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Abstract

The main purpose of this paper is to prove some fixed point results for mappings satisfying various
contractive conditions on Complete G —Metric spaces. We also prove the uniqueness of such fixed points as
well as we showed these mappings are G-continuous on such fixed points.
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I. INTRODUCTION AND PRELIMINARIES

The study of metric fixed point theory has been researched extensively in the past decades, since fixed
point theory plays a major role in mathematics and applied sciences, such as optimization, mathematical models,
and economic theories.

Different mathematicians tried to generalize the usual notion of metric space(X, d) such as Gahler [3] and
Dhage [1,2] to extend known metric space theorems in more general setting, but different authors proved that
these attempts are invalid.

In 2005, Mustafa and Sims [4] introduced a new structure of generalized metric spaces which are called G-
metric spaces as generalization of metric space (X,d) to develop and introduce a new fixed point theory for
various mappings in this new structure.

Definition 1.1[4].Let X be a non- empty set, and let G: X x X x X — R" be a function satisfying the following
axioms:

(G G(x,y,2) =0ifx =y = z

(G20 < G(x,x,y), forall x,y € X,withx # y,

(Gy) G(x,x,y) < G(x,¥,2),forallx,y,z € X,withz # y,

(Gy) G(x,y,2) = G(x,z,y) = G(y,z,x) = (Symmetry in all three variables),

(Gs) G(x,y,2z) < G(x,a,a) + G (a,y,z),forall x,y,z,a € X, (Rectangle inequality).

then the function G is called a generalized metric or more specifically a G-metric on X, and the pair (X, G)
is called a G-metric space.

Example 1.2 Let R be the set of all real numbers. Define G: R X R X R — R" by
Gx,y,z) =|lx—y|+|ly—z|+|z— x| foralxyz € X.
Then it is clear that (R, G) is a G-metric space.

Proposition 1.3[4]:- Let (X, G) be a G-metric space. Then forany x,y,z,anda € X, it follows that

(1) If G(x,y,z) = 0,thenx =y =z,

(2) G(x,y,2) £ G(x,x,¥) + G(x,x,2),

B) Gx,y,¥) < 2G(y,x,x),

(4) G(x,y,2) £ G(x,a,2) +G(a,y,2),

(5) Gxy.2) < (DGxY,aQ) + 6(xa2)+ G(a,y2),

6) G(x,y,2) < (G(x,a,a)+ G(y,a,a) +G(z,a,a)).
Definition 1.4 Let (X,G) and (X',G ') be G-metric spaces and let f : (X,G) —» (X',G ") be a function, then
f is said to be G-continuous at a point a € X if given € > 0, there exists & > 0 such that
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x,y € X; G(a,x,y) < &impliesG’ (f(a), f(x),f() < €.
A function f is G —continuous on X if and only if it is G-continuous atall a € X.

Definition 1.5[4]:- Let (X,G) be a G -metric space. Then for x, € X,r > 0, the G — ball with centre x, and
radius r is :

Bg(xo,7) = {y € X:G(x0,y,y) <7}(1.2)
Proposition 1.6[4]:- Let (X, G) be a G-metric space. Then for any x, € X,r > 0 one has

Q) if G(xg,x,¥) <r,then x,yEBG(xo_ r),
(2) ify € B;(xo, 1), then there exists a § > 0 such that B;(y,8) < B(x,,7).

Definition 1.7:- A G-metric space (X, G)is called symmetric G-metric space if G(x,y,y) = G(y,x,x) for all
x,y € X and called Nonsymmetric if it is not Symmetric.

Example 1.8 Let (R, d) be the usual metric space. Define G,and G,,, by
G,(x,y,z) = d(x,y) + d(y,z) + d(x,z),and

Gn(x,y,2) = max{d(x,y),d(y,z),d(x,z)}

forall x,y,z € R.Then (R, G;) and (R, G,,) are symmetric G-metric spaces.
Example 1.9.Let X = {a,b,c}anddefine G: X x X x X — R* by,

G(x,y,z) = 0ifx =y =2z

G(a,b,b) G(b,a,a) = 22

G(a,c,c) = G(c,a,a) = 27

G(b,c,c) = G(c,b,b) = 30,
G(a,b,c) = 35

extended by symmetry in the variables. It is easily verified that G is a symmetric G-metric, but G # G, or G,
for any underlying metric.

Proposition 1.10[4]:- Every G-metric space (X, G) will define a metric space (X,d;) by
de(x,y) =G, y,y) + G(y,x,x), Vx,y€X (1.2)
If (X, G) is a symmetric G —metric space, then
de(x,y) =2G(x,y,y), Vx,y € X (1.2)
However, if (X, G) is not symmetric, then it holds by the G —metric properties that
%G(x.y.y) <dg(x,y) <3G(x,y,y), VxyeX(3)
and that in general these inequalities cannot be improved.

1. MAIN RESULT
Lemma 2.1 Let (X, G) be a G-metric space . If lim,,_,, a,, = Othen the sequence {x, } is a Cauchy sequence.
Proof : Since lim,,_,,, a, = 0, we have for every € > 0, there exists m € N such that for every
n>m,|a, — 0| <eie 6;(4,) <e¢

Then for [, m, k = n > m, we have
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G(xp, X, xp) < sup{G(xl-,xj,xp):xi,xj‘xp € An} =a,<¢
Therefore {x,,} is a Cauchy sequence in X.

Theorem 4.3.2 Let S,R,T,U be self-mapping of a complete G-metric space (X, G) satisfying

(M SR C TU and TU(X) is a closed subset of X,
(ii) The pair (SR, TU) is weakly compatible,
(iii) fOG(SRx’SRy’SRZ)c? (t)dt < (fod’(g(wx'wy‘mz))6(t)dt) for every x,y,z € X, where ¢:[0,0) —

[0,) is a non-decreasing continuous function with ¢(t) <t for every t > 0 and §(¢t) is a
Lebesgue integrable function which is summable nonnegative such that

&
f s()dt > 0,Ve > 0
0

(iv) (S,R), (T, U) are commutative then S, R, T, U have a common fixed point in X.

Proof :Let x,be an arbitrary point in X. By (i) we can choose a point x; in X such that
Vo = SRxy = TUx;

And y; = SRx; = TUx,. In general ,3 a sequence {y,} such that

¥, = SRx,, =TUx,,, forn=10,1,23 ...

We prove that the sequence {y,} is a Cauchy sequence.

Let A, = (¥, Ynt1, Vntz - Y And @, = 6(4,),n EN.

Then we know that lim,,_,, a,, = a for some a > 0.

Taking x = X, 41,V = Vm4xand z =z, in (iii) for k = 1 and m,n,l > 0, we have

G n+koYm+ieY1+k) G(SRXp 41, SR X ke, SRX 1)

Of 6 ()dt = Of 6 (t)dt

S (G(TUXp 41, TUX 44, TUX )

f 6(t)dt

0

IA

_ (fo‘f’(G(Yn+k—1'ym+k—1JYZ+k—1)) S(t)dt) 1)
Now we claim G (Vy k-1, Ymak—1> Vidk—1) < ar_1 foreveryn,m,l > 0.
Since Ay—1 = Vi—1, Vir Vg1 - b ar—1 = sup{G(a,b,c):a,b,c € Ay_41}
AlSO Yr 41, Yimtk—1 Yirk—1 S Ag—1 IMplies G (Vn 41, Ym4k—1 Viek-1) < Q1
Also ¢ is increasing in ,
From (1.1) we get supy, n >0 G Vn4k—1, Ym+k—1, Viek-1) < $(@r-1)

Therefore we have a,_; < ¢(ar_1), letting k —» oo, we get a << ¢(a).If a = 0,then a < ¢p(a) < a,
which is a contradiction. Thus a = 0. Hence lim; _,., a, = 0.

Thus by lemma ,{y, } is a Cauchy sequence in X, there exists y; € X such that

lim y, = lim SRx,, = 7}1_1)130 TUxp41 =Y1-

n—oo n—oo

Also TU(X) is closed, there exists z € X such that TUz = y;. Now we show that SRz = y;. For this set
X, Xn, Z replacing x, y, z respectively in equation (iii) , we get
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G(SRxy,SRxy,SRz) ¢ (G(TUxp,TUxp,TUZ))
f d(t)dt < f é(t)dt
0 0
Taking n — oo, we get
G(y1,y1.5R2) ?(6O1y1y1)
S ()dt < j d(tydt |=0
0 0

Implies SRz = y,. Since the pair (SR, TU) is weakly compatible , hence we get(SR)(TU) = (TU)(SR)z. Thus
SRyl = TUyl

Now we prove that SRy; = y;. If we substitute x, y, z in (iii) by x,,, x,,, y; respectively

G(SRxy,SRx,,SRy1) ¢(G(TUxy,,TUx,, TUY1))
J 6 (t)dt < j 6(t)dt
0 0
Taking n — oo, we get
G(y1.y1,5Ry1) $(61y1,TUYD)) #(61y1,5RY1)
f 6 ()dt < f 6(t)dt | = f s(t)dt
0 0 0

If SRy, # v, thenfOG(yl'yl'SRyl) §(t)dt < fOG(yl'yl'SRyl) 8 (t)dt is a contradiction.
Therefore SRy; = TUy; = y;.
For uniqueness let y; and y, be fixed points of SR, TU.

Taking x = y = y; and z = y, in (iii) we have

G(y1y1.y2) G(SRy1SRy1,SRy3) ¢ (G(TUy1,TUy1,TUy?))
f o (t)dt = f o(t)dt<|, f o(t)dt
0 0 0
d(G1.y1.72)) (61y1.52)
= f 6(t)de | < f 6(t)dt
0 0

a contradiction. Thus we have y; = y,.
Now by (iv)S, R), (T, U) are mutually commutative pair of mapping.

Consider Sy; = S(SRy;) = S(RSy;) = SR(Sy,), implies Sy, is the unique point of SR but y; is the unique
fixed point of SR, hence Sy; = y;,.

Also Ry, = R(SRy;) = (RS)(Ry;) = SR(Ry,), implies Ry, is the fixed point of SR, buty,
is the unique fixed point of SR. Hence Ry; = y;.
Thus Sy; = Ry; = y;. In the same way we have Ty, = Uy; = y;.

Hence the result.
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