(x, p,(S,))dx Xxex,z
0

for x e@ Define two operators A,B:E — E by
AP(x) = f (x, P(S,)) X €XZ, (4.9)
and

Bp(x) = ce™ + e‘XJ‘e“g(x, p(S,))dx, X eX,z. (4.10)
0

Then, the AMIE (3.6) is transformed into an operator equation as

Ap(X) +Bp(x) = p(X), X €X,Z. (4.11)

We shall show that the operators A and B satisfy all the conditions of Theorem 4.1. Firstly, we show that the
operators A and B are nondecreasing on E. Let x, y € E be such that x 2 y. Then, by hypothesis (H,),

Ap(x) = f(x, p(5,)) = F(x, p(S,)) = Ap(Y)

for all x eﬂ . Similarly by hypothesis (H,),
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Bp(x) =ce ™ + e"xj‘e“g(x, p(S,)) dx
0

>ce ™+ e’“J‘e“g(x, p(S,))dx
0

=Bp(y)
for all x e@ . This shows A and B are nondecreasing operators on E into E.

From (H,) it follows that
I Ap(x)lI<sup| Ap(S,) [<sup| f(x, p(S,))I<M

X €X,Z X €X,Z

for all x € E. As a result, A is bounded and consequently partially bounded on E. Next, we show that A is a
partial nonlinear D-contraction on E with a D function . Let x, y € E be such that x 2 .
Then, by hypothesis (H,),
| Ap(X)—Ap(Y) =] f (X, p S, ))—F x,p )|

=f(x pE,)) - (% p(S,))

<y (p(S,)-p(S,))

=w( p(S,)—-p(S,) )

<wy(lx=yl)
for all x e@ . Taking the supremum over X, we obtain

| Ax=Ay <y (I x=yl})

for all x,y € E with x 2 y. This shows that A is a partial nonlinear D-contraction on E with the D-function .
Next, we show that B is a partially compact and partially continuous operator on E into E. First we show that B
is a partially continuous on E. Let {p,} be a sequence in a chain C of E converging to a point x € C. Then by
the dominated convergence theorem for integration, we obtain

limBp, (x) = lim {ce‘X +e’“je“g(x, p,(S,)) dx}
0
=ce ™ +lim e"xj'e“g(x, P, (S,))dx
0

— e +e’“j‘e“ [m g(x, p, (SX))]dx
0

—ce ™+ e’“jelX [9(x, p, (S,))]dx
= Bpa(X)

for all x e@ . Moreover, it can be shown as below that {Bp,} is an equicontinuous sequence of functions on E.

Now, following the arguments similar to that given in Granas and Dugundji [19], it is proved that B is a a
partially continuous operator on E.

Next, we show that B is a partially compact operator on E. It is enough to show that B(C) is a uniformly
bounded and equi-continuous set in E for every chain C in E. Let x € C be arbitrary. Then by the hypothesis
(Hs),

|Bp(x) |<|ce™ | +le™ [e™g(x, p,(S,)) dx
0

M
<|M, - f(xo,Mo)|+je“|v|g dx
0
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(RN Y/

<My = (%, Mg) |+ 7» :

for all x ex,z . Taking the supremum over x, we obtain

(CR Y

1BPOOII<IMg = T (%9, Mo) | + x :

for all X € C . This shows that B is uniformly bounded on C.

Again, letx;, X, € X, be arbitrary. Then for any x € C, one has

| Bp(x,)—Bp(x;) [=lcl | g _g e |

+

e [e™g(x, p(s,))dx—e ™ [e™g(x, p(S,)) dx
0 0

Sl Cl |e—/1x1 _e—/lxz |

+| e—lxl _e—ixz |

J.e“g(x, p(S, )dx
0

+e e

e g(x, p(S,)ax—[ e*g(x, p(S, ) dx

AM
Sl C| Ie—/lx1 _e—ix2 |+|:(e _1)Mg :| I e—/lxl _e—lx2 I
A

X
+ [ [a(x p(s,))dx

X2

e™ -nm e )
S[ICHTQ}IG M—e™ 4] p(x) - p(X,) |

where, p(x) = J‘e“Mgdx
0

Since the functions x — e and x+— p(x) are continuous on compact, ca(S,,M,) they are uniformly
continuous there. Hence, for ¢ > 0, there existsa 6 > 0 such that

| % =%, [<6=[Bp(x)—Bp(x,) <&
uniformly for all x4, x, € @ and for all x € S. This shows that B(C) is an equi-continuous set in E. Now the

set B(C) is uniformly bounded and equicontinuous in E, so it is compact by Arzela-Ascoli theorem. As a result,
B is a partially continuous and partially compact operator on E.

Thus, all the conditions of theorem 4.1 are satisfied and hence the operator equation

Ax + Bx = x has a solution x* in E and the sequence of successive approximations {p,} defined by

p, = Ap, , + Bp,_, converges monotonically to x*. As a result, the AMDE (4.1) has a solution x* defined on

ca(S;,M,) and the sequence of successive approximations {p,} defined by (4.3) converges monotonically to x*.
This completes the proof.
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Remark 4.4. We remark that Theorem 4.2 also remains true if we replace the hypothesis (Hg) with the
following one:
(H7) The AMDE (4.1) has an upper solution v eca(X,M).

Remark 4.5. We note that if the AMDE (4.1) has a lower solution u as well as an upper solution v such that
u<v, then under the given conditions of Theorem 4.2 it has corresponding solutions x. and x* and these
solutions satisfy x. < x*. Hence they are the minimal and maximal solutions of the AMDE (4.1) in the vector
segment [u, v] of the Banach space E = ca(X, M), where the vector segment [u,v] is a set of elements in
ca(X,M) defined by

[uv]={xeC(X,M)|u<x<v}

This is because the order relation < defined by (3.2) is equivalent to the order relation defined by the order cone
K={peca(s,,M,)| p(E) =0,E e M,} which is a closed set in ca(Sz, M,).

Example 4.1. consider the AMDE

di[lo(sx)—téIrrl P(S)I+[P(S,)—tan™* p(S,)] =tanh p(S,), X €2,
7,

x(0) =1
Here, =1 and the functions f and g are given by
f(x, p(S,)) =tan™" x and g(x, p(S,)) = tanh x
for all x e@ and x € R . We show that the functions f and g satisfy all the hypotheses of theorem 4.3. First we
show that f satisfies the hypotheses (H;)-(Hs). Now,
1

) d
CIx= (% p(S,))]=—[x—tan* x] =1— 0,
= [x—f(x, p(S,)] O|X[X an~ x] T

forall XxeR and x eﬂ, so that the function x> x— f (x, p(S,)) is increasing in R for each x e@.

Therefore, hypothesis (H,) holds. Next, let x, y € R be such that x 2 y. Then,

1
1+&2 (=)

for all x>¢€ >y, showing that f satisfies the hypothesis (H,) with D-function \ given by

0<f(x p(S))—f(x p(S,))<tan™x—tan"y =

r
rN=——-—<r,r>0,
w(r) e
Where ¢ #0 Again

| f(x p(S,) =l tan*lx|s§,

for all x e@ and X e R . This shows that f satisfies hypothesis (Hz) with M, = g .

Furthermore,
[ g(x, p(S,)) |=|tanh x| <1,

for all x e@ and X e R, so that the hypothesis (H4) holds with My = 1. Again, since the function x +— tanh x

is nondecreasing in R and so the hypothesis (Hs) is satisfied. Finally, the function u(x) = - (x + 3) is a lower
solution of the AMDE defined on ca(S,,M,) .Thus the functions f and g satisfy all the conditions of Theorem
4.2. Hence we apply and conclude that the AMDE (3.10) has a solution x* defined on ca(S,M,) and the
sequence {p,} of successive approximations defined by

X, =,

P, (X)=1- % +tan™ p, (X) + e‘xjeX tanh p, (x)dx
0
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for each x ex,z, converges monotonically to x*. A similar conclusion also remains true if we replace the lower
solution u with the upper solution v(x) = x+3, ca(S,,M,).

The following useful lemma is obvious and may be found in Dhage [1] and Nieto [13].

Definition 4.5. A function u e ca(S,,M,) is called a lower solution of the AMDE (4.1) if the function
x = x—f(x, p(S,)) isdifferentiable and satisfies the inequalities

diy[u(x)_ (% wx))]+ Alu(x) - £ (x,u(x))] < g(x, u(x)),
u(0) <u(Mm)
for all x eﬂ . Similarly, an upper solution v e ca(S,,M,) of the AMDE (4.2) is defined.
We need the following hypotheses in what follows.
(Hes) The function f(x, p(Sy)) is periodic in x with measure M for all XxeR ,
i.e, f(0,x)=f(M,x)forall xeR.
(Hs) The AMDE (4.2) has a lower solution u e ca(S,,M,) .

Remark 4.6. We remark that Theorem 4.2 also remains true if we replace the hypothesis (Hg) with the
following one.

(Ho) The AMDE (4.2) has an upper solution v eca(sS,,M,).

Remark 4.7. We note that if the AMDE (4.2) has a lower solution u as well as an upper solution v such that
u<v, then under the given conditions of Theorem 4.2 it has corresponding solutions x. and x* and these

solutions satisfy x. < x". Hence they are the minimal and maximal solutions of the AMDE (4.2) in the vector
segment [u,v] of the Banach space E = ca(S,, M,), where the vector segment [u,v] is a set of elements in
C(X, M) defined by

[uv]={xeC(X,M)lu<x<v}.

This is because the order relation < defined by (4.2) is equivalent to the order relation defined by the order cone
K ={peca(s,,M,)| p(E) >0,E e M, } which is a closed set in ca(S,, M,).

Example 4.2. Given a closed and bounded interval p eca(S,,M,), consider the AMDE

%[l@(X)—tan'l P()1+[P(X) —tan™ p(x)] = tanh p(x), X €,
x(0) = x(M).

(4.12)

Here, A =1 and the functions f and g are given by

f(x, p(S,)) =tan" x and g(x, p(S,)) = tanh x
for all x e@ and X € R. Now, it can be shown that the functions f and g satisfy all the hypotheses of Theorem
4.2 with u(x) =—-4e*,xe(X,M). Hence we conclude that the AMDE (4.12) has a solution x* defined on
ca(S;,M,) and the sequence {p,} of successive approximations defined by, X, = u,

Ppa(¥) =tan™ pn(X)+J1.G(X, p(S,)) tanh p, (x) dx,

for each x e@ , converges monotonically to x*, where G(x, p(S,)) is a Green's function associated with the
homogeneous PBVP
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given by

G(t,s) =

d_p+ p(x) =0, x eﬂ,
du (4.13)
x(0) =x(M),
s—t+1
€ , if 0<s<t<l]
e-1
es—l
, if 0<t<s<l.
e-1

Again, a similar conclusion holds if we replace the lower solution u with the upper solution
v(x) =4e*,x e (X,M).
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