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Abstract

Let G be a connected graph with vertex set V(G) and W = {wy,w,, ...,w,,} € V(G). The representation of
a vertex v € V(G) with respect to W is the ordered m-tuple r(v|W) = (d(v,w;),d(v,w,),...,d(v,w,,)) where
d(v,w) represents the distance between vertices v and w. The set W is called a resolving set for G if every
vertex of G has a distinct representation with respect to W. A resolving set containing a minimum number of
vertices is called basis for G. The metric dimension of G, denoted bydim(G), is the number of vertices in a basis
of G.The set W is called a local resolving set for G if every twoadjacent vertices of G have a distinct
representationanda minimum localresolving set iscalled alocal basisofG. The cardinalityofa local basis
ofGiscalled thelocalmetricdimensionofG,denotedbydim(G). The comb product and the corona product are non-
commutative operations in graph, but these operations can be commutative with respect to the local metric
dimension for some graphs with certain conditions. In thispaper, we determine the local metric dimension of the
most generalized comb and corona products of graphs. Futhermore, we determine the commutative
characterization of comb and corona products with respect to the local metric dimension.

Keywords - resolving set, basis, local basis, local metric dimension,the most generalizedcomb and corona
products of graph,commutative characterization.

1. INTRODUCTION

Let Gbe a finite, simple, andconnected graph. The vertex and edge sets of graph G are denoted by V(G)and
E(G), respectively. The distancebetween vertices v and w in G, denoted by d (v, w), is the length of the shortest
path between them.For the ordered set W = {w;,w,, ..., w,,} € V(G), and a vertexv € V(G),the representation
of v with respect to W is them-tuple,r(v|W) = (d(v,wy),d(v,wy),...,d(v,w,,)).The set W is called a
resolving setofG if every vertex of G has a distinct representation with respect to W. A minimum resolving
setWof graph G is called a basisofG. Thecardinalityofa basis iscalledmetric dimension of ¢, denoted by
dimiG) [1].The set W is called alocal resolving setofG if everytwoadjacent vertices of G have a distinct
representationwithrespecttoW, that isifu,v € V(G) such thatuv € E(G)) thenr(u|W) = r(v|W).Alocal
resolving set of G with minimum cardinality is called a local basis of G, and the cardinality of a local basis of
Gis called thelocal metric dimension of G, denoted by dim,(G).

Godsil and McKay [3]defined the rooted product graph as follows. Let G be a graph on n vertices and Hbe a
sequence of nrooted graphs Hy, H,, Hs, ..., H,. The rooted product graph of G by H denoted by GoJ{is a graph
obtained by identifying the root of H; with the i-th vertex of G.Frucht and Harary [2] defined the corona product
graph. The corona graph,GOH, of two graphs G and H is obtained by taking one copy of G and |V (G)| copies
of H and then joining by edge the i-th vertex of G to every vertex in thei-th copy of H. In [6], Rodriguez et al.
generalized the corona product G © #, whereFis a sequence of n graphsHi, Hy, Hs, ..., H,, H; and H; may not
be isomorphic.Saputro et al. [7] studied the metric dimension of the comb productgraph GoH, which is a special
case of a rooted product graph.Susilowati et al. [10] have left the open problem on the metric dimension of
(k1,ky, k3, ..., k,)-comb and (kq, k, k3, ..., k,,)-corona of graph G of order n and n sequence of graphs . In
this paper, we determine the local metric dimension of (kq, ky, k3, ..., k,,)-comb and (kq, k3, k3, ..., k,)-corona
of graph G of order n and n sequence of graphs H and the commutative characterization of comb and corona
product with respect to local metric dimension.

Rodriguez etal. [6] observed the local metric dimension of rooted product graph as follow:

Theorem 1.1. [6] Let G be a connected labelled graph of order n > 2 and let I be a sequence of n connected
bipartite graphs Hy, H,, Ha, ..., Hy.. Then, for any rooted product graph GoH ,dim,(GoF)=dim;(G).

Theorem 1.2. [6] Let G be a connected labelled graph of order n > 2 and let 7 be a sequence of n connected
non-bipartite graphs H;, H,, Hs .., H, Then, for any rooted product graph GoX dim(GoH )=

Yy (dimy (H)) — @),
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whereq; = 1 if the root of H; belongs to a local basis of H; and «; = 0 otherwise.

Susilowati et al [10] defined the generalized comb product of graphs Go,Hand the generalized corona
product of graphs G O, H. Futhermore, Susilowati et al [10] determined the metric dimension of G o, H and
G Oy . Rodriguez et al. [5] observed the local metric dimension of corona product graphs, as bellow.

Theorem 1.3. [5] Let H be a non empty graph. The following statements hold.
(i). If the vertex of K; does not belong to any local basis for K; + H, then for any connected graph G of order n,
dim;(¢ ® H) = ndim,(K; + H).
(ii). If the vertex of K; belongs to a local basis for K; + H, then for any connected graph G of order n > 2,
dim;(G © H) = n(dim;(K; + H) — 1).

Theorem 1.4. [6] Let G be a connected labeled graph of order n > 2 and let 7 be a sequence of n non
emptygraphsHi, Hy, Ha, ..., H,. Then, for any corona product graph ¢ ® H,
dimy(G © H)= X}, (dim;(K; + H;) — ),
whereq; = 1 if the vertex of K; belongs to a local basis of K; + H; and a; = 0 otherwise.

Okamoto et al. [4] discovered the characterization of local metric dimension for some graphs.
Meanwhile, Rodriguez et al. [6] and Susilowati et al. [8] observed the local metric dimension of rooted product
graph.Susilowati et al [9] also determined the local metric dimension of G o, and G O, H.

In this paper, we define the most generalized of comb product of graphs (G ok, ,ks,..k, H), rooted
product of graphs (G oy, i, ks,..k, J)and the most generalized corona product of graphs (G Oy, i, ks,..k, H and
G Ok, jey sk, JL), Wheren = |V (G)|. Futhermore, weanalyse the metric dimension and local metric dimension
OfG O, iy sy o G Ok sy tea,den o G Oy ey s,y H ANA G Ok, iy ks, k, I We also formulate the necessary
and sufficient conditions such that the local metric dimension of comb product graphs has the equal value, even
though the position of graph that operated is exchanged. Likewise for the corona product graphs.

11.THE LOCAL METRIC DIMENSION OF THE MOST GENERALIZED OF COMB PRODUCT
GRAPHS

Let G be a labelled graph on n vertices and H'be a sequence of n rooted graphs Hy, Hy, Ha, ..., H,. The
kq, k3, k3, ... ky-rootedproduct graph of G by 7 denoted by G oy, i, k,..k, H is obtained by taking one copy of
G andk; copies of H; for every i= 1, 2, ceyly that
areHyq, Hiz, Hys, oo, Hygy, Ho1, Hop, Hps, oo, Hop,yy Ha, Haoy Haz, ooy Hajeg ooy Hy1y Hp g, Hys, oo, Hyy @nd - grafting
the rootofHy;, j = 1, 2, 3, ..., kwith the i-th vertex of G. If o is the root of Hi;, for s = 1, 2, ..., k, theno;; = o; in
the graph G oy, x, s,k F, for s = 1, 2, .., k. If H;=H for every i =1,2,3,..,n, then we get
G Ok, ey ks, ky I = G Ok, ey ks, ke, H. IN Other words, G oy, i, ks,..k, H is the special case of G oy, i, s,k -

Susilowati et al. [8] described the properties of rooted product graphs as the following lemma and
observation.

Observation 2.1. [8] Let G be a labelled graph of order n > 2 and% be a sequence of n connected graphs H;, j
=1, 2,3, ..n. In the rooted product graphGoH , if every H; is connected bipartite graph then every two
adjacent vertices in H; have distinct distance to the root of H; and to all vertices in GoH .

Lemma 2.2. [8]Let G be a labelled graph of order n = 2 and# be a sequence of n connected graphs H;, j = 1,
2, ..., n. In the rooted product graphG o  ,if o;is the root ofH;, and Ujis local basis of H;, then the following
statements hold.

(i). If o € U; then there are two adjacent vertices x,y in H; such thatr(x|S) = r(y|S)for everyS c V(H;),

S| < |U;| - 2.
(i). If o <£| U]|-then there are two adjacent vertices x,y in H; such thatr(x|S) = r(y|S)for everyS c V(H,),
ISI < |U;| - 1.

Using Theorems 1.1. and 1.2 respectively, we get the corollaries 2.3 and 2.4 respectively, as below.

Corollary 2.3. Let G be a labelled connected graph of order n > 2. Let H be a connected graph and H be a
sequence of n connected bipartite rooted graphs Hy, H,, Hg, ..., Hy. Then
d|m|(G Oklkank?w--kn}[) = d|m|(G Okl.kz.kg.---an) = d|m|(G)
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Proof: Let Gbe a labelled connected graph of order n > 2 and letH be a sequence of nconnected bipartite rooted
graphs H,, H,, Hs, ..., H, .Let

Hy1, Hyg, Hyz, ooy Higy s Ha1, Hogy Haz, oy Hopeyy Hayy Hag, Hag, ooy Hapgy oo, Hyq,y Hygy Hys, o, Hyy, are the ki copies
of H; foreveryi=1,2,3,...,n.Leto,is the root of Hi, fors =1, 2, ..., k;, chooseW = local basis of G.

Take any two adjacent vertices X, y in H;, j =1, 2, ..., n; s =1, 2, ..., k;.BecauseHjsconnected bipartite,
by Observation 2.1, we get d(x|z) # d(ylz) for everyzeV(G oy, k, s,k H) Therefore r(x|W) =
r(y|W).Take any two adjacent roots oy, 05 iN G Oy, i, ks,.k, L. Because W = local basis of G then
r(0isIW) #) 7(0;|[W) and W is a local basis of G oy, xy sk, H- SO AiMi(G Ok ky sk, ) = dimi(G).The
same reason for dimy(G oy, k, ks,..x, H) = dimy(G).m

Corollary 2.4. Let G be a connected labelled graph of order n and let H be a sequence of n connected non-
bipartite rooted graphs of order at least twoH,, H,, Hs, ..., Ha.If o;is the root of H;for every j=1, 2,...,n, then
dimi(G Ok, ks, den FE)=2] =1 ki (dim;(H,) — a;)

where a; = 1if o; belongs to a basis of H; and a; = 0 otherwise.

Proof: Let G be a connected labelledgraph of order » > 2 and let?'be a sequence of the connected non bipartite
rooted graphs Hy, H,, Ha, .. ., Hy.Let

Hy1, Hyg, Hys, ooy Higy Hap, Hogy Hos, ooy Hopeyy Hay Hag Hag, ooy Hagy, oo Hyq,y Hygy Hys, .o, Hyy, are the ki copies
of H; foreveryi=1,2,3,..,nLeto;is the root of Hjs and Wjis a local basis of Hifor i = 1,2,3, ..., n.;s = 1,
2, ..., kj.Choose W = UT_; (Uk_; (W5 — {055 ])).

Take any two adjacent vertices X, Y in G Oy, k, ks,..k, 7 -By Lemma 2.2,we can proof thatW is a minimum local
resolving set of G o, s, ks, aNd [W | = X7 k; (diml(Hj) — a;), where a; = 1if o; belongs to a basis of
H; and oy = 0 otherwise.m

By Corollaries 2.3 and 2.4 we get Corollary 2.5 and Corollary 2.6 respectively, as below.

Corollary 2.5. Let G and H be connected graphs. If H be a bipartite graph, then
dim|(GOk1’k2‘k3wkn H) = d|m|(G)

Corollary 2.6.Let G be a connected graph of order n, H be a connected non bipartite graph of order at least 2,
and o is a grafting vertex. Then

. =1k (dim;(H) — 1), ifo belongs to local basis of H
dimi(Goy, iy ks, )= 1 o, . )
=1k (dim;(H)), otherwise

Theorem 2.7. Let G be a connected labelled graph of order n > 2, and let H be a sequence of the combined of
n connected non-bipartite Hy, Hy, ..., Hs and bipartite graphs H.1, Hs:, ..., Hn, and o;is the root ofH;. Then

[zzjzlkj(diml(Hj)—aj), for G = C,,nodd,s > 1
or G bipartiteor ¢ = K,,s =n—1
dimi(Gog, iy ks, kn F) = 2j-1 ki (dim(H)) — o) + 1, forG = Cy,nodds=1
=5y k; (dim;(H;) — @) + dim;(G) — s, for G = K,,s <n—1
<Yk (diml(Hj) —a)+n—s—1, otherwise
whereq; = 1 if the root of H; belongs to a local basis of H; and ; = 0 otherwise.
Proof: Case l:for G = C,,nodd,s > 1 or G bipartite or G = K,,s = n — 1 .Choose W =

Us1 (U, (Un = {0, 50 | W] = 55y b (dimy (1)) — ).

By Lemma 2.2. we can see that W = Uj-zl(Ufil(Uﬂ —{01})) is a minimum local resolving set of
GOy g s, ey FEAND AIM(G O ey s ey FE) = X5y K (dimy (H, ) — ).

Case 2: forG = C,nodd,s=1.Choose =US_;(Uy Uy —{oz}) Uiz} = UL Uy —fou) Uiz}
zeH foranyj =s+1,s+2,..,n;1=1,2, .., kjand z # 0,;. We can proof that W is a minimum local resolving set
of GOy, ey kes,.ken FAND AIMI(G O, iy s,k ) = X =1 K (dimy (H;) —q)+ 1.

Case 3: for G = K,,,s <n — 1. Choose

W =US_y (U2, (U = (o D) U {w |y # 0 ,j = s + 1,5 +2,..,n = 1,1 = 12,3, ..k}, Without
lossofgenerality, lets = n — 2, it meansthatHy;, j = 1, 2, ..., n — 2 are non bipartite graphs and H,, _qy;, Hy;are
bipartite graphs and
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2,01k
W = U2 (UL WU = {0 D) Y {ugoy |-y # 0—nyn L = 1,2,3, .. K; }.
We can proof that W' is a minimum local resolving set of Goy, ., k,,..k, Fand
dim|(G0k1’k2'k3,_"kn.‘]’[) = Z}?:l k}(dlml(H]) - 0.’]) + dlml (G) — S.
Case 4: ForG is otherwise, dimi(Goy, jeyis,.ie, M) < X1 k; (dimy(H;) —;) +n—s—1, it is obvious
becauseK; is the graph with the biggest local metric dimension respect to the its order. m

I11.THE LOCAL METRIC DIMENSION OF THE MOST GENERALIZED OF CORONA PRODUCT
GRAPHS

Let G be a labelled graph on n vertices and H'be a sequence of n rooted graphs Hj, Hy, Hs, ..., Hy. The
k1, k3, k3, ... ky-coronaproduct graph of G by # denoted byG Oy, i, ks,..k,, F IS obtained by taking one copy of
Gandk; copies of H; for every i= 1, 2, cel that are
Hy1, Hig, Hys, ooy Higy s Ha1, Hogy Hoz, oy Hopeyy Hay,y Hag, Hag, ooy Hageg, oo, Hyq,y Hygy Hys, .., Hyye, @ndthenjoiningb
yedgethei-thvertexofG to every vertex in j-th copy of H;, j=1, 2,3, ..., k. If H; = H foreveryi = 1,2,3, ..., n,
then we get G Ok, iy ks, ki, 7 = G Oy ey ks, de, H- 1IN Other words, G Oy, iy k.., H IS the special case of
G Okykpkz,kn It

Lemma 3.1. Let G be a connected nontrivial labelledgraph. IfH be an empty graphand # be a sequence of n
empty graphs Hy, H,, Hs, ..., Hpy,then

dim(GOx, ks ks,..k, H) = dIMI(G Oy iy ks, ke, H) =dimy(G).
Proof: LetH be an empty graph and #'be a sequence of n empty graphs H;, H,, Hs, ..., Hy. Thenthere are no
edge in H and #.In graph GOy, kyks,.k, H ANd GOk, iy ks, k, L TESPECtively, every vertex in H and
Hadjacents to one vertex only in G. Therefore, the local metric dimension of GOy, k,ks,.k, H and
GO, iy ks,..k, Jdepend on local metric dimension ofGonly. m

Using Theorem 1.3. and 1.4 respectively, we get the Corollaries 3.2 and 3.3 respectively, as bellow.

Corollary 3.2. Let H be a non empty graph. The following statements hold.
(i).If the vertex of K;does not belong to any local basis for K; + H, then for any connected graph G of order n,
dim(G Ok, ky s, . ke, H) =221 ki (dim; (K7 + H)).
(ii).If the vertex of K; belongs to a local basis for K; + H, then for any connected graph G of order n > 2,
dim(GOxy ks s,k H) =2i=1 ki (dim; (Ky + H) — 1).

Corollary 3.3. Let G be a connected labelled graph of order n > 2, and H be a sequence of n non
emptygraphsHy, Hy, Ha, ..., H,. Then

dim(GOpy ks, ke H =21 ki (dimy (Ky + H) — a;)
where a; = 1 if the vertex of K; belongs to a local basis of K; + H; and o; = 0 otherwise.
Proof: LetV(G) = {vy,v;, vs, ..., v, },Biisa local basis of H; and Bj; is a basis of < v; >+ Hj,i=1,2,..,n;j=
1, 2, ceny ki' So B'J = Bi forj = 1, 2, . ki' Choose W = U:lzl(Ufl:l(BU — {Ui})).Because< V; > +HL] =~ Kl +
Hiso|W| = Y k;(dim;(K; + H)) — D)if  v;is an element of a local basis ofK; +H; and
[W| =¥, k;(dim;(K; + H,;))if v; is not an element of a local basis of K; + H;.Futhermore, we can prove that
W is a local basis of GOy, iy ks,..k, H- ®

IV. COMMUTATIVE CHARACTERIZATION OF COMB AND CORONA PRODUCTS GRAPHS
WITHRESPECT TO THELOCAL METRIC DIMENSION

An operation * defined on two graphs is said commutative if A*B=B*Afor every graph Aand B.An operation *
defined on two graphs G and H is said commutative with respect to local metric dimension if dim;(G*H) =
dim,; (G*H), denoted by (G*H) =gim(H*G) [9].

In this section, we present commutative characterization of comb and corona products graphs with respect to the
local metric dimension.

Theorem 4.1.Let G andHbe connected bipartite graphs of order at least two.Then

dim,;(G) = dim,;(H)if and only if(GoH) =4,; (HoG)
Proof: Let GandHbe connected bipartite graphs. Let(GoH) =4,; (HoG).lt means that dim;(GoH) =
dim;(HoG).By Theorem 1.1,we getdim;(G) = dim,;(H).
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Conversely, letdim;(G) = dim;(H).By Theorem 1l.lwe get dim;(G) = dim;(GoH)anddim,;(H) =
dim; (HoG).Thereforedim; (GoH) = dim;(HoG).So(GoH) =4i,; (HoG).m

For the case of non bipartite graphs, the formula of commutative characterization of generalized comb
product with respect to the local metric dimension is presented base on existence of grafting vertex, whether or
not element of a local basis of graph operated.

Theorem 4.2.LetG andHbe connected graphs of order at least three. Let G andHbe non bipartite graphs. If the
grafting vertex of GoHbelongs to a local basis of Hand the grafting vertex of HoGbelongs to a local basis of
G.then

[V(G)|dim;(H — 1) = [V (H)|dim,; (G — 1)if and only if(GoH) =4y, (HoG)
Proof: LetGandHbe connected graphs of order at least three. Let GandHbe non bipartite graphs.Let the grafting
vertex of GoHbelongs to a local basis of Hand the grafting vertex of HoGbelongs to a local basis of G. Let
(GoH) =4im; (HoG).Theorem 1.2, we getdim; (GoH) = |V(G)|(dim;(H)—1) and dim;(HoG) =
|V (H)|(dim; (G) — 1).
Therefore |V(G)|(dim;(H) — 1)) = |V(H)|(dim;(G) — 1).
So [V(&)|(dim;(H — 1) = |V(H)|(dim;(G) — 1).
Conversely, let|V(G)|(dim;(H) — 1) = |V(H)|(dim;(G) — 1). Then

V(®)I(dim;(H) — 1) = |[V(H)|(dim;(G) — 1).

Thereforedim,;(GoH) = dim;(HoG). m

For the case grafting vertex does not belong to a local basis of graph operated, given below.

Theorem 4.3.LetG andHbe connected graphs of order at least three. Let G andHbe non bipartite graphs. If the
grafting vertex of GoHdoes not belong to a local basis of Hand the grafting vertex of HoGdoes not belong to a
local basis of G,then

|V(G)|dim;(H) = |V (H)|dim,(G)if and only if(GoH) =4iy; (HoG).
Proof:LetGandHbe connected graphs of order at least three. Let GandHbe non bipartite graphs. Let the grafting
vertex of GoHdoes not belong to a local basis of Hand the grafting vertex of HoGdoes not belong to a local
basis of G. Let (GoH)=4,; (HoG). By Theorem 1.2, we getdim;(GoH) = |V (G)|(dim,;(H))anddim;(HoG) =
|V (H)|(dim; ().
Therefore |V (G)|(dim;(H)) = |V(H)|(dim;(G)). So |V (G)|dim;(H) = |V(H)|dim,;(G).
Conversely,  let|V(G)|(dim;(H) = |[V(H)|(dim;(G)).Thendim;(GoH) =  dim;(HoG). In  other
words(GoH) =4, (HoG)m

In the next theorems, we present the commutative characterization of generalized corona product with
respect to local metric dimension.

Theorem 4.4.Let G andHbe non empty connected graphs. If the vertex ofK;does not belong to a local basis of
K; + H andK; + G,then
|[V(&)|(dim;(K; + H)) = |V(H)|dim;(K; + G)) ifand only if(H © G) =4im; (G © H)

Proof:Let GandHbe non empty connected graphs. Let the vertex of K;does not belong to a local basis of K; +
HandK; + G. Let(G O H) =4im; (H © G).Based onTheorem 1.3.(i), we get
dim;(G © H) = |V(6)| (dim;(K; + H))anddim,(GOH) = |V(G)| (dim,(K; + H)).
Therefore |V(G)| (dim;(K; + H)) = |V(H)| (dim;(K; + G)).

Conversely, let|V (G)|dim;(K; + H) = |V (H)|dim;(K; + H).Then
Based onTheorem 1.3.(i), we getdim; (G © H) = dim;(H © G).
In other words(G © H) Zg4im; (HO G). =

Theorem 4.5.Let G andHbe non empty connected graphs of order at least two. If the vertex ofK;belongs to a
local basis ofK; + H andK; + G. Then

V()| (dim,(K; + H) — 1) = |[V(H)|dim; ((K; +G) — 1)

if and only if(H © G) =4im; (G O H).
Proof: Let GandHbe non empty connected graphs of order at least two. Let the vertex of K;belongs to a local
basis of K; + HandK; + G. Let(G © H) =4im; (H © G).By Theorem 1.3.(ii), we get,
dim;(G¢ © H) = [V(6)| (dim,(K; + H) — 1) and dim;(H © G) = |V(H)| (dim,(K; + G) — 1).

Therefore|V(G)| (dim;(K; + H) — 1) = [V(H)| (dim;(K; + G) — 1).

ISSN: 2231 — 5373 http://www.ijmttjournal.org Page 26



International Journal of Mathematics Trends and Technology (IJMTT) - Volume 65 Issue 4 - April 2019

Conversely, let|V(G)| (dim;(K; + H) — 1) = |V(H)| (dim;(K; + G) — 1).Then, byTheorem 1.3.(ii), we get
dim;(G © H) = dim;(H © G). In other words(G © H) =4im; (HO G). =
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