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Abstract
In this article we will discuss the idempotents of M, (Z;5 [X])
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1. INTRODUCTION

Idempotents in ring theory plays a vital role in the ring theory. Here, we will find the idempotents in matrix ring
M, (Z5 [X]) where Z35 [X] is the poly nominal ring over the ring Z;s. For any ring R, I (R) will denote for set of
all idempotents in R. For any positive integer n, M, (R) will denote the ring of nxn matrices over aring R.

For a 2x2 matrix A = [”‘ Z] over a commutative ring R, determinate of A is ad-bc and trace of A is a+d.
c
Definition:  Let R be a ring. An element a € R is said to be idempotent in R if a? = a

Theorem 1 If R is a commutative ring then I(R[x]) = I (R)
Theorem 2 Any non=trivial idempotent is M, (Z5 [X]) is one of the following form
1 [6 g] [1[] 0 ]
0 ' Ub 10
2 i:(:g . _{igﬂ , where a (X)(1-a(x))-b(x) c (x) =0
6 6b
3 EEEE 61 —{gng] , Where a (x)(1-a(x)) — b(x) ¢ (x) = 5f(x)
Eig Sisﬁi{ﬁﬂ] » where a (x)(5-a(x)) - b(x) ¢(x) = 3g(x)
2 alx ¥
[_ ;cﬁ{xg ) 2 Ehﬁ{ag.rj » Where (2+5a(x))(2-5a(x))-25b(x) c(x) = 6
6 [1 ;j:ing 6 555{:;2:] , Where (1+5a(x))(6-5a(x)) — 25 b(x) c (x) =6

Where a(x), b(x),c(x), f(x), g(x) are polynomial in Z;5[X].

Proof: As the idempotents in Zs[x] are the idempotents in Z;s. Therefore the idempotents in Z;5[x] are 0, 1, 6,
_[alx) b(x)

10 let A= o(x) d(x)

b(x) = b, c(x) = ¢, d(x)=d

Now a is idempotent, so a*+bc=a, b(a+d)=b, c(a+d)=c and bc+d*=d. Also determinant of A is an idempotent in

Z15 so the determinant of Ais0or 1 or 6 or 10.

If determinant of Ais 1 Then A = [é E] , a trivial idempotent in M,(Z5[x]). Hence the determinant of A is

Oor6or10. Also, trace of Aisin Zjsi.e. atd € Zgs

] be a non trivial idempotent of My(Z35[x]). For our convenience, we will take a(x) = a,

Case 1 : Determinant of AisOi.e. ad-bc=0

Since A is an idempotent

Therefore, a*+bc+be+d® = a*+2bc+d? = a?+2ad+d* = (a+d)

Thus (a+d) is an idempotent in Z;5[ X]. Thus (a+d) is either 0 or 1 or 6 of 10.

If a+d=0,then we get A to be a zero matrix, which is trivial idempotent in M,(Z5[X]).

If a+d=1 then d=1-a and hence ad-bc=0 gives a2+bc=a,Ii (?]1+d) k.E)::(b] Also (a+d) c=c and bc+d®=1-a. Thus A?
2ix x

_[a b o o
—[C ] . Thus in this case, matrix A= o(x) 1-a(x)

l1-a
c(x) €Z15[X] such that a(x){1-a(x)} = b(x) c(x).
If a+d=6 gives d=6-a and hence ad-bc = 0 gives a’+bc=6a and so, 5a=0. Also (a+d) b=b implies 5b=0 and
(at+d)c=c implies 5¢c=0
Therefore, a=6a (x), b=6b (x) and ¢ = 6¢ (x), where a (x), b’ (), ¢ (x) are polynomial in Zys[].

, where a(x), b(x),
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Since ad-bc=0, we get 6a (x)(6-6a (x)=6b (x)6¢ (x), which is equivalent to a (x)(a (x))-b (x)c (x)=5f(x) for some
polynomial f(x) € Z;s[X]

_[6a(x) 6b(x)
Hence A=leox) 61— a(x))
b(x) c(x) = 5f(x) for some f(x) t Zy5 [X].
If a+d=10 then d=10-a
Now ad-bc = 0 gives a?+bc=10a. Thus 9a=0
Also (a+d) b=b gives 9b=0 and (a+d) c=c gives 9c=0

] where a(x), b(x), c(x) are polynomial in Z5[x] such that a(x)  (1-a(x))-

Therefore, a=5a (x), b=5b" (x) and c¢=5¢ (x) and d= 5(5-a (x), where a (x), b" (x) and ¢ (x) are polynominal in
Zys[x].
Now since ad-bc = 0, we get 5a(x) 5 (5-a (x)) = 5b (x)-5 ¢ (x). hence, idempotent matrix is A

_ :Eﬁ 5{555{3:] ]] , where a(x) (5-a(x)) —b(x)o(x) = 3g(x) for some g(x) € Zss[X].

Case 2 : Determinant of A is 6. This means ad-bc=6.

So, we get a*+bc+hc+d? = a®+2(ad-6)+d? =(a+d)?+3.

Trace of matric A is idempotent if a+d=4 or 7 or 9 of 12.

If a+d=4 then ad-bc=6 implies 3a=6 i.e. a=2 or 7 or 12 in Z5[x]. i.e. a=2+5a(x) for some polynomial a(x) €
Zl5[X].

Also (a+d) b=b gives 3b=0 and (a+d) c=c gives 3c=0
i.e. b=5b(x) and c=5c¢(x) for some polynomials b(x) and c(x) in Zs[X].

24+ 5a(x)  5b(x)
Sc(x) 2 — ba(x)
(2+5a(x)) (2-5a(x)) — 25b(x) c(x)=6
If a+d =7 then d=7-a
Now ad-bc=6 gives 6a=6 i.e. acan be 1 or 6 or 11 i.e a=1+5a(x) for some a(x) € Zy5[X].
Also b(a+d)=b gives 6b=0 and c(a+d)=c gives 6¢c=0 a=1+5a(x), b=5b(x), c=5c(x) and d=6-5a(x) for some
polynomials a(x), b(x), ¢(x) in Zys[X].

Hence matrix A = ] , where a(x), b(x), c(x) are polynomial in Zjs[x]. such that

1+ Sa(x) Sh(x)
Seix) 6 — Sa(x)

(1+5a(x)) (6-5a(x)) — 5b(x) 5¢c(x) = 6.

If a+d =9 then d=9-a

Now ad-bc = 6 gives a*+bc = 9a-6 i.e. 4a=3

Thus a = 12. Also b(a+d)=b gives 8b=0 i.e. b=0 and c(a+d)=c gives 8c=0 i.e. c=0

Thus a=12, b=0, c=0 and d=12

Hence, matrix A = ] , where a(x), b(x), c(x) are polynomials in Z;s[x] such that

Hence matrix A = [10 107] , which is not possible as determinant of A is 9.

If a+d =12 then d = 12-a
Now ad-bc = 6 gives 11a=6 i.e. a=6
Also b(a+d)=b gives 11b=0 i.e. b=0 and c(a+d)=c gives 11c=0i.e. c=0

Hence matrix A =[g g]

Case 3 : Determinate of A is 10 i.e. ad-bc=0
Since A is idempotent, therefore a*+bc+bc+d? = a*+2(ad-10)+d* = a*+2ad+d-20 =(a+d)?+10
Trace of matrix A is idempotent iff a+d=5
If a+d=5 then d=5-a
Now ad-bc=10 gives 4a=10 i.e. a=10.
Also b(a+d)=b gives 4b=0 i.e. b=0 and c(a+d)=c gives 4c=0 i.e. c=0
Thus a=10, b=0, c=0 and d=10

Hence, matrix A :[IUU 1UU]
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