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Abstract
In this paper, we define three new operations on anti fuzzy graphs, namely direct product, semi — strong
product and strong product. Moreover, we introduce and study the notion of balanced graph.
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I. INTRODUCTION

The concept of fuzzy graph was first introduced by Kaufmann [1] from the fuzzy relation introduced by Zedah
[7]. Although Rosenfield [4] introduced another elaborated definition, including fuzzy vertex and fuzzy edge, and
also introduced the notion of fuzzy graph .J.N. Mordeson and P.S. Nair [2] introduced the concept of operations on
fuzzy graphs but this concept was extended by M.S. Sunitha and A.Vijaya kumar[6]. R.Muthuraj and A. Sasireka [3]
introduced the concept of anti fuzzy graph. R. Seethalakshmi and R.B. Gnanajothi[5] discussed the concept some
operations such as anti union and anti join on anti fuzzy graph.

In this paper, we introduce the new operations on anti fuzzy graphs, namely direct product, semi — strong
product and strong product and balanced anti fuzzy graph. We derived some theorems and results on them.

I1. PRELIMINARIES

Definition 2.1 : A fuzzy graph G:(o,p) is said to be an anti fuzzy graph with a pair of functions o : V—[0,1] and
w:VxV—[0,1] where for all u,v eV. We have p(u,v)=c(u) Vo(v) for all u, v €V and it is denoted by

Ga:(o,u ) where "V stands for maximum.

Definition 2.2: An anti fuzzy graph Ha : (7, p) is called an anti fuzzy subgraph of Ga:(o,u) if T(u) < o(u) for all
ueVandp(u,v) < u(u,v)foralluv eV

Definition 2.3: The underlying crisp graph of an anti fuzzy graph Ga:(o,p1) is denoted by Ga™:(c",1") where
o ={UEV:o(u)>0} and u"={(u v) EVxV:pu(u v)>0}.

Definition 2.4: The complement of an anti fuzzy graph Ga:(o,u) is an anti fuzzy sub graph G, : (3, 1) whereg=c
and f(uv)=p(u, v) — (c(u)Vo(v)) for allu vin V.

I11. COMPLETE ANTI FUZZY GRAPH

Definition 3.1: An anti fuzzy graph G, : (g, u) is said to be complete anti fuzzy graph if u(u, v)= a(w)Vao(v) for
allu,vinV.

Definition 3.2: The direct product of two anti fuzzy graphs Gy, (o1 ,u1) with crisp graph G4, *: (V4, E1) and

Ga,: (0 2, ) with crisp graph G4,” : (V2, Ez), where we assume that Vi NV, = @ is defined to be the anti fuzzy
graph G,, M Gu,: (011 0 2, p1 N o) With crisp graph Ga:(Vix V,,E)

where E = {(uy, v1)(Uz, V2) : (Ug, Up)€E Ey, (Vq, V2) EEL },
(611 02) (U, V) = a1(u) Vaa(v), for all (u, v) € V; x V,and
pa 1 pp ((Ug, Vi) (U2, V2))= p1 (Us, Up) Via(Va, V2).

Definition 3.3: The semi-strong product of two anti fuzzy graphs Gy, : (o1, u1) With crisp graph G4, *: (V1, E1) and
Gy, (02, 1z) With crisp graph G, " @ (V, E;); where we assume that V; NV, = @ is defined to be the anti fuzzy graph
Ga,- Ga,: (01.0 2, s i) With crisp graph Ga: (Vi X V,, E)
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where E = {(u, v1)(u, V,) : U € V1,(vy, Vo) € ExJU{(ug,v1) (Uy, V5) :(Ug,Up) € Ey, (Vi, Vo) EEy },
(01.02) (U, v) = ay(u) Vau(v), for all (u, v) € V; x V,and

(t1- p2)((U, V1)(U, V2))= 01 (u) Vpua(v1, v2) and

(1. p2) ((Uz, Va)(Uz, V2))= pa (Us, U2) Via(Va, Vo).

Definition 3.4: The strong product of two anti fuzzy graphs G,,: (o1 ,u1) with crisp graph G4, ": (V1, E1) and Gy,
(0 2, 12) With crisp graph Gy, : (V2, Ez) where we assume that Vi NV, = @ is defined to be the anti fuzzy graph

Ga, ® Gy, (01® 05 1 ® o )With crisp graph Ga™: (Vix Vo, E)

where E = {(u, v1)(u, Vo) : U € Vy,(vy, V) € ExJU{(us,w) (up ,w): We V,,

(u, u)e E3 FU{(ug,vy) (Uz, V) : (ug,Up) € Ey, (V1, Vo) EEL T

(01®0a3) (u, v) = a1(u) Va,(v), for all (u, v) € V; x V,and

(11 @ p2)((u, vi)(U, V2))= o1 (U) Viuo(vy, Vo)

(11 ®uz) (U, W)(Uz, W)= a2 (W)Vpa(Us, Up).

(11 @) (U1, Vi) (Uz, V2))= pa(Us, Up)V pa(V1, V2).

Theorem 3.5: If G4, : (01, 11) and Gy, : (02, p2) are anti fuzzy complete graphs, then G,, M Gy, is complete.
Proof: Let Gy, : (01, u1) and Gy, : (a2, 1) be two anti fuzzy complete graphs.

Let (uy, Up)EE;, (vq, Vo) EE;,

@

Then [,tl(Ul, Ug): 0'1(U1) VO'l(Uz) and /.lz(Vl, Vz): 0'2(V1) VO'Q(Vz)

v

Now, (g1 p2)((us,v1)(Uz,V2)) = (01 M 02)(Ug, V1) V(o1 M 02)(Up, Vo).
If (U, vi)(uz ,v2) € E.
Then (uaM p2)((U,V1)(Uz,V2)) = pa(Us,Uz) Via(V1,Vo)
= g1(ug) Vai(up) Voa(vy) Vaa(vy) (by (1))
= (1M ay) (U,V1) V(a1 1 a;2)(uy,Vy).

Ga, M Gy, is complete.
Theorem 3.6: If G, : (01, u1) and Gy, : (02, 12) are anti fuzzy complete graphs, then Gy, . G4, is complete.
Proof: Let Gy, : (01, p1) and Gy, (o2, p2) be two anti fuzzy complete graphs.
If ((u, vq), (u,v2)) € E, then
D(pa. 12)((U, V1)(U, V2))= a1(U) Viua(Va,V2)

= a1(u) Voa(vi) V o2(Vv2)

= (01.02) (UV)V (01. 02) (U, V).
ii) If ((ug, V1), (Uz,V2)) € E, then
(1 p2) (UL V1) (U2,V2))= pa(Uz,Uz) Via(V1,Va).

= 01(uy) Voi(uz) V o2(v1) V a2(v2).

=(01.02) (U,V1) V (01. 02) (Uz,V2).
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Gy, - Gy, is complete.
Theorem 3.7: If G4, : (01, u1) and Gy, : (02, 1) are anti fuzzy complete graphs, then G4, ® G, is complete.
Proof: Let Gy, : (01, p1) and Gy, : (02, p2) be two anti fuzzy complete graphs.
i) If ((u,vy), (u,v,)) € E, then
(11® u2)((u, V1), (U, Vo)) = a1(U) Vua(Va,V2)
=01(U) Voo(v1) V oa(v2) (since Gy, is complete)
= (01Q d7)(u, V1)V (01802)(u,Vvy).
ii) If ((u, w), (uz, w)) € E, then
(11 @ p2)((Us, W), (U2, W)) = pa(Us, Up) V(W)
=01(Uy) Vo ai(uy) Vao(w) (since G, is complete)
= (01® 02)(U,W) V (01Q ;) (uz,w).
iii) If ((ug, v1), (uy, v2)) €E, then
(1@ p2)((Us, V1), (U2,V2)) = pa(Us, Uz) Viuo(Uz, Vo)
01(u) Voi(uz) V o2(v1) Vaa(vyo)
(01® 02) (UL V1)V (01®0,)(Uz,V2).

Ga, ® Gy, is complete.

Result 3.8: 1) If Gy, : (01, 11) and Gy, : (02, p12) are anti fuzzy complete graphs, then G4, ® Gy, = G4, ® G4,
2) If Gy, (01, p1) and Gy, : (02, o) are anti fuzzy complete graphs, then Gy, . Gy, = Gy, . Gg,.
3) If Gy, : (01, p1) and Gy, : (02, p2) are anti fuzzy complete graphs, then G, 1M Gy, = G4, M Gy, .

Note 3.9: The direct product, the semi —strong product (or) the strong product of two anti fuzzy graphs is complete,
then atleast one of the two anti fuzzy graphs must be complete.

Theorem 3.10: If G4, : (01, p1) and Gy, (02, p2) are anti fuzzy graphs such that G,, M G4, is complete , then at least
Gy, Or G4, must be complete.

Proof: Suppose that G4, and G,, are not complete.
Then there exists at least one (ug, U,) € E; and (vy, V) € E; such that
u1(Us, Up) < a1(uy) Voy(uy)
Ua(Ve, V2) < a2(vy) Vaa(vo)
If G4, M Gy,, (611 02)(Uy, V1) = 01(U1) Vaa(Vy)
(o111 02)(Uy, Vo) = a2(Uy) Vaa(Va)

Now,(u1M p2)((Us, Va)(Uz, V2)) = pa(Us, U) Vio(va, Vo)

< 01(uy) Voi(up) V o2(vy) Voa(vy)

= (01N 02) (U, V1)V (011N 02) (Uz, V)

(pam p2)((ug, V1)(U2,V2)) < (1M a2) (Ug, V1)V (011 02) (U2, V2)
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Therefore G4, M Gy, is not complete, which is a contradiction to our assumption.
Either G4, or G,, is complete.
Result 3.11:

1) If Gy, (01, wa) and Gy, : (02, p2) are two anti fuzzy graphs such that Gy, . G4, is complete, then at least
Gy, (0r) G4, must be complete.

2) If Gy, (01, p1) and Gy, : (o2, uo) are two anti fuzzy graphs such that G,, ® Gy, is complete, then at least
Gy, (0r) G4, must be complete.

IV. BALANCED ANTI FUZZY GRAPHS

Definition 4.1: The density of a anti fuzzy graph Ga:(o, i) is D(Ga)=2(Xy vev 4w, V) )/ Xy ver oWV a(v)): Gais
balanced if D(H a) < D(G,) for all anti fuzzy non-empty subgraphs Hp of G, .

Example 4.2:
0.5
v1(0.2) v,(0.4)
0.9 0.7
0.9
v4(0.8) v3(0.6)

Theorem 4.3: Any complete anti fuzzy graph is balanced.

Proof: Let G be a complete anti fuzzy graph.

Then D(Ga) = 2[(Xu vev #(w, V) )/ (Zuvev oWV 0 (v))]

=2 vev oWV 0 (V) I Xy pev oWV a (V)]
D (Ga) =2  (since Gp is complete).

If Hp is a non-empty anti fuzzy subgraph of G,, then

D(Ha) = 2[Zuvev i k(W v) )/ Cuveran @V a(v))]
<2[Quvevn oWVo @) ) Euveviny o)V o(v))]
L2[Quvery oWV o) ) Quvery oV o())]
=2 =D (Gp)

D(Ha) < D(Ga).

Note 4.4: The converse of the above theorem need not be true.

Example 4.5: The following anti fuzzy graph Ga: (o, ) is a balanced graph that is not complete.
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V1(05)

0.8 0.9

V2(09) 0.9 V3(07)

Note 4.6: we use to give necessary and sufficient conditions for the direct product, semi-strong product and strong
product of two anti fuzzy balanced graphs to be balanced.

Lemma 4.7: Let G4, and Gy, be anti fuzzy graphs.
Then D (Gai) < D(G4, M Gy,) fori=1, 2 ifand only if D(Gy,) = D(G,,) = D(G4, M Gg,).
Proof: Let G; and G, be two anti fuzzy graphs.
Assume that D (Gaj) < D(Gy, N Gy,) fori=1,2.
WKT, D(G4,)= 2By upevy 1 (U1, U2) )/ By upevy 01 (W) V 01 (12))
<2y uyer; (U, ux) V ooy (v1) V oy (1))
(Zul,uzevl V1, €V2 a1 (u)V 01(ux)V 0, (v1)V 02 (v7))

:2[(Zu1,u2 S g | (ur, uz) V up(vy, Uz)]/[(zul,uzevl V10, €V2 01 (u)V a1 (u)V 0, (v1)V 02 (v2))]

=2[X iy ugeny wrwgey M1 TTH2 (w1, v1) (Uz, V)] 120y ugeny wLvaey (01 M 02) ((uq, v1)(U2,V2))]
=D(Gy, M Gy,)

~D(Gy,)<D(G4, M Gy,) and hence D(G4,)=D(G4, M Gy,)

Similarly, D(Gy,) < D(G4, M Gy,) and thus D(Gy,)=D(G4, M G,).

Hence D(G4, )= D(Gy,)=D(G4, N Gy,).

Theorem 4.8: Let G, and G,4,be anti fuzzy balanced graphs. Then Ga; M Gp; is balanced if and only if D(G,,) =
D(Gya,) =D(Ga, N Gy,).

Proof: If G4, N G,, is balanced.

Then D(Gaj) < D(G4, M Gy,) fori=1,2.

By lemma 4.7, D(Gy,) = D(Ga,) = D(G4, N Gy,).

Conversely, assume that D(G,,) = D(G4,) = D(G4, M Gy,).

Let H be a anti fuzzy subgraph of G4, M Gy, .

Then there exist anti fuzzy subgraphs H,, of G4, and Hy,0f Gy,

Let the edge set of G4, and G, is ny and vertex set of Ga; and Gy, is .

Let the edge set of Hy,and Hy, is a; and a, , vertex set of Hy, and Hy, is by and b,.

Since G4,and Gy, are balanced and D(Gy, )=D(Gy,)=na/r1, then D(H,, )= ai/b;< ni/ryand D(Hy, )= a,/b,< ny/ry
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Now, a;< n;b/r; and a,< niby/ry.
=a;+ta,< (nib+nyb,)/ry
=a;+ta,< ng (by+b,)/ry
=art+ arp< Nib+nyb,.
Hence, D(Hy,) < (ar+a)\ (b1+0y) < ny/ri= D(Gay M Gy,)
D(Hya,) <D(Gy, M Gy,)
(Ga, M Gy,) is balanced.
Note 4.9: Let G,,and G, be anti fuzzy balanced graphs.
Then i) G4, . Gaz is balanced if and only if D(G,,) = D(Gy4,) = D(G, . Ga,)-
i) G4, ® Gay is balanced if and only if D(G,,) = D(G4,) = D(G4, ® Gy,)
Theorem 4.10: Let G,, and G, be isomorphic anti fuzzy graphs. If G, is balanced, then G,, is balanced.
Proof: Let h: V; = V; be a bijection such that o1(X) = a,(h(x)) and py(x, y) = ta(h(x), h(y)) for all x, ye V,
We have ¥,cvi01(X) = Xxevz 02(X) and Yy vevi Bi(Xy) = Xyyeve Bo(Xy)
LetHy, = (o', n'1) be a anti fuzzy subgraph of G4, With underlying set W.
LetH,, = (o', 1',) be a anti fuzzy subgraph of Gy, with underlying set h(W),where
o ,("(X)) = 0 1(x) and ', (h(x),h(y)) = p'1(x.y) for all x,ye W.
Since G, is balanced, D(Hy,)< D(Gy,)
Now, 22, yew B (h(x), R(1)) | T yew 0 20V 0 5(y)
<2(Xxyev, H2 (6, 0)) I yer, 02(X)V 02(Y))
2Qyew B (7)1 T yew 0 200V 0 2(Y)
<2Qxyer, 1106 ) X yer, 32(X)V a(y))
< D(Gy).
Therefore G,, is balanced.
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