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Abstract

In this work, we study the exitance of at least one and exactly one continuous or integrable solution of a
functional integral equation with parameter. The continuous dependence of the unique solution on parameter and
the function it self will be studied.
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1. INTRODUCTION

Functional integral equation appear in various research areas and have applications in Euclidean and
non-Euclidean geometry, Mechanics, Business mathematics, Biology, and probability theory. It can arise in practice
in several ways. Some occur in direct physical applications, others are from defining properties of functions, and
still others are generalizations of known identities, see [1]-[2]and[3]-[4]-[7]-[8].

In this work, we are concerning with the functional integral equation

x(t) = fi(t, fy fo(s,x(s),w)ds), t€[0,T] ®)
The existence of a least one solution will be study. Also we prove the existence of a unique solution in the two
spaces C[0,T] and L'[0,T]. The continuous dependence of the solution on the parameter u and the function f,
will be also studied.

I1. PRELIMINARIES

Let L, (J,R) denotes the space of all Lebesgue integrable functions on the interval J = (0, T] with the
T
norm |lull; = f; lu(®)|dt.
Let C(J,R) = {u: u(t) is continuous on J:||u|| = ngléa]xlu(t)l},

The following theorems will be needed.

Theorem 2.1. (Schauder fixed point theorem [5])

"Let E be a Banach space and Q be a closed, convex subset of E, and F: Q — @Q is continuous, compact
operator, then F has at least one fixed point in Q".

Theorem 2.2. (Kolmogorov compactness criterion [5]) Let Q € LP(J,R),1 < p < 0. If

(i) Q isbounded in L?(J, R),

(if) up, = u as h - 0 uniformly with respectto u € Q,

then Q is relatively compact in L, (J, R), where
1 rt+h

up(t) =+ ), u(s)ds.
The superposition operator associated with f is defined as follows.

Definition 2.3. Let f:] X R — R be a Carathe'odory function. The superposition operator generated by f
is the operator Fx which assigns to each real measurable function on J the real function (Fx)(t) = f(t,x(t)),t €
].

We have the following theorem due to Krasnosel’skii [5]
Theorem 2.3. The superposition operator F generated by the function f maps the space L;(J,R)
continuously into itself if and only if
Ift,x)| < la(®)| + blx|, for allt € Jand x ER,
where a(t) isa functionin L;(J,R) and b is a nonnegative constant.
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I11. INTEGRABLE SOLUTIONS

A. Existence of at least one integrable solutions
Consider the functional integral equation (1) under the following assumptions
fi1:[0,T] X R = R satisfies Carathe’odory condition, i.e it is measurable in t € [0,T] for every x € R and
continuous in x € R for every t € [0,T] and there exist a function a; € L;[0,T] and a constant b; > 0 s.t

Ifi(t,0)] < aq(¢) + by|x].

f2:]0,T] X R X R = R satisfies Carathe'odory condition, i.e it is measurable in ¢t € [0,T] forevery x € R
and continuous in x € R for every t € [0,T] and there exist a function a,(t) € L'[0,T] and a constant b, > 0
such that

If2(t, x(s), ] < az(t) + balx| + |ul.

bb,T < 1.
Now for existence of at least one solution of the functional integral equation (1), we have the following
theorem.
Theorem 1 Let the assumption (i) — (iii) be satisfied then the functional integral equation (1) has at least
one integrable solution x € L;[0, T].

Proof. Define the operator F by

Fx(t) = f1(¢, Iot f2(s,x(s),wds), te€[0,T].
Define the set

1 2
llaqll+b1Tllazll+5b1 b T |u]
Q. ={x€R:|x|<r} where r= 2
1-b1byT

Let x € Q,, then
|[Fx(O)] = 16 fot f2(s,x(s), w)ds)|
< ai(t) + byl [y f2(5,x(5), w)ds|
< ay () + by [y If2(s,x(s), wlds
< ay(t) + by f(f [az(s) + bz|x(s)| + |ul]lds
< ay(t) + by [ ay(s)ds + byb; [ |x(s)lds + byb, [ |ulds.
Then
I Fx =[] [Fx(®)ldt < [} ay(t)dt + by [, [} ay(s)dsdt
+byb, fy [ 1x(s)ldsdt + by [ f, |uldsdt,
<llay I+ biT Il @z i+ by Thyr + 5 by T2 || =
This proves that F: Q, — Q, and the class of functions {Fx} is bounded in Q,.
Let x € Q,, then

I (Fx)p — (Fx) 1= fOT [(Fx(s))n — (Fx(s))|ds
= [y S (Fx(0))d6 — (Fx(s))|ds
< [y =[5 1(Fx(8)) — (Fx(s))|d6ds
S T AN ACEION))
~fi(t, fy f2(s5,%(s), 1))|dOds
since f; € L,[0,T] it follows that

1 h
=TT, Sy £2(0,x(5),1)d0) = fi(t fy f2(s,x(s),m)ds)|ds = 0, as h—0.
Hence Fx(t), — (Fx) uniformly in L{[0,T]. Thus the class {Fx,x € Q,.} is relatively compact. Hence F is
compact operator.
Let x, < Q,,x, — x, then
Fxy(8) = fi(t, fy f(5, % (), W)dls)

take the limit as n — oo, then
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limFa, (£) = limfi (¢, fy fo(5, %, (), 1) ds)
since fi, f, are continuous in x, then
lim P, (£) = fu(¢, 1im [7 fa(s, %, (5), 1)ds)
Now, from assumptions (i), (ii) and Lebesgue dominated convergence the equation (1) , we have
limFx,, (6) = fi(t, f limf(s, %, (5), i)ds)
= fi(t, Jy fa(s,x(s), w)ds)
= Fx(t).
This means that Fx(t), — (Fx). Hence the operator F is continuous. Now all the conditions of Schouder fixed
point Theorem[5] are satisfied. Then the functional integral equation (1) has at lest one solution x € L,[0, T].

B. Existence of a unique integrable solution
Consider following assumptions
f1:[0,T] X R = R is measurable in t € [0, T] and satisfies the Lipschitz condition

Ifi(t, %) = fi(t, ¥)] < bilx —yI.

f2:]0,T] X R X R = R is measurable in t € [0, T] and satisfies the Lipschitz condition
12t x, 1) = foa(t,y, u)| < bp|x = y| + [ —p7|.

f1(£,0), f2(s,0,0) € L1[0,T]
fy fi(t,0)dt < M,byb, [ [, fo(s,0,0)dsdt < N.

b;b,T < 1.
Now for existence of a unique integrable solution of function integral equation (1) we have the following
theorem.

Theorem 2 Let the assumptions (i*)—(V*) be satisfied, then the functional integral equation (1), has a
unique integrable solution x € L{[0, T].

Proof. From assumption (i*), we obtain

If @& = 1f & 0)] < 1f1(t, x) = f1(t, 0)] < by|x].

This implant
If(t, )| < bilx| + [f1(t, 0)] = by|x| + a;(2), a1 (8) = |f1 (L, 0)].
Similarly
If2(tx, )] = 1£2(£,0,0)| < |f2(t, x, 1) — f2(£,0,0)| < ba|x| + |u].
This implant

_ If2 (&%, 10| < ba|x| + || + a5 (), az(£) = 1£2(£,0,0)]. _
Then the assumptions of Theorem 1 are satisfied. Then the functional integral equation (1) has at lest one solution.
Let x,y be the two solution of the functional integral equation (1) then
x(0) = y(©)] = it fy fo(s,x(5),Wds) = fi(t, [ fo(s,¥(s), w)ds)|
< byl fy fols,x(s),w)ds = [; fo(s,¥(s), w)ds|
< by fy If2(s,2(5), 1) — fo(s,¥(s), 1)|ds
< biby f |x(s) = y(s)lds,
and, we obtain
Ix =y 1< byby fy [y 1x(s) = y(s)ldsde
< bleT Ix =yl

since b1b,T <1, (1 —b1b,T) Il x —y 1< 0 this implant the x =y € L]0, T]. i.e the solution of the functional
integral equation (1) is unique.
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IV. CONTINUOUS DEPENDENCE
A. Continuous dependence on the parameter u

Definition 1 The solution x € L;[0,T] of the functional integral equation (1) depends continuously on the
parameter y, if
Ve>0, 3 4§(e), s.t |[u—pu|<éd=>lx—x"Ih<e
where x* is the unique solution x* € L;[0, T] of the functional integral equation

() = fi(t, fy fals, %" (s),u7)ds) t€[O,T]. @

Theorem 3 Let the assumption of Theorem 2 be satisfied, then the solution of the functional integral
equation (1) depends continuously on the parameter p.

Proof. Let x,x* be the solutions of the functional integral equations (1) and (2), then
x(t) = x* (O] = 1fi(t, f, fo(s,2(5),w)ds) = fi(t, fy fals,x*(s), 1)ds)]
< by fy fols,x(),w)ds) = [ fo(s, %" (s), w)ds))
< by fy 1fa(5,x(5), 1) = fo(s, 27 (s), wH)|ds
< by Jy (1x(s) = ()| + | — ' ds.

Hence
o —x" 1< byby fy (Jy (12(s) = x*(S)] + |i — pds)de
I = x* 1< byby (T 1 x = x* 1l = w1 (5))
I = x* ll; (1= byb,T) < 5b;b,T?S

and

Lpib,T26
Z =e€.
(1-b1b2T)

This proves the continuous dependence of the solution on the parameter p.

hx—x*I1<

B. Continuous dependence on the function f,

Definition 2 The solution x € L[0,T] of the functional integral equation (1) depends continuously on the
function f;, if
Ve>0, 3 6(e), st |h—fil<d=2lx—x"11<e
where x™ is the unique solution x** € L[0, T] of functional integral equation.

X (0) = fit, f f (5,27 (s),m)ds), t € [0,T] @)

Theorem 4 Let the assumption of Theorem 2 be satisfied, then the solution of the functional integral
equation (1) depends continuously on the function f,.

Proof. Let x,x™ be the solutions of the functional integral equations (1) and (3), then
x(t) = x* (O] = Ifi(t, [y fo(5,2(5), )ds) = fi(t, f, f (5,27 (5), W)ds)]
< byl fy fo(s,x(s), mw)ds) — [ 5 (s, x™(s), )ds)|
< by fy 1(fa(5,%(s), 1) = £ (5,2 (), 1)) |ds
< by fi 1fo(s,x(8), 1) — £ (5,2(S), 1) + f5 (5, (), 1) — £ (5, ™ (5), )| ds
< by fy 1fa(5,%(5), 1) = £ (5, (), wlds + by f 15 (5,x(s), 1) — f5 (5,x* (), ) |ds

< by [ 1fo(s,x(8), 1) = f5 (5, x(s), W)l ds + byby [ |x(s) — x™*(s)|ds.
Hence
I = x" ll; (1= byb,T) <3 b T2,
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and
5b1T25
= €.
(1-b1b2T)
This proves the continuous dependence of the solution on the functionf,.

hx—x™ I, <

V. CONTINUOUS SOLUTIONS

Consider now, the functional integral equation (1) under the following assumptions
1. fi:[0,T] X R = R is continuous and satisfies the Lipschitz condition

Ifi(t,x) = fi(t,¥)] < Kilx —yl.

2. f5:[0,T] X R X R — R is continuous and satisfies the Lipschitz condition
If2(tx 1) = f(6y, 1) < Ko (|x = y| + |u—u™)).

3. KK, T <1.
Now for existence of a unique continuous solution of the functional integral equation (1), we have the
following theorem.
Theorem 5 Let the assumptions (1*)—(3*) be satisfied then the functional integral equation (1), has a
unique solution x € C[0, T].

Proof. Define the operator F associated with the functional integral equation (1) by
Fx(t) = fi(t, f; f(s,x(s),w)ds) ¢ € [0,T]. “
Let t;,t, € [0,T] and |[t, —t;] <& then
IFx(ty) = Fx(t)] = fi(t2, f,* fo(s,x(s),m)ds) — fi(ts, [, fo(s,x(s), )ds)|
= fita fy* fo(s,x(5),w)ds) — fi(ts, [y fo(s,x(s), w)ds)
Hlta fy" fols,x(s),w)ds) — fits, [, fo(5,x(s), Wds)|
<1filta fy? fo(s,x(5),w)ds) — fi(ts, [y fo(s,x(s), )ds)|
Hfi(to [y fo(s,x(8), wds) = fi(tn, [, f(5,x(5), wds)|
< Ky [,7 1f2(s,x(s), m)lds + 8,
< Ky f,7 Uealx] + |1l) + 1f2(s, 0,0) s + 8y

This proves F:C[0,T] = C[0,T].
Now to prove that F is contraction, we have the following.
Let x,y € C[0,T], then

IFx(8) = Fy(0)] = 1fi(& fy fo(s,x(s),1)ds) = fi(t, fy fa(s,¥(s),1)ds))]
< K1l fy fa(s,x(s), wyds = i fas,y(s), w)ds]
< Ky [y 1f(5,x(5), 1) — fo (s, y(5), ) ds
< K fy Kplx(s) = y(s)lds
< KiK, fy |x(s) = y(s)lds
<K KTIx-7vl.
since K;K,T < 1, then F is contraction and by using Banach fixed point of Theorem[6], then there exists a unique
solution x € C[0,T] of the functional integral equation (1) .

VI. CONTINUOUS DEPENDENCE
A. Continuous dependence on the parameter u

Definition 3 The solution x € C[0,T] of the functional integral equation (1) depends continuously on the
parameter p, if
Ve>0, 3 6(e), s.t |ju—p|<d=2llx—x"lI.<e€
where x* is the unique solution x* € C[0,T] of problem (2).
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Theorem 6 Let the assumption of Theorem 5 be satisfied, then the solution of the functional integral

equation (1) depends continuously on the parameter p.

Hence

and

Proof. Let x,x* be the solutions of the function integral equations (1) and (2), then

1x(t) = x* ()] = |f(t, f, fo(5,%(5),W)ds) = fi(t, [ fo(s,x"(s), u*)ds)]
<K | [ fo(s,x(s),wyds — [ fo(s,x*(s), u)ds|

<K fy 1fo(s,%(5), 1) — fo(s,x*(s), 1) ds

<K K, [y (Jx(s) —x*(s)| + | — wl)ds

= K,K, [, (1x(s) —x*(s)lds + K K f, |u— ' |ds

< K KT Il x —x* llo+ K K, T6.

” x—x* ”C (1 - KleT) < K1K2T6

K1KoTS

x—x" £ —~—=
I lle= (1—K1K,T)

This proves the continuous dependence of the solution on the parameter pu.

B. Continuous dependence on the function f,

Definition 4 The solution x € C[0,T] of the functional integral equation (1) depends Continuously on the
function f;, if

Ve>0, 3 6(e), s.t |i—fl<6=2lx—x"l<e€

where x™ is the unique solution x** € C[0, T] of problem (3).

Theorem 7 Let the assumption of Theorem (5) be satisfied, then the solution of the functional integral

equation (1) depends continuously on the function f,.

Hence

and

Proof. Let x, x™* be the solutions of the functional integral equations (1) and (3), then

x(t) —x (O] = it [; fo(s5,x(5),1)ds) = fi(t, fy f5(5,x7(5), )ds)]

< Kilf, fals,x(s), wyds — f; f5 (s, %" (s), wyds|

< Ky [y 1fo(5,%(5), 1) = £5 (5, %7 (5), 1) | ds

< Ky [y 1fo(5,x(5), 1) = 5 (5,%(5), 1) + £ (5,2(5), 1) — f5 (5, X7 (5), )|l

< Ki fy 1fa(s,x(5), 1) = 5 (5, x(8),w)lds + Ky [ 1f5 (5,x(5), 1) — f5 (5,7 (5), ) | ds

<K fy 1fo(s,x(5), 1) — (5, x(s), )lds + K1 K, [ |x(s) — x™*(s)|ds
< KlT(S + KleT " X — X** ”C

” x —x** ”C (1 - KleT) < KlT(S

K TS

k%
— <L — 2 =
lx—x ”C— A—K,KoT)

This proves the continuous dependence of the solution on the function f;.
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