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Abstract -  Using the concept of 𝑔𝑔𝑟𝑏-closed sets, we introduce 𝑔𝑔𝑟𝑏-open sets. Also we introduce and study 

the topological properties of 𝑔𝑔𝑟𝑏- neighborhood, 𝑔𝑔𝑟𝑏-limit point, 𝑔𝑔𝑟𝑏-interior, 𝑔𝑔𝑟𝑏-closure of a set in 

topological spaces.                                                                                                                                                
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I. INTRODUCTION 

In 1970, N. Levine [4] introduced the class of generalized closed sets in topological spaces. Different 

types of generalization of closed sets were introduced and studied by various mathematicians. The notion of 

generalization of generalized regular 𝑏-closed set and its properties are given in [7]. In this paper, we introduce 

generalization of generalized regular 𝑏-open sets and introduce the notions of 𝑔𝑔𝑟𝑏-neighborhood, 𝑔𝑔𝑟𝑏-limit 

points, 𝑔𝑔𝑟𝑏-interior, 𝑔𝑔𝑟𝑏-closure of a set and study their properties. 

II. PRELIMINARIES 

  Throughout this paper (𝑋, 𝜏) or 𝑋 represents a topological space on which no separation axiom is 

assumed unless otherwise mentioned. For a subset 𝐴 of a topological space 𝑋, 𝑐𝑙(𝐴) and 𝑖𝑛𝑡(𝐴) denote the 

closure of 𝐴 and interior of 𝐴 respectively. We recall some definitions and theorems. 

Definition 2.1: Let 𝑋 be a topological space.  A subset 𝐴 of 𝑋 is said to be  

1. Regular open [8] if 𝐴 = 𝑖𝑛𝑡(𝑐𝑙(𝐴)).                                                                                                                                 

2. 𝑏-open [1] if 𝐴 ⊆ 𝑖𝑛𝑡(𝑐𝑙(𝐴)) ∪ 𝑐𝑙(𝑖𝑛𝑡(𝐴)). 

Definition 2.2: A subset 𝐴 of a topological space 𝑋 is said to be                                                                                                                 

1. Generalized closed (𝑔-closed) [4] if 𝑐𝑙(𝐴) ⊆ 𝑈 whenever 𝐴 ⊆ 𝑈 and 𝑈 is open in 𝑋.                                                   

2. Regular 𝑏-closed (𝑟𝑏-closed) [5] if 𝑟𝑐𝑙(𝐴) ⊆ 𝑈 whenever 𝐴 ⊆ 𝑈 and 𝑈 is 𝑏-open in 𝑋.                                               

3. Regular ^generalized closed (𝑟^𝑔-closed) [6] if 𝑔𝑐𝑙(𝐴) ⊆ 𝑈 whenever 𝐴 ⊆ 𝑈 and 𝑈 is regular open in 𝑋.     

               The complements of the sets mentioned above are their open sets respectively. 
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Definition 2.3:  Let (𝑋, 𝜏) be a topological space and 𝐴 ⊆ 𝑋. Then 𝑔-closure [2] and 𝑟-closure of 𝐴 is denoted 

by 𝑔𝑐𝑙(𝐴) and 𝑟𝑐𝑙(𝐴) and defined as the intersection of all 𝑔-closed sets and regular closed sets containing 𝐴 

respectively. 

Definition 2.4: Let 𝑋 be a topological space and 𝐴 ⊆ 𝑋. Then 𝑔-interior [2] and 𝑟^𝑔-interior [6] of 𝐴 is denoted 

by 𝑔𝑖𝑛𝑡(𝐴) and 𝑟^𝑔𝑖𝑛𝑡(𝐴) and defined as the union of all 𝑔-open sets and 𝑟^𝑔-open sets contained in 𝐴 

respectively. 

Definition 2.5: [7] A subset 𝐴 of a topological space 𝑋 is called the generalization of generalized regular              

𝑏-closed (𝑔𝑔𝑟𝑏-closed) set if 𝑔𝑐𝑙(𝐴) ⊆ 𝑈 whenever 𝐴 ⊆ 𝑈 and 𝑈 is 𝑟𝑏-open in  𝑋. We use the notation 

𝐺𝐺𝑅𝐵𝐶(𝑋) to denote the set of all 𝑔𝑔𝑟𝑏-closed sets in 𝑋. 

Remark 2.6:  Let 𝐴 be any subset of 𝑋. Then 𝑔𝑐𝑙(𝑋 − 𝐴) = 𝑋 − 𝑔𝑖𝑛𝑡(𝐴). 

Theorem 2.7:  [7]                                                                                                                                                    

(i)   Every closed set is 𝑔𝑔𝑟𝑏-closed.                                                                                                                      

(ii)  Every 𝑔-closed set is 𝑔𝑔𝑟𝑏-closed.                                                                                                                 

(iii)  Every 𝑔𝑔𝑟𝑏-closed set is 𝑟^𝑔-closed. 

Theorem 2.8: [7] If a subset 𝐴 of a topological space (𝑋, 𝜏) is 𝑔𝑔𝑟𝑏-closed, then 𝑔𝑐𝑙(𝐴) − 𝐴 does not contain 

any non-empty 𝑟𝑏-closed set in (𝑋, 𝜏). 

Theorem 2.9: [7] Union of two 𝑔𝑔𝑟𝑏-closed set is a 𝑔𝑔𝑟𝑏-closed set. 

III. THE GENERALIZATION OF GENERALIZED REGULAR 𝒃-OPEN SET 

 In this section, we introduce 𝑔𝑔𝑟𝑏-open set and derive its properties. Also we define                              

𝑔𝑔𝑟𝑏-neighborhood and discuss some of its properties. 

Definition 3.1:  A subset 𝐴 of a topological space (𝑋, 𝜏) is called a 𝑔𝑔𝑟𝑏-open set in 𝑋 if 𝑋 − 𝐴 is a                     

𝑔𝑔𝑟𝑏-closed set in (𝑋, 𝜏). We use the notation 𝐺𝐺𝑅𝐵𝑂(𝑋) to denote the set of all 𝑔𝑔𝑟𝑏-open sets in 𝑋. 

Theorem 3.2:  If 𝐴 and 𝐵 are 𝑔𝑔𝑟𝑏-open sets in a topological space (𝑋, 𝜏), then 𝐴 ∩ 𝐵 is also a 𝑔𝑔𝑟𝑏-open set 

in (𝑋, 𝜏). 

Proof: Let 𝐴 and 𝐵 be 𝑔𝑔𝑟𝑏-open sets in (𝑋, 𝜏). Then 𝑋 − 𝐴 and 𝑋 − 𝐵 are 𝑔𝑔𝑟𝑏-closed sets in (𝑋, 𝜏). 

Therefore by Theorem 2.8,  (𝑋 − 𝐴) ∪ (𝑋 − 𝐵) is 𝑔𝑔𝑟𝑏-closed in (𝑋, 𝜏). But (𝑋 − 𝐴) ∪ (𝑋 − 𝐵) =               

𝑋 − (𝐴 ∩ 𝐵). Therefore 𝑋 − (𝐴 ∩ 𝐵) is 𝑔𝑔𝑟𝑏-closed in (𝑋, 𝜏).  Hence 𝐴 ∩ 𝐵 is a 𝑔𝑔𝑟𝑏-open set in (𝑋, 𝜏). 

Remark 3.3: The union of two 𝑔𝑔𝑟𝑏-open sets need not be 𝑔𝑔𝑟𝑏-open. For example, let 𝑋 = {𝑎, 𝑏, 𝑐, 𝑑} and 

𝜏 = {∅, {𝑎}, {𝑏}, {𝑎, 𝑏}, {𝑎, 𝑏, 𝑐}, 𝑋} be a topology on 𝑋. Then  𝑔𝑔𝑟𝑏-open sets are ∅, {𝑎}, {𝑏}, {𝑐}, {𝑑}, {𝑎, 𝑏}, 

 {𝑎, 𝑐}, {𝑎, 𝑑}, {𝑏, 𝑐}, {𝑏, 𝑑}, {𝑎, 𝑏, 𝑐}, {𝑎, 𝑏, 𝑑} and 𝑋. Take 𝐴 = {𝑐} and 𝐵 = {𝑑}. Then 𝐴 and 𝐵 are 𝑔𝑔𝑟𝑏-open 

sets but 𝐴 ∪ 𝐵 = {𝑐, 𝑑} is not a 𝑔𝑔𝑟𝑏-open set in 𝑋. 
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Theorem 3.4: A subset 𝐴 of a topological space 𝑋 is 𝑔𝑔𝑟𝑏-open if and only if 𝑈 ⊆ 𝑔𝑖𝑛𝑡(𝐴) whenever 𝑈 ⊆ 𝐴 

and 𝑈 is 𝑟𝑏-closed in 𝑋. 

Proof: Necessity: Suppose 𝐴 is 𝑔𝑔𝑟𝑏-open in 𝑋. Let 𝑈 be any 𝑟𝑏-closed in 𝑋 such that 𝑈 ⊆ 𝐴. Then 𝑋 − 𝐴 ⊆

𝑋 − 𝑈 and 𝑋 − 𝑈 is 𝑟𝑏-open in 𝑋. Since 𝑋 − 𝐴 is 𝑔𝑔𝑟𝑏-closed, we have 𝑔𝑐𝑙(𝑋 − 𝐴) ⊆ 𝑋 − 𝑈. But                       

𝑔𝑐𝑙(𝑋 − 𝐴) =  𝑋 − 𝑔𝑖𝑛𝑡(𝐴). Therefore 𝑋 − 𝑔𝑖𝑛𝑡(𝐴) ⊆ 𝑋 − 𝑈. Hence 𝑈 ⊆ 𝑔𝑖𝑛𝑡(𝐴).  

Sufficiency:  Suppose 𝑈 ⊆ 𝑔𝑖𝑛𝑡(𝐴) whenever 𝑈 ⊆ 𝐴 and 𝑈 is 𝑟𝑏-closed in 𝑋. Let 𝑈 be any 𝑟𝑏-open set in 𝑋 

such that 𝑋 − 𝐴 ⊆ 𝑈. Then 𝑋 − 𝑈 ⊆ 𝐴 and 𝑋 − 𝑈 is 𝑟𝑏-closed in 𝑋. By hypothesis 𝑋 − 𝑈 ⊆ 𝑔𝑖𝑛𝑡(𝐴) and so 

𝑋 − 𝑔𝑖𝑛𝑡(𝐴) ⊆ 𝑈. Therefore 𝑔𝑐𝑙(𝑋 − 𝐴) ⊆ 𝑈.  Therefore 𝑋 − 𝐴 is a 𝑔𝑔𝑟𝑏-closed set in 𝑋. Hence 𝐴 is                 

𝑔𝑔𝑟𝑏-open in 𝑋. 

Theorem 3.5: Let 𝐴 and 𝐵 be any two subsets of a topological space 𝑋.  If  𝑔𝑖𝑛𝑡(𝐴) ⊆ 𝐵 ⊆ 𝐴 and 𝐴 is 𝑔𝑔𝑟𝑏-

open in 𝑋, then 𝐵 is 𝑔𝑔𝑟𝑏-open in 𝑋. 

Proof:  Suppose that 𝑔𝑖𝑛𝑡(𝐴) ⊆ 𝐵 ⊆ 𝐴 and 𝐴 be 𝑔𝑔𝑟𝑏-open in 𝑋. Let 𝐹 be any 𝑟𝑏-closed set in 𝑋 such that 

𝐹 ⊆ B. Since 𝐹 ⊆ 𝐵 and 𝐵 ⊆ 𝐴, 𝐹 ⊆ 𝐴. Since 𝐴 is 𝑔𝑔𝑟𝑏-open, we have 𝐹 ⊆ 𝑔𝑖𝑛𝑡(𝐴). But 𝑔𝑖𝑛𝑡(𝐴) ⊆ 𝐵, so 

𝑔𝑖𝑛𝑡(𝐴) ⊆ 𝑔𝑖𝑛𝑡(𝐵). Therefore 𝐹 ⊆ 𝑔𝑖𝑛𝑡(𝐵). Hence 𝐵 is 𝑔𝑔𝑟𝑏-open in 𝑋. 

Theorem 3.6: If 𝐴 ⊆ 𝑋 is a 𝑔𝑔𝑟𝑏-closed set, then 𝑔𝑐𝑙(𝐴) − 𝐴 is a 𝑔𝑔𝑟𝑏-open set in 𝑋. 

Proof: Let 𝐴 be a 𝑔𝑔𝑟𝑏-closed set in 𝑋. Let 𝐹 be any 𝑟𝑏-closed set in 𝑋 such that 𝐹 ⊆ 𝑔𝑐𝑙(𝐴) − 𝐴. Then by 

Theorem 2.7,  𝐹 = ∅. Therefore 𝐹 ⊆ 𝑔𝑖𝑛𝑡(𝑔𝑐𝑙(𝐴) − 𝐴). Hence 𝑔𝑐𝑙(𝐴) − 𝐴 is a 𝑔𝑔𝑟𝑏-open set in 𝑋. 

Remark 3.7: The converse of Theorem 3.6 need not be true. For example, let 𝑋 = {𝑎, 𝑏, 𝑐, 𝑑} and                        

𝜏 = {∅, {𝑎}, {𝑏}, {𝑎, 𝑏}, {𝑎, 𝑏, 𝑐}, 𝑋}  be a topology on 𝑋. Then  the 𝑔-closed sets are ∅, {𝑑}, {𝑎, 𝑑}, {𝑏, 𝑑}, {𝑐, 𝑑}, 

{𝑎, 𝑏, 𝑑}, {𝑎, 𝑐, 𝑑}, {𝑏, 𝑐, 𝑑}, 𝑋; 𝑔𝑔𝑟𝑏-closed sets are ∅, {𝑐}, {𝑑}, {𝑎, 𝑐}, {𝑎, 𝑑}, {𝑏, 𝑐}, {𝑏, 𝑑}, {𝑐, 𝑑}, {𝑎, 𝑏, 𝑐}, 

{𝑎, 𝑏, 𝑑}, {𝑎, 𝑐, 𝑑}, {𝑏, 𝑐, 𝑑} and 𝑋. Take 𝐴 = {𝑎, 𝑏}. Then 𝑔𝑐𝑙(𝐴) − 𝐴 = {𝑎, 𝑏, 𝑑} − {𝑎, 𝑏} = {𝑑} is 𝑔𝑔𝑟𝑏-open in 

𝑋. But 𝐴 is not a 𝑔𝑔𝑟𝑏-closed set in 𝑋. 

Theorem 3.8: Let 𝐴 and 𝐵 be subsets of  𝑋. If 𝐵 is 𝑔𝑔𝑟𝑏-open and 𝑔𝑖𝑛𝑡(𝐵) ⊆ 𝐴, then 𝐴 ∩ 𝐵 is a 𝑔𝑔𝑟𝑏-open 

set in 𝑋. 

Proof: Let 𝐵 be 𝑔𝑔𝑟𝑏-open in 𝑋 and 𝑔𝑖𝑛𝑡(𝐵) ⊆ 𝐴. Clearly, 𝑔𝑖𝑛𝑡(𝐵) ⊆ 𝐵. Therefore 𝑔𝑖𝑛𝑡(𝐵) ⊆ 𝐴 ∩ 𝐵 ⊆ 𝐵. 

Then by Theorem 3.5, 𝐴 ∩ 𝐵 is 𝑔𝑔𝑟𝑏-open in 𝑋. 

Theorem 3.9: If a subset 𝐴 is 𝑔𝑔𝑟𝑏-open in 𝑋 and 𝐺 is 𝑟𝑏-open in 𝑋 with 𝑔𝑖𝑛𝑡(𝐴) ∪ (𝑋 − 𝐴) ⊆ 𝐺, then         

𝑋 = 𝐺. 

Proof: Suppose 𝐺 is 𝑟𝑏-open in 𝑋 with 𝑔𝑖𝑛𝑡(𝐴) ∪ (𝑋 − 𝐴) ⊆ 𝐺. This implies 𝑋 − 𝐺 ⊆ (𝑋 − 𝑔𝑖𝑛𝑡(𝐴)) ∩ 𝐴 =

𝑔𝑐𝑙(𝑋 − 𝐴) ∩ 𝐴 = (𝑔𝑐𝑙(𝑋 − 𝐴)) − (𝑋 − 𝐴). Since 𝑋 − 𝐴 is 𝑔𝑔𝑟𝑏-closed and 𝑋 − 𝐺 is 𝑟𝑏-closed, by Theorem 

2.7,  𝑋 − 𝐺 = ∅. Hence 𝑋 = 𝐺. 

Definition 3.10: Let 𝑋 be a topological space and 𝑥 ∈ 𝑋.  A subset 𝑁 of 𝑋 is said to be a 𝑔𝑔𝑟𝑏-neighborhood of 

𝑥 if there exists a 𝑔𝑔𝑟𝑏-open set 𝐺 such that 𝑥 ∈ 𝐺 ⊆ 𝑁. 
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Definition 3.11 : Let (𝑋, 𝜏) be a topological space and 𝐴 be a subset of 𝑋.  A subset 𝑁 of 𝑋 is said to be a 

𝑔𝑔𝑟𝑏-neighborhood of 𝐴 if there exists a 𝑔𝑔𝑟𝑏-open set 𝐺 such that 𝐴 ⊆ 𝐺 ⊆ 𝑁. 

Theorem 3.12: Every neighborhood 𝑁 of 𝑥 belongs to 𝑋 is a 𝑔𝑔𝑟𝑏-neighborhood of 𝑥. 

Proof: Let 𝑥 ∈ 𝑋 and 𝑁 be a neighborhood of 𝑥. Then there exists an open set 𝐺 such that 𝑥 ∈ 𝐺 ⊆ 𝑁. Since 

every open set is 𝑔𝑔𝑟𝑏-open, we have a 𝑔𝑔𝑟𝑏-open set 𝐺 such that 𝑥 ∈ 𝐺 ⊆ 𝑁. Hence 𝑁 is a 𝑔𝑔𝑟𝑏- 

neighborhood of 𝑥. 

Remark 3.13: In general, a 𝑔𝑔𝑟𝑏-neighborhood of 𝑥 need not be a neighborhood of 𝑥. For example, let 𝑋 =

{𝑎, 𝑏, 𝑐, 𝑑} and 𝜏 = {∅, {𝑎}, {𝑏}, {𝑎, 𝑏}, {𝑎, 𝑏, 𝑐}, 𝑋}  be a topology on 𝑋. Since 𝑑 ∈ {𝑑} ⊆ {𝑎, 𝑏, 𝑑}, we have 

{𝑎, 𝑏, 𝑑} is a 𝑔𝑔𝑟𝑏-neighborhood of 𝑑. But {𝑎, 𝑏, 𝑑} is not a neighborhood of 𝑑, since there is no open set 𝐺 such 

that 𝑑 ∈ 𝐺 ⊆ {𝑎, 𝑏, 𝑑}. 

Theorem 3.14: Every 𝑔𝑔𝑟𝑏-open set is a 𝑔𝑔𝑟𝑏-neighborhood of each of its points. 

Proof: Suppose 𝑁 is a 𝑔𝑔𝑟𝑏-open set in 𝑋. Let 𝑥 ∈ 𝑁.  Then by Definition 3.10, we have 𝑁 is a 𝑔𝑔𝑟𝑏-

neighborhood of 𝑥. Hence 𝑁 is a 𝑔𝑔𝑟𝑏-neighborhood of each of its points. 

Remark 3.15: The converse of Theorem 3.14 need not be true. For example let 𝑋 = {𝑎, 𝑏, 𝑐, 𝑑} and                

𝜏 = {∅, {𝑎}, {𝑏}, {𝑎, 𝑏}, {𝑎, 𝑏, 𝑐}, 𝑋}  be a topology on 𝑋. Then 𝐺𝐺𝑅𝐵𝑂(𝑋) = {∅, {𝑎}, {𝑏}, {𝑐}, {𝑑}, {𝑎, 𝑏},                             

{𝑎, 𝑐}, {𝑎, 𝑑}, {𝑏, 𝑐}, {𝑏, 𝑑}, {𝑎, 𝑏, 𝑐}, {𝑎, 𝑏, 𝑑}, 𝑋}. Take 𝑁 = {𝑐, 𝑑}. Then there exist 𝑔𝑔𝑟𝑏-open sets {𝑐}, {𝑑} such 

that 𝑐 ∈ {𝑐} ⊆ 𝑁 and 𝑑 ∈ {𝑑} ⊆ 𝑁. Therefore  𝑁 is a 𝑔𝑔𝑟𝑏-neighborhood of 𝑐 and 𝑑 but it is not a 𝑔𝑔𝑟𝑏-open 

set in 𝑋. 

Theorem 3.16: Let 𝑋 be a topological space. If 𝐹 is a 𝑔𝑔𝑟𝑏-closed subset of 𝑋 and 𝑥 ∈ 𝑋 − 𝐹, then there exists 

a 𝑔𝑔𝑟𝑏-neighborhood 𝑁 of 𝑥 such that 𝑁 ∩ 𝐹 = ∅. 

Proof: Let 𝐹 be a 𝑔𝑔𝑟𝑏-closed subset of 𝑋 and 𝑥 ∈ 𝑋 − 𝐹. Since 𝑋 − 𝐹 is a 𝑔𝑔𝑟𝑏-open set in 𝑋, we have  𝑋 −

𝐹 is a 𝑔𝑔𝑟𝑏-neighborhood of each of its points. Hence there exists a 𝑔𝑔𝑟𝑏-neighborhood 𝑁 of 𝑥 such that 𝑁 ⊆

𝑋 − 𝐹. Hence 𝑁 ∩ 𝐹 = ∅. 

Definition 3.17: The collection of all 𝑔𝑔𝑟𝑏-neighborhood of 𝑥 ∈ 𝑋 is called a 𝑔𝑔𝑟𝑏-neighborhood system at 𝑥 

and is denoted by 𝑔𝑔𝑟𝑏 − 𝑁(𝑥). 

Theorem 3.18: Let (𝑋, 𝜏) be a topological space and 𝑥 ∈ 𝑋. Then 

(i) 𝑔𝑔𝑟𝑏 − 𝑁(𝑥) ≠ ∅ for every 𝑥 ∈ 𝑋. 

(ii)  If 𝑁 ∈ 𝑔𝑔𝑟𝑏 − 𝑁(𝑥), then 𝑥 ∈ 𝑁. 

(iii) 𝑁 ∈ 𝑔𝑔𝑟𝑏 − 𝑁(𝑥) and 𝑀 contains 𝑁 implies 𝑀 ∈ 𝑔𝑔𝑟𝑏 − 𝑁(𝑥). 

(iv) 𝑁 ∈ 𝑔𝑔𝑟𝑏 − 𝑁(𝑥) and 𝑀 ∈ 𝑔𝑔𝑟𝑏 − 𝑁(𝑥) implies 𝑁 ∩ 𝑀 ∈ 𝑔𝑔𝑟𝑏 − 𝑁(𝑥). 

(v)  If 𝑁 ∈ 𝑔𝑔𝑟𝑏 − 𝑁(𝑥), then there exists 𝑀 ∈ 𝑔𝑔𝑟𝑏 − 𝑁(𝑥) such that 𝑀 ⊆ 𝑁 and 𝑀 ∈ 𝑔𝑔𝑟𝑏 − 𝑁(𝑦) 

for every 𝑦 ∈ 𝑀. 
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Proof: (i) Since 𝑋 is a 𝑔𝑔𝑟𝑏-open set, it is a 𝑔𝑔𝑟𝑏-neighborhood of every 𝑥 ∈ 𝑋. Therefore there exists atleast 

one 𝑔𝑔𝑟𝑏-neighborhood, namely 𝑋 for each 𝑥 ∈ 𝑋. Hence 𝑔𝑔𝑟𝑏 − 𝑁(𝑥) ≠ ∅. 

(ii) If 𝑁 ∈ 𝑔𝑔𝑟𝑏 − 𝑁(𝑥), then 𝑁 is a 𝑔𝑔𝑟𝑏-neighborhood of 𝑥. Therefore there exists a 𝑔𝑔𝑟𝑏-open set 𝐺 such 

that 𝑥 ∈ 𝐺 ⊆ 𝑁. Hence 𝑥 ∈ 𝑁. 

(iii) Let 𝑁 ∈ 𝑔𝑔𝑟𝑏 − 𝑁(𝑥). Suppose 𝑀 contains 𝑁. Since 𝑁 is a 𝑔𝑔𝑟𝑏-neighborhood of 𝑥, there exists a 𝑔𝑔𝑟𝑏-

open set 𝐺 such that 𝑥 ∈ 𝐺 ⊆ 𝑁. Since 𝑁 ⊆ 𝑀, we have 𝑥 ∈ 𝐺 ⊆ 𝑀. Therefore 𝑀 is a 𝑔𝑔𝑟𝑏-neighborhood of 𝑥. 

Hence 𝑀 ∈ 𝑔𝑔𝑟𝑏 − 𝑁(𝑥). 

(iv) Let 𝑁 ∈ 𝑔𝑔𝑟𝑏 − 𝑁(𝑥) and 𝑀 ∈ 𝑔𝑔𝑟𝑏 − 𝑁(𝑥). Then there exist 𝑔𝑔𝑟𝑏-open sets 𝐺1 and 𝐺2 such that 𝑥 ∈

𝐺1 ⊆ 𝑁 and 𝑥 ∈ 𝐺2 ⊆ 𝑀. This implies 𝑥 ∈ 𝐺1 ∩ 𝐺2 ⊆  𝑁 ∩ 𝑀. Since intersection of two 𝑔𝑔𝑟𝑏-open set is 

𝑔𝑔𝑟𝑏-open, we have 𝐺1 ∩ 𝐺2 is 𝑔𝑔𝑟𝑏-open. Therefore 𝑁 ∩ 𝑀 is a 𝑔𝑔𝑟𝑏-neighborhood of 𝑥. Hence                       

𝑁 ∩ 𝑀 ∈ 𝑔𝑔𝑟𝑏 − 𝑁(𝑥). 

(v) Let 𝑁 ∈ 𝑔𝑔𝑟𝑏 − 𝑁(𝑥). Then there exists a 𝑔𝑔𝑟𝑏-open set 𝑀 such that 𝑥 ∈ 𝑀 ⊆ 𝑁. Since 𝑀 is a 𝑔𝑔𝑟𝑏-open 

set, it is a 𝑔𝑔𝑟𝑏-neighborhood of each of its points. Hence 𝑀 ∈ 𝑔𝑔𝑟𝑏 − 𝑁(𝑦) for every 𝑦 ∈ 𝑀. 

IV. 𝒈𝒈𝒓𝒃-INTERIOR AND 𝒈𝒈𝒓𝒃-CLOSURE OF A SET 

  In this section, we introduce the concepts of 𝑔𝑔𝑟𝑏-interior and 𝑔𝑔𝑟𝑏-closure and derive their 

properties.  

Definition 4.1: Let 𝐴 be a subset of a topological space (𝑋, 𝜏). Then 𝑔𝑔𝑟𝑏-interior of 𝐴 is denoted by 

𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐴) and defined as the union of all 𝑔𝑔𝑟𝑏-open sets contained in 𝐴. 

That is, 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐴) =∪ {𝐺: 𝐺 ⊆ 𝐴 and 𝐺 is 𝑔𝑔𝑟𝑏-open in 𝑋}. 

Definition 4.2: Let 𝐴 be a subset of a topological space 𝑋. A point 𝑥 ∈ 𝑋 is said to be a 𝑔𝑔𝑟𝑏-interior point of 𝐴 

if there exists a 𝑔𝑔𝑟𝑏-open set 𝐺 such that 𝑥 ∈ 𝐺 ⊆ 𝐴.                                                                                  

Equivalently, by Definition 3.10,  𝑥 is a 𝑔𝑔𝑟𝑏-interior point of 𝐴  if 𝐴 is the 𝑔𝑔𝑟𝑏-neighborhood of 𝑥. 

Theorem 4.3: Let 𝐴 be a subset of a topological space 𝑋. Then 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐴) is the set of all 𝑔𝑔𝑟𝑏-interior 

points of 𝐴. 

Proof:  𝑥 ∈ 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐴) ⟺ 𝑥 ∈∪ {𝐺: 𝐺 ⊆ 𝐴 and 𝐺 is 𝑔𝑔𝑟𝑏-open set in 𝑋}. 

                                  ⟺  There exists a 𝑔𝑔𝑟𝑏-open set 𝐺  such that 𝑥 ∈ 𝐺 ⊆ 𝐴.     

                                         ⟺ 𝑥 is a 𝑔𝑔𝑟𝑏-interior point of 𝐴. 

This shows that 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐴) consists of all 𝑔𝑔𝑟𝑏-interior points of 𝐴. 

Theorem 4.4:  Let 𝐴 and 𝐵 be subsets of a topological space (𝑋, 𝜏). Then 

(i) 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝑋) = 𝑋 and 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(∅) = ∅. 

(ii) 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐴) ⊆ 𝐴. 
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(iii) If 𝐵 is a 𝑔𝑔𝑟𝑏-open set contained in 𝐴, then 𝐵 ⊆ 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐴). 

(iv) If 𝐴 ⊆ 𝐵, then 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐴) ⊆ 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐵). 

(v) 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐴) = 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐴)). 

Proof: Let 𝐴 and 𝐵 be subsets of (𝑋, 𝜏). 

(i) Since 𝑋 is 𝑔𝑔𝑟𝑏-open and 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝑋) is the union of all 𝑔𝑔𝑟𝑏-open set contained in 𝑋, we have 

𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝑋) = 𝑋. Also since ∅ is the only 𝑔𝑔𝑟𝑏-open set contained in ∅, 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(∅) = ∅. 

(ii) Directly follows from the definition 𝑔𝑔𝑟𝑏-interior. 

(iii) Let 𝐵 be any 𝑔𝑔𝑟𝑏-open set contained in 𝐴. Since 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐴) is the union of all 𝑔𝑔𝑟𝑏-open set contained 

in 𝐴, 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐴) contains every 𝑔𝑔𝑟𝑏-open sets which is contained in 𝐴. Therefore 𝐵 ⊆ 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐴). 

(iv) Suppose 𝐴 ⊆ 𝐵. Let 𝑥 ∈ 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐴). Then 𝑥 is a 𝑔𝑔𝑟𝑏-interior point of 𝐴. Therefore there exists a                   

𝑔𝑔𝑟𝑏-open set 𝐺 such that 𝑥 ∈ 𝐺 ⊆ 𝐴. Since 𝐴 ⊆ 𝐵, 𝑥 ∈ 𝐺 ⊆ 𝐵. Therefore 𝑥 is 𝑔𝑔𝑟𝑏-interior point of 𝐵. This 

implies 𝑥 ∈ 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐵). Hence 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐴) ⊆ 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐵).  

(v) If 𝐺 ⊆ 𝐴 and 𝐺 is 𝑔𝑔𝑟𝑏-open in 𝑋, then by (iii), 𝐺 ⊆ 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐴). Again by using (iii), 𝐺 ⊆

𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐴)). Therefore ∪ {𝐺: 𝐺 ⊆ 𝐴, 𝐺 is 𝑔𝑔𝑟𝑏-open in 𝑋} ⊆ 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐴)).That is, 

𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐴) ⊆ 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝑔𝑔𝑟𝑏𝑖𝑛𝑡((𝐴)). By (ii), 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐴)) ⊆ 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐴). Hence, 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐴) =

𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐴)). 

Theorem 4.5 : Let 𝐴 and 𝐵 be subsets of a topological space (𝑋, 𝜏). Then  

(i) 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐴) ∪ 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐵) ⊆ 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐴 ∪ 𝐵). 

(ii) 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐴 ∩ 𝐵) = 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐴) ∩ 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐵). 

Proof: Let 𝐴 and 𝐵 be subsets of 𝑋. 

(i) Since 𝐴 ⊆ 𝐴 ∪ 𝐵, 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐴) ⊆ 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐴 ∪ 𝐵). Also 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐵) ⊆ 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐴 ∪ 𝐵), since 𝐵 ⊆ 𝐴 ∪ 𝐵. 

Therefore 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐴) ∪ 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐵) ⊆ 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐴 ∪ 𝐵).  

(ii) Again 𝐴 ∩ 𝐵 ⊆ 𝐴 implies 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐴 ∩ 𝐵) ⊆ 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐴). Also 𝐴 ∩ 𝐵 ⊆ 𝐵 implies 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐴 ∩ 𝐵) ⊆

𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐵). Therefore 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐴 ∩ 𝐵) ⊆ 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐴) ∩ 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐵). On the other hand, let                      

𝑥 ∈ 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐴) ∩ 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐵). Then 𝑥 ∈ 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐴) and 𝑥 ∈ 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐵). Then there exist 𝑔𝑔𝑟𝑏-open sets 

𝐴1 ⊆ 𝐴 and 𝐵1 ⊆ 𝐵  such that 𝑥 ∈ 𝐴1 and 𝑥 ∈ 𝐵1. By Theorem 3.2,  𝐴1 ∩ 𝐵1 is a 𝑔𝑔𝑟𝑏-open set contained in 

𝐴 ∩ 𝐵 such that 𝑥 ∈ 𝐴1 ∩ 𝐵1. Then by Theorem 4.4 (iii), 𝐴1 ∩ 𝐵1 ⊆ 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐴 ∩ 𝐵). This implies                    

𝑥 ∈ 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐴 ∩ 𝐵). Therefore 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐴) ∩ 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐵) ⊆ 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐴 ∩ 𝐵). Hence 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐴 ∩ 𝐵) =

𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐴) ∩ 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐵). 

Remark 4.6: In general, 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐴 ∪ 𝐵) is not a subset of 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐴) ∪ 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐵). For example, let 𝑋 =

{𝑎, 𝑏, 𝑐} and 𝜏 = {∅, {𝑎}, {𝑏}, {𝑎, 𝑏}, {𝑎, 𝑐}, 𝑋} be a topology on 𝑋. Take 𝐴 = {𝑎} and 𝐵 = {𝑐}. Then 

𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐴 ∪ 𝐵) = {𝑎, 𝑐}. But 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐴) ∪ 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐵) = {𝑎}. 
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Theorem 4.7: If a subset 𝐴 of a topological space (𝑋, 𝜏) is 𝑔𝑔𝑟𝑏-open, then  𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐴) = 𝐴. 

Proof: Let 𝐴 be a 𝑔𝑔𝑟𝑏-open set of 𝑋. Then by Theorem 4.4 (iii),  𝐴 ⊆ 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐴). Also, by Theorem 4.4 (ii), 

𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐴) ⊆ 𝐴. Hence 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐴) = 𝐴. 

Remark 4.8: The converse of Theorem 4.7 need not be true. For example, let 𝑋 = {𝑎, 𝑏, 𝑐, 𝑑} and                             

𝜏 = {∅, {𝑎}, {𝑏}, {𝑎, 𝑏}, {𝑎, 𝑏, 𝑐}, 𝑋}  be a topology on 𝑋. Take 𝐴 = {𝑏, 𝑐, 𝑑}. Then 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐴) = 𝐴. But 𝐴 is not 

a 𝑔𝑔𝑟𝑏-open set in 𝑋. 

Theorem 4.9: For any subset 𝐴 of 𝑋, 𝑖𝑛𝑡(𝐴) ⊆ 𝑔𝑖𝑛𝑡(𝐴) ⊆ 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐴) ⊆ 𝑟^𝑔𝑖𝑛𝑡(𝐴). 

Proof: Since every open set is 𝑔-open, we have 𝑖𝑛𝑡(𝐴) ⊆ 𝑔𝑖𝑛𝑡(𝐴). Since every 𝑔-open set is 𝑔𝑔𝑟𝑏-open, 

𝑔𝑖𝑛𝑡(𝐴) ⊆ 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐴). Also every 𝑔𝑔𝑟𝑏-open set is 𝑟^𝑔-open so 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐴) ⊆ 𝑟^𝑔𝑖𝑛𝑡(𝐴). Hence 𝑖𝑛𝑡(𝐴) ⊆

𝑔𝑖𝑛𝑡(𝐴) ⊆ 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐴) ⊆ 𝑟^𝑔𝑖𝑛𝑡(𝐴). 

Definition 4.10: Let 𝐴 be any subset of (𝑋, 𝜏). Then 𝑔𝑔𝑟𝑏-closure of 𝐴 is denoted by 𝑔𝑔𝑟𝑏𝑐𝑙(𝐴) and is defined 

as the intersection of all 𝑔𝑔𝑟𝑏-closed sets containing 𝐴. 

That is, 𝑔𝑔𝑟𝑏𝑐𝑙(𝐴) =∩ {𝐹: 𝐴 ⊆ 𝐹 and 𝐹 ∈ 𝐺𝐺𝑅𝐵𝐶(𝑋)}. 

Theorem 4.11: Let 𝐴 and 𝐵 be two subsets of a topological space (𝑋, 𝜏). Then  

(i) 𝑔𝑔𝑟𝑏𝑐𝑙(𝑋) = 𝑋 and 𝑔𝑔𝑟𝑏𝑐𝑙(∅) = ∅. 

(ii) 𝐴 ⊆ 𝑔𝑔𝑟𝑏𝑐𝑙(𝐴). 

(iii)  If 𝐵 is any 𝑔𝑔𝑟𝑏-closed set containing 𝐴, then 𝑔𝑔𝑟𝑏𝑐𝑙(𝐴) ⊆ 𝐵. 

(iv) If 𝐴 ⊆ 𝐵, then 𝑔𝑔𝑟𝑏𝑐𝑙(𝐴) ⊆ 𝑔𝑔𝑟𝑏𝑐𝑙(𝐵). 

(v) 𝑔𝑔𝑟𝑏𝑐𝑙(𝐴) = 𝑔𝑔𝑟𝑏𝑐𝑙(𝑔𝑔𝑟𝑏𝑐𝑙(𝐴)). 

Proof:  Let 𝐴 and 𝐵 be subsets of 𝑋. 

(i) Since ∅ and 𝑋 are 𝑔𝑔𝑟𝑏-closed in 𝑋, we have 𝑔𝑔𝑟𝑏𝑐𝑙(𝑋) = 𝑋 and 𝑔𝑔𝑟𝑏𝑐𝑙(∅) = ∅. 

(ii) By the definition of 𝑔𝑔𝑟𝑏-closure of 𝐴, 𝐴 ⊆ 𝑔𝑔𝑟𝑏𝑐𝑙(𝐴). 

(iii) Let 𝐵 be any 𝑔𝑔𝑟𝑏-closed set containing 𝐴. Since 𝑔𝑔𝑟𝑏𝑐𝑙(𝐴) is the intersection of all 𝑔𝑔𝑟𝑏-closed sets 

containing 𝐴,  𝑔𝑔𝑟𝑏𝑐𝑙(𝐴) is contained in every 𝑔𝑔𝑟𝑏-closed sets containing 𝐴. Therefore 𝑔𝑔𝑟𝑏𝑐𝑙(𝐴) ⊆ 𝐵. 

(iv) Let 𝐴 and 𝐵 be any two subsets of 𝑋 such that 𝐴 ⊆ 𝐵. Let 𝐹 be any 𝑔𝑔𝑟𝑏-closed set such that 𝐵 ⊆ 𝐹. Since 

𝐴 ⊆ 𝐹 and 𝐹 is 𝑔𝑔𝑟𝑏-closed, we have 𝑔𝑔𝑟𝑏𝑐𝑙(𝐴) ⊆ 𝐹. Therefore 𝑔𝑔𝑟𝑏𝑐𝑙(𝐴) ⊆∩ {𝐹: 𝐴 ⊆ 𝐹 and 𝐹 ∈

𝐺𝐺𝑅𝐵𝐶(𝑋)}= 𝑔𝑔𝑟𝑏𝑐𝑙(𝐵). Hence 𝑔𝑔𝑟𝑏𝑐𝑙(𝐴) ⊆ 𝑔𝑔𝑟𝑏𝑐𝑙(𝐵). 

(v) If 𝐴 ⊆ 𝐹 and 𝐹 ∈ 𝐺𝐺𝑅𝐵𝐶(𝑋), then by (iii) 𝑔𝑔𝑟𝑏𝑐𝑙(𝐴) ⊆ 𝐹. Also by (iii), 𝑔𝑔𝑟𝑏𝑐𝑙(𝑔𝑔𝑟𝑏𝑐𝑙(𝐴)) ⊆ 𝐹. 

Therefore 𝑔𝑔𝑟𝑏𝑐𝑙(𝑔𝑔𝑟𝑏𝑐𝑙(𝐴)) ⊆∩ {𝐹: 𝐴 ⊆ 𝐹, 𝐹 ∈ 𝐺𝐺𝑅𝐵𝐶(𝑋). That is, 𝑔𝑔𝑟𝑏𝑐𝑙(𝑔𝑔𝑟𝑏𝑐𝑙(𝐴)) ⊆ 𝑔𝑔𝑟𝑏𝑐𝑙(𝐴). 

By (ii), 𝑔𝑔𝑟𝑏𝑐𝑙(𝐴) ⊆ 𝑔𝑔𝑟𝑏𝑐𝑙(𝑔𝑔𝑟𝑏𝑐𝑙(𝐴)). Hence 𝑔𝑔𝑟𝑏𝑐𝑙(𝐴) = 𝑔𝑔𝑟𝑏𝑐𝑙(𝑔𝑔𝑟𝑏𝑐𝑙(𝐴)). 

Theorem 4.12: Let 𝐴 and 𝐵 be two subsets of a topological space (𝑋, 𝜏). Then 
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(i) 𝑔𝑔𝑟𝑏𝑐𝑙(𝐴 ∪ 𝐵) = 𝑔𝑔𝑟𝑏𝑐𝑙(𝐴) ∪ 𝑔𝑔𝑟𝑏𝑐𝑙(𝐵). 

(ii) 𝑔𝑔𝑟𝑏𝑐𝑙(𝐴 ∩ 𝐵) ⊆ 𝑔𝑔𝑟𝑏𝑐𝑙(𝐴) ∩ 𝑔𝑔𝑟𝑏𝑐𝑙(𝐵). 

Proof: (i) 𝐴 ⊆ 𝐴 ∪ 𝐵 implies 𝑔𝑔𝑟𝑏𝑐𝑙(𝐴) ⊆ 𝑔𝑔𝑟𝑏𝑐𝑙(𝐴 ∪ 𝐵). Also 𝐵 ⊆ 𝐴 ∪ 𝐵 implies 𝑔𝑔𝑟𝑏𝑐𝑙(𝐵) ⊆

𝑔𝑔𝑟𝑏𝑐𝑙(𝐴 ∪ 𝐵). Therefore 𝑔𝑔𝑟𝑏𝑐𝑙(𝐴) ∪ 𝑔𝑔𝑟𝑏𝑐𝑙(𝐵) ⊆ 𝑔𝑔𝑟𝑏𝑐𝑙(𝐴 ∪ 𝐵). We show that 𝑔𝑔𝑟𝑏𝑐𝑙(𝐴 ∪ 𝐵) ⊆

𝑔𝑔𝑟𝑏𝑐𝑙(𝐴) ∪ 𝑔𝑔𝑟𝑏𝑐𝑙(𝐵). Let 𝑥 ∈ 𝑔𝑔𝑟𝑏𝑐𝑙(𝐴 ∪ 𝐵). Suppose 𝑥 ∉ 𝑔𝑔𝑟𝑏𝑐𝑙(𝐴) ∪ 𝑔𝑔𝑟𝑏𝑐𝑙(𝐵). Then there exist 

𝑔𝑔𝑟𝑏-closed sets 𝐴1 containing 𝐴 and 𝐵1 containing 𝐵 such that 𝑥 ∉ 𝐴1 ∪ 𝐵1.  Therefore 𝐴1 ∪ 𝐵1 is a                    

𝑔𝑔𝑟𝑏-closed set containing 𝐴 ∪ 𝐵. Then by Theorem 4.11 (iii), 𝑔𝑔𝑟𝑏𝑐𝑙(𝐴 ∪ 𝐵) ⊆ 𝐴1 ∪ 𝐵1. Therefore                               

𝑥 ∉ 𝑔𝑔𝑟𝑏𝑐𝑙(𝐴 ∪ 𝐵). This contradiction shows that 𝑔𝑔𝑟𝑏𝑐𝑙(𝐴 ∪ 𝐵) ⊆ 𝑔𝑔𝑟𝑏𝑐𝑙(𝐴) ∪ 𝑔𝑔𝑟𝑏𝑐𝑙(𝐵). Hence 

𝑔𝑔𝑟𝑏𝑐𝑙(𝐴 ∪ 𝐵) = 𝑔𝑔𝑟𝑏𝑐𝑙(𝐴) ∪ 𝑔𝑔𝑟𝑏𝑐𝑙(𝐵). 

(ii) 𝐴 ∩ 𝐵 ⊆ 𝐴 implies 𝑔𝑔𝑟𝑏𝑐𝑙(𝐴 ∩ 𝐵) ⊆ 𝑔𝑔𝑟𝑏𝑐𝑙(𝐴). Also 𝐴 ∩ 𝐵 ⊆ 𝐵 implies 𝑔𝑔𝑟𝑏𝑐𝑙(𝐴 ∩ 𝐵) ⊆

𝑔𝑔𝑟𝑏𝑐𝑙(𝐵).Therefore 𝑔𝑔𝑟𝑏𝑐𝑙(𝐴 ∩ 𝐵) ⊆ 𝑔𝑔𝑟𝑏𝑐𝑙(𝐴) ∩ 𝑔𝑔𝑟𝑏𝑐𝑙(𝐵). 

Remark 4.13: In general,  𝑔𝑔𝑟𝑏𝑐𝑙(𝐴) ∩ 𝑔𝑔𝑟𝑏𝑐𝑙(𝐵) is not a subset of 𝑔𝑔𝑟𝑏𝑐𝑙(𝐴 ∩ 𝐵). For example, let 𝑋 =

{𝑎, 𝑏, 𝑐} and 𝜏 = {∅, {𝑎}, {𝑏}, {𝑎, 𝑏}, {𝑎, 𝑐}, 𝑋} be a topology on 𝑋. Then 𝑔𝑔𝑟𝑏-closed sets are 

∅, {𝑏}, {𝑐}, {𝑏, 𝑐}, {𝑎, 𝑐} and 𝑋. Take 𝐴 = {𝑎} and 𝐵 = {𝑐}. Then 𝑔𝑔𝑟𝑏𝑐𝑙(𝐴) ∩ 𝑔𝑔𝑟𝑏𝑐𝑙(𝐵) = {𝑐}. But 𝐴 ∩ 𝐵 =

∅. Therefore 𝑔𝑔𝑟𝑏𝑐𝑙(𝐴 ∩ 𝐵) = ∅.   

Theorem 4.14: If 𝐴 ⊆ 𝑋 is a 𝑔𝑔𝑟𝑏-closed set, then 𝑔𝑔𝑟𝑏𝑐𝑙(𝐴) = 𝐴. 

Proof: Let 𝐴 be any 𝑔𝑔𝑟𝑏-closed set in 𝑋. Then by Theorem 4.11 (iii),  𝑔𝑔𝑟𝑏𝑐𝑙(𝐴) ⊆ 𝐴. Also, 𝐴 ⊆ 𝑔𝑔𝑟𝑏𝑐𝑙(𝐴). 

Hence 𝑔𝑔𝑟𝑏𝑐𝑙(𝐴) = 𝐴. 

Remark 4.15: The converse of Theorem 4.14 need not be true. For example, let 𝑋 = {𝑎, 𝑏, 𝑐, 𝑑} and                 

𝜏 = {∅, {𝑎}, {𝑏}, {𝑎, 𝑏}, {𝑎, 𝑏, 𝑐}, 𝑋}  be a topology on 𝑋. Take 𝐴 = {𝑎}. Then 𝑔𝑔𝑟𝑏𝑐𝑙(𝐴) = 𝐴. But 𝐴 is not a 

𝑔𝑔𝑟𝑏-closed set in 𝑋. 

Theorem 4.16: Let 𝐴 be any subset of a topological space 𝑋. Then 𝑥 ∈ 𝑔𝑔𝑟𝑏𝑐𝑙(𝐴) if and only if 𝑈 ∩ 𝐴 ≠ ∅ for 

every 𝑔𝑔𝑟𝑏-open set 𝑈 containing 𝑥. 

Proof: Necessity: Suppose 𝑥 ∈ 𝑔𝑔𝑟𝑏𝑐𝑙(𝐴). We show that 𝑈 ∩ 𝐴 ≠ ∅ for every 𝑔𝑔𝑟𝑏-open set 𝑈 containing 𝑥. 

If there is a 𝑔𝑔𝑟𝑏-open set 𝑈 in 𝑋 such that 𝑥 ∈ 𝑈 and 𝑈 ∩ 𝐴 = ∅, then  𝑋 − 𝑈 is 𝑔𝑔𝑟𝑏-closed in 𝑋 such that 

𝐴 ⊆ 𝑋 − 𝑈. Therefore 𝑔𝑔𝑟𝑏𝑐𝑙(𝐴) ⊆ 𝑋 − 𝑈. Since 𝑥 ∈ 𝑔𝑔𝑟𝑏𝑐𝑙(𝐴), we have 𝑥 ∈ 𝑋 − 𝑈. This is a contradiction, 

since 𝑥 ∈ 𝑈. Hence  𝑈 ∩ 𝐴 ≠ ∅ for every 𝑔𝑔𝑟𝑏-open set 𝑈 containing 𝑥. 

Sufficiency: Suppose 𝑈 ∩ 𝐴 ≠ ∅ for every 𝑔𝑔𝑟𝑏-open set 𝑈 containing 𝑥. If 𝑥 ∉ 𝑔𝑔𝑟𝑏𝑐𝑙(𝐴), then there exists a 

𝑔𝑔𝑟𝑏-closed set 𝐹 containing 𝐴 such that 𝑥 ∉ 𝐹. Therefore 𝑋 − 𝐹 is 𝑔𝑔𝑟𝑏-open containing 𝑥 such that                    

(𝑋 − 𝐹) ∩ 𝐴 = ∅. This is a contradiction to our assumption. Hence 𝑥 ∈ 𝑔𝑔𝑟𝑏𝑐𝑙(𝐴). 

V. THE GENERALIZATION OF GENERALIZED REGULAR 𝒃-DERIVED SET 

 In this section, we define 𝑔𝑔𝑟𝑏-limit point of a set and give some of its properties. 
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Definition 5.1: Let 𝐴 be a subset of a topological space 𝑋. A point 𝑥 ∈ 𝑋 is said to be 𝑔𝑔𝑟𝑏-limit point 𝐴 if 𝐺 ∩

(𝐴 − {𝑥}) ≠ ∅ for every 𝑔𝑔𝑟𝑏-open set 𝐺 containing 𝑥. 

Definition 5.2: The set of all 𝑔𝑔𝑟𝑏-limit points of 𝐴 is called a 𝑔𝑔𝑟𝑏-derived set of 𝐴 and is denoted by 

𝐷𝑔𝑔𝑟𝑏(𝐴). 

Theorem 5.3: Let 𝐴 and 𝐵 be subsets of (𝑋, 𝜏). Then the following are hold. 

(i) 𝐷𝑔𝑔𝑟𝑏(∅) = ∅. 

(ii) 𝑥 ∈ 𝐷𝑔𝑔𝑟𝑏(𝐴) implies 𝑥 ∈ 𝐷𝑔𝑔𝑟𝑏(𝐴 − {𝑥}). 

(iii) If 𝐴 ⊆ 𝐵, then 𝐷𝑔𝑔𝑟𝑏(𝐴) ⊆ 𝐷𝑔𝑔𝑟𝑏(𝐵). 

(iv)  𝐷𝑔𝑔𝑟𝑏(𝐴) ∪ 𝐷𝑔𝑔𝑟𝑏(𝐵) ⊆ 𝐷𝑔𝑔𝑟𝑏(𝐴 ∪ 𝐵) and 𝐷𝑔𝑔𝑟𝑏(𝐴 ∩ 𝐵) ⊆ 𝐷𝑔𝑔𝑟𝑏(𝐴) ∩ 𝐷𝑔𝑔𝑟𝑏(𝐵). 

(v) 𝐷𝑔𝑔𝑟𝑏(𝐷𝑔𝑔𝑟𝑏(𝐴)) − 𝐴 ⊆ 𝐷𝑔𝑔𝑟𝑏(𝐴). 

(vi) 𝐷𝑔𝑔𝑟𝑏(𝐴 ∪ 𝐷𝑔𝑔𝑟𝑏(𝐴)) ⊆ 𝐴 ∪ 𝐷𝑔𝑔𝑟𝑏(𝐴). 

Proof: (i) Obviously,  𝐷𝑔𝑔𝑟𝑏(∅) = ∅. 

(ii) If 𝑥 ∈ 𝐷𝑔𝑔𝑟𝑏(𝐴), then 𝑥 is a 𝑔𝑔𝑟𝑏-limit point of 𝐴. Hence every 𝑔𝑔𝑟𝑏-open set 𝐺 containing 𝑥 contains 

atleast one point of 𝐴 other than 𝑥. Therefore 𝑥 is a 𝑔𝑔𝑟𝑏-limit point of 𝐴 − {𝑥}. Hence 𝑥 ∈ 𝐷𝑔𝑔𝑟𝑏(𝐴 − {𝑥}).  

(iii)  Suppose 𝐴 ⊆ 𝐵. Let 𝑥 ∈ 𝐷𝑔𝑔𝑟𝑏(𝐴). Then 𝐺 ∩ (𝐴 − {𝑥}) ≠ ∅ for every 𝑔𝑔𝑟𝑏-open set 𝐺 containing 𝑥. 

Since 𝐴 − {𝑥} ⊆ 𝐵 − {𝑥},  𝐺 ∩ (𝐵 − {𝑥}) ≠ ∅. Therefore 𝑥 ∈ 𝐷𝑔𝑔𝑟𝑏(𝐵). Hence 𝐷𝑔𝑔𝑟𝑏(𝐴) ⊆ 𝐷𝑔𝑔𝑟𝑏(𝐵). 

(iv) Since 𝐴 ⊆ 𝐴 ∪ 𝐵 and 𝐵 ⊆ 𝐴 ∪ 𝐵, by (iii) 𝐷𝑔𝑔𝑟𝑏(𝐴) ⊆ 𝐷𝑔𝑔𝑟𝑏(𝐴 ∪ 𝐵) and 𝐷𝑔𝑔𝑟𝑏(𝐵) ⊆ 𝐷𝑔𝑔𝑟𝑏(𝐴 ∪ 𝐵). 

Therefore 𝐷𝑔𝑔𝑟𝑏(𝐴) ∪ 𝐷𝑔𝑔𝑟𝑏(𝐵) ⊆ 𝐷𝑔𝑔𝑟𝑏(𝐴 ∪ 𝐵). Also since 𝐴 ∩ 𝐵 ⊆ 𝐴 and 𝐴 ∩ 𝐵 ⊆ 𝐵, by (iii)                  

𝐷𝑔𝑔𝑟𝑏(𝐴 ∩ 𝐵) ⊆ 𝐷𝑔𝑔𝑟𝑏(𝐴) and  𝐷𝑔𝑔𝑟𝑏(𝐴 ∩ 𝐵) ⊆ 𝐷𝑔𝑔𝑟𝑏(𝐵). Therefore 𝐷𝑔𝑔𝑟𝑏(𝐴 ∩ 𝐵) ⊆ 𝐷𝑔𝑔𝑟𝑏(𝐴) ∩ 𝐷𝑔𝑔𝑟𝑏(𝐵). 

(v) Let 𝑥 ∈ 𝐷𝑔𝑔𝑟𝑏(𝐷𝑔𝑔𝑟𝑏(𝐴)) − 𝐴. Then 𝑥 ∈ 𝐷𝑔𝑔𝑟𝑏(𝐷𝑔𝑔𝑟𝑏(𝐴)) and 𝑥 ∉ 𝐴. Therefore 𝐺 ∩ (𝐷𝑔𝑔𝑟𝑏(𝐴) − {𝑥}) ≠

∅ for every 𝑔𝑔𝑟𝑏-open set 𝐺 containing 𝑥. Let 𝑦 ∈ 𝐺 ∩ (𝐷𝑔𝑔𝑟𝑏(𝐴) − {𝑥}). Then 𝑦 ∈ 𝐺 and 𝑦 ∈ 𝐷𝑔𝑔𝑟𝑏(𝐴) with 

𝑦 ≠ 𝑥. Therefore 𝐺 ∩ (𝐴 − {𝑦}) ≠ ∅. Take 𝑧 ∈ 𝐺 ∩ (𝐴 − {𝑦}). Then 𝑧 ≠ 𝑥, since 𝑥 ∉ 𝐴. This implies                       

𝐺 ∩ (𝐴 − {𝑥}) ≠ ∅. Therefore 𝑥 ∈ 𝐷𝑔𝑔𝑟𝑏(𝐴). Hence 𝐷𝑔𝑔𝑟𝑏(𝐷𝑔𝑔𝑟𝑏(𝐴)) − 𝐴 ⊆ 𝐷𝑔𝑔𝑟𝑏(𝐴). 

(vi)  Let 𝑥 ∈ 𝐷𝑔𝑔𝑟𝑏(𝐴 ∪ 𝐷𝑔𝑔𝑟𝑏(𝐴)). If 𝑥 ∈ 𝐴, then there is nothing to prove. Suppose 𝑥 ∉ 𝐴. Since                          

𝑥 ∈ 𝐷𝑔𝑔𝑟𝑏(𝐴 ∪ 𝐷𝑔𝑔𝑟𝑏(𝐴)), we have 𝐺 ∩ ((𝐴 ∪ 𝐷𝑔𝑔𝑟𝑏(𝐴)) − {𝑥}) ≠ ∅ for every 𝑔𝑔𝑟𝑏-open set 𝐺 containing 𝑥. 

Then either 𝐺 ∩ (𝐴 − {𝑥}) ≠ ∅ or 𝐺 ∩ (𝐷𝑔𝑔𝑟𝑏(𝐴) − {𝑥}) ≠ ∅. If 𝐺 ∩ (𝐴 − {𝑥}) ≠ ∅, then 𝑥 ∈ 𝐷𝑔𝑔𝑟𝑏(𝐴). If 𝐺 ∩

(𝐷𝑔𝑔𝑟𝑏(𝐴) − {𝑥}) ≠ ∅, then 𝑥 ∈ 𝐷𝑔𝑔𝑟𝑏(𝐷𝑔𝑔𝑟𝑏(𝐴)). Since 𝑥 ∉ 𝐴, we have 𝑥 ∈ 𝐷𝑔𝑔𝑟𝑏(𝐷𝑔𝑔𝑟𝑏(𝐴)) − 𝐴. Then by 

(v),  𝑥 ∈ 𝐷𝑔𝑔𝑟𝑏(𝐴) . Hence 𝐷𝑔𝑔𝑟𝑏(𝐴 ∪ 𝐷𝑔𝑔𝑟𝑏(𝐴)) ⊆ 𝐴 ∪ 𝐷𝑔𝑔𝑟𝑏(𝐴). 

Theorem 5.4: For any subset 𝐴 of 𝑋, 𝐷𝑔𝑔𝑟𝑏(𝐴) ⊆ 𝑔𝑔𝑟𝑏𝑐𝑙(𝐴).                                                                                   

Proof: Let 𝑥 ∈ 𝐷𝑔𝑔𝑟𝑏(𝐴). Then 𝐺 ∩ (𝐴 − {𝑥}) ≠ ∅ for every 𝑔𝑔𝑟𝑏-open set 𝐺 containing 𝑥. Therefore             

𝐺 ∩ 𝐴 ≠ ∅ for every 𝑔𝑔𝑟𝑏-open set 𝐺 containing 𝑥. Then by Theorem 4.16, 𝑥 ∈ 𝑔𝑔𝑟𝑏𝑐𝑙(𝐴). Hence 

𝐷𝑔𝑔𝑟𝑏(𝐴) ⊆ 𝑔𝑔𝑟𝑏𝑐𝑙(𝐴). 
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Theorem 5.5: Let 𝐴  be any subset of 𝑋. Then 𝑔𝑔𝑟𝑏𝑐𝑙(𝐴) = 𝐴 ∪ 𝐷𝑔𝑔𝑟𝑏(𝐴). 

Proof: Let 𝑥 ∈ 𝑔𝑔𝑟𝑏𝑐𝑙(𝐴). If 𝑥 ∈ 𝐴, then 𝑔𝑔𝑟𝑏𝑐𝑙(𝐴) ⊆ 𝐴 ∪ 𝐷𝑔𝑔𝑟𝑏(𝐴). Suppose 𝑥 ∉ 𝐴. Since 𝑥 ∈ 𝑔𝑔𝑟𝑏𝑐𝑙(𝐴), 

by Theorem 4.16 𝐺 ∩ 𝐴 ≠ ∅ for every 𝑔𝑔𝑟𝑏-open set 𝐺 containing 𝑥. Since 𝑥 ∉ 𝐴, we have 𝐺 ∩ (𝐴 − {𝑥}) ≠ ∅ 

for every 𝑔𝑔𝑟𝑏-open set 𝐺 containing 𝑥. Therefore 𝑥 ∈ 𝐷𝑔𝑔𝑟𝑏(𝐴). Hence 𝑔𝑔𝑟𝑏𝑐𝑙(𝐴) ⊆ 𝐴 ∪ 𝐷𝑔𝑔𝑟𝑏(𝐴). Since 

𝐴 ⊆ 𝑔𝑔𝑟𝑏𝑐𝑙(𝐴) and 𝐷𝑔𝑔𝑟𝑏(𝐴) ⊆ 𝑔𝑔𝑟𝑏𝑐𝑙(𝐴), we have 𝐴 ∪ 𝐷𝑔𝑔𝑟𝑏(𝐴) ⊆ 𝑔𝑔𝑟𝑏𝑐𝑙(𝐴). Hence 𝑔𝑔𝑟𝑏𝑐𝑙(𝐴) = 𝐴 ∪

𝐷𝑔𝑔𝑟𝑏(𝐴). 

Theorem 5.6: For any subset 𝐴  of a discrete topological space 𝑋, then 𝐷𝑔𝑔𝑟𝑏(𝐴) = ∅. 

Proof: Let 𝐴 be any subset of a discrete topological space 𝑋. Let 𝑥 ∈ 𝑋. Since 𝑋 is a discrete topological space, 

every subset of 𝑋 is open. Since every open set is 𝑔𝑔𝑟𝑏-open, every subset of 𝑋 is 𝑔𝑔𝑟𝑏-open.  In particular, 

𝐺 = {𝑥} is 𝑔𝑔𝑟𝑏-open and hence 𝐺 ∩ (𝐴 − {𝑥}) = ∅. Then 𝑥 is not a 𝑔𝑔𝑟𝑏-limit point of 𝐴. Therefore 

𝐷𝑔𝑔𝑟𝑏(𝐴) = ∅. 

Theorem 5.7: For any subset 𝐴 of 𝑋, 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐴) = 𝐴 − 𝐷𝑔𝑔𝑟𝑏(𝑋 − 𝐴).s 

Proof:  Let 𝑥 ∈ 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐴). Then there exists a 𝑔𝑔𝑟𝑏-open set 𝐺 such that 𝑥 ∈ 𝐺 ⊆ 𝐴. Therefore                    

𝐺 ∩ (𝑋 − 𝐴) = ∅, where 𝐺 is a 𝑔𝑔𝑟𝑏-open set containing 𝑥 and hence 𝑥 ∉ 𝐷𝑔𝑔𝑟𝑏(𝑋 − 𝐴) so                             

𝑥 ∈ 𝐴 − 𝐷𝑔𝑔𝑟𝑏(𝑋 − 𝐴). Hence 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐴) ⊆ 𝐴 − 𝐷𝑔𝑔𝑟𝑏(𝑋 − 𝐴).  On the other hand, let                                  

𝑥 ∈ 𝐴 − 𝐷𝑔𝑔𝑟𝑏(𝑋 − 𝐴). Then 𝑥 ∉ 𝐷𝑔𝑔𝑟𝑏(𝐴). Therefore there exists a 𝑔𝑔𝑟𝑏-open set 𝐺 containing 𝑥 such that 

𝐺 ∩ (𝑋 − 𝐴) = ∅. Then 𝑥 ∈ 𝐺 ⊆ 𝐴. This implies 𝑥 is a 𝑔𝑔𝑟𝑏-interior point of 𝐴. Therefore 𝑥 ∈ 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐴). 

Hence 𝐴 − 𝐷𝑔𝑔𝑟𝑏(𝑋 − 𝐴) ⊆ 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐴). Therefore 𝑔𝑔𝑟𝑏𝑖𝑛𝑡(𝐴) = 𝐴 − 𝐷𝑔𝑔𝑟𝑏(𝑋 − 𝐴). 

VI. CONCLUSION 

 In this paper, we have introduced a new type of sets, namely, 𝑔𝑔𝑟𝑏-open sets in topological spaces. 

Also we have introduced 𝑔𝑔𝑟𝑏-interior, 𝑔𝑔𝑟𝑏-closure, 𝑔𝑔𝑟𝑏-neighborhood, 𝑔𝑔𝑟𝑏-derived set and established 

some of its properties. 
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