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Abstract

The aims of this paper is to introduce new approach of separate sets, connected sets and disconnected sets
called g,—t-Separate sets, g,—7-Connected sets and g, —t-Disconnected sets of topological spaces with the help
of g,—open sets and g,—closedsets. On the basis of new introduce approach, some relationship of g, —t-
Connected sets, g, —7-Disconnected sets with g, —t -separate sets have been investigated thoroughly.
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I. INTRODUCTION

In 1991, 11-Ogata [17] introduced the concept of an operation yon a topological spaces based on the idea of
the y-operation as initiated by S.Kasahara[15] and consequently be introduced y-open sets. Several research
papers published in recent years using y-operator due to 11-Ogata [17]. The properties of y-open sets and closed
sets generalized many classical notions was introduce by Jayanthi V, Janaki C[14].There are several natural
approaches that can take to rigorously the concept of connectedness for the topologicalspaces. These concepts
play a significant role in application of geographic information system studied by Egenhofer and Franzosa
(1991), topological modeling studied by Clementini et al (1994) and notion planning in robotics studied by
Farber et al (2003). The generalization of open sets and closed sets as like g, -open sets and g, -closed sets was
introduced by 11-Ogata [17] which is nearly to open sets and closed sets respectively. These notions are play
significant role in general topology. In this paper, the new approaches of separate sets, disconnected sets and
connected sets called g, -separate sets, g, -disconnected sets and g, -connected sets with the help of g, -open sets
and g, -closed sets are firstly introduced. Further some relationship concerning g, -t-connected sets and g, -t-
disconnected sets with g, -t-separate sets are also investigated. Throughout this paper (X,7) and (X,rgy) will

always be topological spaces. For a subset A of a topological space Xclg, (A),intgy (A) denotes the g, - closure
and g, —interior respectively and g, -open set for topologyrgy on X.

MAIN RESULTS

11-SOME DEFINITIONS ON g,-t-CONNECTEDNESS AND g, -t-DISCONNECTEDNESS IN

TOPOLOGICAL SPACES
Definition: 2.1

A subset A of a topological spaces (X,7) is called a generalized closed sets if,  cl(A)SH , whenever
AcH and H is open in X. The complement of generalized closed sets are called a generalized open sets.

Definition: 2.2

Let (X,rgy) be a topological space and A be a subsetof (X,rgy) is said to beg, —open if ,AcInt(cl(A)) U
cl(Int(A)) .The family of all Tg, of g,-open sets of (X,rgy) is a topology on X, then 7,_is finer than 7 . Tg, be a
collection of g, -open sets.

8

Definition: 2.3
Let (X, rgy) be a topological space and A be a  subsetof (X, rgy) is said to be

g,~closedifcl(int(A))nint(cl(A))<A.The complement of g,—open set is called g,-closed set.
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Definition: 2.4
The generalized y —interior of a set Adenoted by g,int(A) is the union of allg,-open sets contained in A.

Definition: 2.5
The generalized y-closure of a set A denoted by, g, cl (A) is the intersection of all g,-closed sets
contains A.

Definition: 2.6
Let(X,7) and (X’Tgv) be a topological spaces. Then the subset A of X is said to be g,~z-connected, if X

cannot be expressed as a disjoint union of two non-empty open sets inX.

Definition: 2.7
Let(X,z) and (X,rgy) be a topological spaces. Then the subset A of X is said to be g,~7-disconnected,

if X can be expressed as a disjoint union of two non-empty open sets in X. If there exist a non-empty disjoint
open sets Gy, and Hg, in Tg, such that,
Gg, U Hg =X anngY N Hy =0.
Definition: 2.8
Let(X,t) and (X,rgy) be a topological spaces. Then the subset A and B of (X,rgy) are said to be g,—7-

separate sets if and only if, A and B are non-empty set.
Ancl, (B)and BN cl, (A)are non-empty.
Y Y

Definition: 2.9
Let (X,7) and (X,rgy) be a topological spaces. Then the subset A of X is said to be g,—7-disconnected,if

there exists Ggy and Hgy in Tg, such that,

AN Gy and AN Hy # @
i)(AN Gy ) N (AN Hg )=
iii)(AN G, ) U (AN Hy )=A.

Definition: 2.10
Let (X,rgy) be a topological space and A be a non-empty subset of X. Let Gg, be arbitrary in rgy.Then

the collection,
Téy:{Ggy NAG, €1y}
is a topology on A, called the subspace or relative topology of 7, .

Definition: 2.11
Letz, and ré,ybe a topological spaces on X. If Ty, 2 Ty, Then it is known as réyis finer than (or)

stronger than Tg, - If Ty, S Tg, - Then it is known as Tg, is coarser than (or) weaker than Ty, Then Tg, is
comparable with Ty, - If either Ty, 2 Tg, than r'gyis called strictly finer than (or) stronger than Tg, f Ty, C T,
than rgyis called strictly coarser than Tg,-

gy

Definition: 2.12

Two subsets A and B form a separation or partition of a set E in a topological space (X, Tgy) if and only if,
)E=AUB

ii) A and B are non-empty

ii)AnB=¢

iv) Neither A contains a limit point of B nor B contains a limit of A.If A and B form a separation of E, then we
write E = A/B.

111-SOME RESULTS ON g,-t-CONNECTEDNESS AND g,-t-DISCONNECTEDNESS IN
TOPOLOGICAL SPACES

Theorem: 3.1
A topological space (X,rgy) is g,~7- connected if and only if it cannot be expressed as the union of

two non-empty sets that are separated in X.
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Proof:
Assumption:
Xis g,~-connected.
Suppose X is not connected. Then there are non-empty, disjoint open sets Y and Z such that X = Yu Z. Then Y
and Z are closed so that CI(Y)NnZ=YnZ = ¢ and
YNCI(Z)=YNZ=¢.
Therefore U and V are separated in X.
Suppose, now that there are non-empty subsets A and B such that X = A U B and
CI(A)n B = ANCI(B) = ¢.
Since X = Au B and CI(A) N B = ¢.
= CI(A)c A so that A is closed.
Similarly, CI(B) < B is closed.
Therefore A and B are also open and hence X is not connected.
Which is contradiction to ourassumption,
Therefore X is g,—z-connected.

Remark: 3.1
If A and B form a separation of the topological space (X, 7, ) then A and B are both open and closed.

Theorem: 3.2

Let (X, 7)and (X,Tgv) be a topological spaces, then (X, 7 ) is g,—7- connected if and only if there is
no non-empty proper subset of X which is both g, -openand g, —closed.
Proof:

Necessity:

Let (X,rgy) be g,~r-connected. Then by definition of g,—7-connected, there exist a two non-empty
sets M and N gyin Tg,- Then N g is open in Tg,- Show that M gy:X -Nyg, butitis g,-open. Hence M gyis
no non-empty proper subset of X which is both g, -openand g, —closed.

Sufficiency:

Suppose A is no non-empty proper subset of X such that it is g, -open and g, —closed. Now A is non —
empty g,-open, show that X — A is non-empty g,-open, suppose B=X — A. Thus A and B are non-empty
disjoint g,-open subset of X.

Consequently, X is g,~7- connected.

Theorem: 3.3

If Y is a connected subset of a topological space (X, rgy), which has a disconnection X=AuUB, then
eitherAcYorBcY.
Proof:

LetY=Y " X=Y N (AUB)

Y=(YnA)u((YnB)

Since X=AUB,
By definition of g,- T separated sets,
[Y nA) U CIY nB)] U [CIY nA) (Y nB)]c [A N CI(B)] U [CI(A) n B] =
Since A and B are separations.
Thus if we assume that both Y n A and Y n B are non-empty,
we have , Y = (Y nA) U (Y n B). Hence either Y n A is non- empty so that either B Y, or YN B is non-
empty so that either Ac Y.

Theorem : 3.4
If (X, Tgy) isindiscrete topological space, then any subset of X is connected.

Proof:

Let Cc X.
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Then the subset C is connected.
In thiscase to prove by contradiction.
Let C=AUB
Where A and B are disjoint non-empty subset (open € Tipgiscrete ) OF X.
By definition of indiscrete topology,
={X,0}
Since X# 0, 7, ={X.@}isint

Put A=X and B=¢
C=AuB
C=Xuo
c=X
Which is a contradiction,
-~ C is connected. Every subset of X is connected.
Every indiscrete space is connected.
Let every X be an indiscrete space, then X is only non-empty open set.
Theorem: 3.5

If (X, ) is a disconnected space and (X,rgy) is a topological space, then (X,rgy) isg,— 17—
disconnected.

Proof:
Let (X, 7) is a disconnected and Tg, is strictly finer than z,then by definition of g,-open and g,-closed

set. Tg, 2 T,
T is a subspace of Tg,- Since t is disconnected, rgyis also disconnected.
~ g, — T —disconnected.

Theorem : 3.6
A subset Y of a topological space Xisg, — t -disconnected if and only if it is union of two g, —

T —separate sets.
Proof:
Necessity:
Suppose Y= AUB, where Aand B are g, — T -separate sets of X.

By the definition of g, — 7 — disconnected, AUB is g, — 7 —disconnected. Hence Y is g, — 7 —disconnected.
Sufficiency:
Let Y is g, — 7 —disconnected. To prove that there exists two g, — t —separate subsetsof A,B in X such

that Y =AUB. By assumption, Y is g, — 7 —disconnected show that there exists a g, — 7 —disconnection G, U
Hg, of Y. Thereforeby the definition of g, — = -disconnected, we can say that there exists G, Hgyin Tg, such
that,

YN Gg, and YN Hg, are non-empty;

(YN Gg,) (YN Hy )=0;

(YN Gg ) U(YN Hy )=Y.
Since (YN Ggy)and (Yn Hgy) are separated sets,
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If we write, A=(Yn GgY)and B=(Yn Hgy), then by definition of g, — 7 —separate set,
Y =AUB.
Finally, we can say that there exist twog, — t —separate sets A and B in X such that Y =AUB.
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