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Abstract
In this paper, we introduced a Finsler space whichCartan's second curvature tensor jl;( , satisfies the
generalized recurrence property in sense of Berwaldi.e. characterized by the following condition
BiPin = MPin + (8 gen — 6k9in) »  Pin #0,
where B, is Berwald's covariant differential operator with respect to x!, A;and y, are known as recurrence
vectors, such space is called a generalized BP —recurrentspace.

The aim of this paper study the properties of the above space by Berwald covariant derivative of first
order. We obtain the associate curvature tensor Py, the torsion tensor P}, and the associative torsion tensor
Py pare non— vanishing. Also we obtain P — Ricci tensor P, the curvature vector P, and the curvature scalar
P behave as recurrent. Also we obtain the tensor ( ]-ikhv y"), the tensor (C,ihlj + C;'j PZn, —j/k) is generalized
recurrent. We obtain certain identities satisfy in the generalized BP — recurrent space.We discuss the

projection of the generalized recurrence property on indicatrix with respect to Berwald's connection for the
tensors whose behave as recurrent.

Keywords - Finsler Space, Generalized BP — Recurrent Space, curvature tensor, associate curvature tensor,
torsion tensor, Ricci Tensor, curvature vector, curvature scalar, projection on indicatrix.

1. INTRODUCTION

Verma [11] discussed the recurrence property of the tensors Vlg-,‘; h,I—Ij"k nand W} in the sense of Berwald,
Qasem[5] introduced and studied the curvature tensor Ujik » Which satisfies the recurrence property, Pandeyat al.
[10] introduced and studied a generalized H — recurrent Finsler space, Mohammed [1] introduced and studied
P" — Recurrent Space,Awed [2] introduced and studied generalized P" — Recurrent Space Qasem and Baleedi
[7] introduced and studied on a generalized BK —recurrent space, Qasem and Abdallah [6] introduced and
studied a generalized BR — recurrent space,Zafar and Musavvir [4] introduced and studied on some properties
of W - curvature tensor.Pandey [9] introduced and studied some problems in Finsler spaces.

Dikshit [12] studied the projection of some tensor onindicatrix with respect to Berwalds connection. Qasem [5]
studied the projection of the curvature tensorR}kh on indicatrix with respect to Cartan's connection. Hanballa [3]
studied the projection on indicatrixin the P* — birecurrent space, P* —generalized birecurrent space with
respect to Cartan's connection.

Let F, be an n— dimensional Finsler space equipped with the metric function F(x,y) satisfying the request
conditions[8] .
The vector y; is defined by
L) yi=gyCeyy. )
The two sets of quantities g;; and its associative g¥, which are components of a metric tensor connected by

. l1if j=k,

(1.2) g;9% =& = {0 l]]i]] +k.
In view of (1.1) and (1.2), we have
(1.3) a) &,y = y'and b) &g = gjr -
the unit vector |! in the direction of y' is given by
(L4) =2
In particular the metric tensor g;;and the associate metric tensor g¥ are covariant constant with respect to
h —covariant derivative, i.e.
(1.5) a) g =0 and  b) g =
The h — covariant derivative of the vector y‘and y,vanish identically, i. e.
(1.6) a) ', =0, and  b) y; =0
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Berwald covariant derivative B, T; T!of an arbltrary tensor field Tl with respect to x* is given by
Bk = ale (0,T})Gr +T[ b — TG,
Berwald covariant derivative of the vector y' vanish identically, i.e.
But, in general, Berwald covariant derivative of the metric tensor g;; does not vanish and given by
(1.8) Bigy = —2y"ByCyji -
The h — curvature tensor (Cartan’s third curvature tensor) is defined by [8]
Ricn = Ol + (05" )Gh + G (0GR — G Gr) + Lot GR™ — k/h”
This tensor satisfies the following relations
(1.9) lekhy] = Hyy,
The associate curvature tensor R, , satisfies
(1 10) Rl]kh = JGir erh
Also, the curvature tensor Rkh and its associative tensor R, satisfies the following identities known as
Bianchi identity [8]
(111) a) lek |h + th1|k + leh|] + y (Rmkh ijs + Rrsn ik Pth + Rmh} lks) =0

The hv —curvature tensor Pjﬁch (Cartan’s second curvature tensor) is defined by [8]
(1.12)By = 0n " + G P — Gk
or equivalent by
(1.13) lek}} = 0nlig + G Clnis ¥° — Gk
The tensor Pﬁc A i's posi_tively homogeneous of degree zero in y‘and satisfies
(114)  Byny’ =P -
where }-3( is called the v(hv) —torsion tensor and its associative tensor P, is given by
(1.15) a) g4 Pen = Prinand b) Prer 9" = Piy
The associate curvature tensor P, j, is given by
(116) Prjkh - jkhgir .
P — Ricci tensor Py, , the curvature vector P, and The curvature scalar P (of Cartan's second curvature tensor)
are given by .
(117) By =Py
(1.18) P, = Py, .
and
(1.19)P, yk =P
Thehv — curvature tensor P}ﬁ( , satisfies the following:
(1.20) Bien = Pign = =Sjienyy ¥" -
and
(1.21) Pin = Pijn = Cinyy + CsjPin —J/k
Il. AGENERALIZED BP — RECURRENT FINSLER SPACE

Let us consider a Finsler space F,, for which Cartan's second curvature tensor Pjﬁch satisfies the generalized

recurrence property with respect to Berwald's connection parameter G, , i.e. characterized by the following
condition
(2.1) BPin = MPin + (8 gen — 669in),  PBiew =0,
where B, is Berwald's covariant differential operator with respect to x!, /lland Mz are called recurrence vectors.
Definition 2.1.A Finsler space F, for which Cartan's second curvature tensor P, satisfies the condition (2.1),
where A; and y; are non-zero covariant vectors field. Such space satisfying the condition (2.1) will be called a
generalized BP — recurrent spaceanddenoted it briefly by G(BP) — REF,.

Let us consider a G(BP) — RF, which is characterized by the condition (2.1).
Transvecting the condition (2.1) by g;,,,, using (1.16), (1.8) and (1.3b), we get
(2.2) BiPujicn = MPrjicn + 11 (Gjm Gin — Gem Gjn) + 2Py Be Cimy -
Thus, we conclude
Theorem 2.1.In G(BP) — REF,, Berwald's covariant derivative of first order for the associate curvature tensor
Py is given by (2.2) .
Transvecting the condition (2.1) byy/, using (1.14), (1.7), (1.3a) and (1.1), we get
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(2.3) BiPiy = NPy + (Y Gin — 8ivn) -

Transvecting the condition (2.3) by g;;, using (1.15a), (1.8), (1.1) and (1.3b), we get

(2.4) BiPin = MPun + m(Gueny; — i yn) + 2PLay B.Cy -

Thus, we conclude

Theorem 2.2.In G(BP) — RE,, Berwald's covariant derivative of first order for the (v)hv - torsion tensor P},
and the associative torsion tensor Py is given by (2.3) and (2.4) respectively .

Contracting the indices i and h in the condition (2.1), using (1.17) and (1.3b), we get

(2.9) BiPy = 4By

Contracting the indices i and h in the condition (2.3), using (1.18), (1.1) and (1.3b), we get
(26) BlPk = Alpk .

Transvecting the condition (2.6) by y*, using (1.19) and (1.7), we get

Thus, we conclude

Theorem 2.3.In G(BP) — RF,, P — Ricci tensor Py, the curvature vector P,and the curvature scalar P behave
as recurrent .

Taking the covariant derivative for (1.20) with respect to x! in the sense of Berwald, we get
(2.8) BiPin— BiPgjn = Bi(—=Sinpyr ¥")-

Using the condition (2.1) in (2.8), we get

(2.9) By(=Sinyr ¥7) = A Bier — Pijn) + 2(849;n — 6, 9en)

Using(1.20) in (2.9), we get

210)  B(Sjnpr ¥") = A(Sjeny Y7 + (8 gkn — 5i95n)

Where a = 2y,

Thus, we conclude

Theorem 2.2.4.In G(BP) — RE,, the tensor (Sj;.,;, ¥")is generalized recurrent.

Taking the covariant derivative for (1.21) with respect to x' in the sense of Berwald, we get
(211)  BPin — BiPyjr = Bi(Ceny + Csj P — Jj/K).

Using the condition (2.1) in (2.8), we get

(212)  B(Ciny + CL P — /K = LBl — Pijn) — 2m(8 gin—519;1)-
Using(1.21) in (2.12), we get

(2.13B,(Cpy; + C Py — j/K) = A(Chnyy + C4 P — i /5 + (8] gkn—649;n)

Where a = =2

Thus, we conclude

Theorem 2.5.In G(BP) — RE,, the tensor (C,ihlj + Csi]- Pg, — j/k) is generalized recurrent.

I11. CERTAIN IDENTITIES

We shall obtain some identities which are satisfying in G(BP) — RE,
Using (1.9) inBianchi identity (1.11), we get
(3.1) Rijicin + Rinjie + Rixny = _(chhpgs + Hj Pl + Hp; s )
Taking the covariant derivative for (3.1) with respect to x! in the sense of Berwald, we get
(3.2) By (Rijicjn + Rinjje + Rixnyy) = ~{BiH ) Pys + Hin(BiPjs) + (BiHj )Pips + Hij (BiPips) +
(BlHifj) i?cs + Hifj (Bl L?]-(S}
Using the condition (2.1) in (3.2), we get
(3.3) By(Rjjk 1n + Rinjik + Rixn) = —M(HinPlis + Hj Phns + Hi Phs) — m[H3n (87 gjs — 6/ 9i5) +
Hﬁc (6{ gns — 6rGis) + H;fj (67 grs — 51:91'5)] - [(B ?ch)Pi;s) + (B jsk )Pis + (BlHifj) s )

Using (3.1) in (3.3), we get

GABI(Rji 1 + Rinjje + Rien) = A (Rl + Rinj + Rixnyy) — u[H3n (67 gjs — 6 9is) + Hii, (67 Ghs —
6;;‘91'5) + Hifj (Szrgks - 51:915)] - [(Bl ?ch)Pi;'s—I— (BlHjSk)Pghs + (BlHifj)Pivl;s]

This shows that

(35) B (Riwpn + Rinjik + Ricny) = (Rl + Rinjje + Riny)

If and only if
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(3.6)
wlH5n (87 gjs — 6] 9is) + Hi (87 gns — 85.9is) + Hiy (8] ges — 8k gi)] +
[(Bl ?(h)Pz?]"s—}_ (Bl jsk)P;’hs + (BlHifj) iycs] =0

Transvecting(3.1) byg,.,, , using (1.10), (1.5a), and (1.16), we get

(3.7) Ruijic in + Runinjie + Rmikenyj = —(H3in Prgis + Hjj Prins + Hﬁjpmiks),

Taking the covariant derivative for (3.7) with respect to x! in the sense of Berwald, we get

(3.8) Bi(Ruijic |+ Ruminjik + Rimiknyj) = —{(BiHn) Pruijs + Hien, (B Pruijs ) + (BiHji )Prins +
Hj (B1Pmins) + (BiHp;) Priks + Higj (BiPriks )}

Using the condition (2.2) in (3.8), we get

(3.9)  Bi(Ruijic jn + Runinjie + Rmiknj) = =M (H5p Prjs + Hjj Prins + Hﬁjpmiks) — w[Hin (gmigjs —
Imj gis) + Hﬁc (gmighs - gmhgis) + Hﬁj (gmigks - gmkgis)] - [(Bl ih)Pmijs) + (BlHﬁc)Pmihs +
(BlHifj)Pmiks] + 2thtCiml [Pi§s + i?ls + i7lﬂcs]

Using (3.7) in (3.9), we get

(B.10)Bi(Ruijk h + Ruminjik + Rmikentj) = 2 (Rmijic (p + Ruminjik + Rmitenyj) — 1 [Hn (i Gjs — Gmj 9is) +
Hiy (Gimi Ghs — ImnGis) + Hi; (Gmi Grs — Gmi 9is)| = [(BiH3:) Prayjs ) + (BiH}i ) Prins + (BiHp ) Pruiks | +
2y By Cimi [Pljs + Pjhs + Piis]

This shows that
(3.11)  By(Ruijic jh + Rminjike + Rmicnj) = A (Rijic 1 + Rominjjie + Romiten)j)
If and only if
(312) Wy [Hich (gmi gjs - gmj gis) + Hﬁc (gmighs - gmhgis) + H}ij (gmigks - Imk gis)] + [(Bl ?ch)Pmijs) +
(‘BlHjSk)PmihS + (‘Blefj)Pmiks] + ZthtCiml [Pl; + irhs + i?cs] =0
Transvecting(3.1) byy?, using (1.9), (1.6a) and (1.14), we get
(3.13)  Hjjyp + Hpjje + Hipyy = _(Hlihf;‘g + Hjj Pys + Hfijl:s)
Taking the covariant derivative for (3.13) with respect to x! in the sense of Berwald, we get
(3.14) By(Hjn + Hijy + Hinyy = —{(BiH{R)Fs + Hin (BiF) + (BiHji ) Pys + Hyy, (BiPrs) +
(BlHifj)PI:s + Hﬁj (BIPI:S}
Using the condition (2.3) in (3.14), we get
(3.15)  By(Hjyn + Hijix + Hiny) = —A(HiWBL + Hi, Pr + Hi Pr) — i [Hin (7 g5 — 87 ys) +
% V" ghs = ShYs)  + Hi (V7 Grs — 8ks)] — [(BiHin)P) + (BH )P + (BiH;y)Pis]
Using (3.13) in (3.15), we get
(3.16) By(Hjy n + Hijp + Hiny) = 4 (Hin + Hijye + Hiny ) — tm[Hin (v7 955 — 67 v5) + Hi (07 Ghs —
8hye) + Hiyy O gis — 6k y)] = [(BiH)Bs) + (BiH}i)Pis + (BiHj; ) Pii]
This shows that
(3.17) 7.31(1‘1]-74;1 + Hpj e + Hipp) = 4 (Hiy + Hijpe + Higyj)
If and only if
(3.18) w[Hi (y"gjs — 6 ¥s) + Hi, (" gns — 61.55) + Higy 0" gis — 61 y)] + [(BHi)PL) +
(BlHjsk)PiT;S + (BlHﬁj)Pl:s] =0
The equation (3.5), (3.11) and (3.17) show that the tensors (R, + Rinjjk + Rikn)j)s (Rmijkc jn + Rminje +
Ryikny) and (Hjy, + Hijy + Hip; ) behave as recurrent if and only if (3.6), (3.12) and (3.18) respectively
holds.
Thus, we conclude

Theorem 3.1.In G(BP) — RF,, tensors (Rjy i + Ripjik + Rikn)s Ruijic jp + Roninjpe + Rmiknyy) @nd (Hjy p +
Hpjpe + H,Ihu) behave as recurrent if and only if (3.6), (3.7) and (3.18) respectively holds.

IV. THE PROJECTION ON INDICATRIX IN G(BR) — RF,,

Definition 4.1.Let the current coordinates in the tangent space at the pointx , bex ¢, then the indicatrix/,,_; isa
hypersurface defined by[8]

(4.1) F(xy,x')=1

or in the parametric form it is defined by

(4.2)x! = x'(u®), a=12,....n—1.
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Definition 4.2.The projection of any tensor T} on the indicatrixI,,_; is given by [7]

(4.3) p.Ti:==T§ hih?,

where

(4.4) he =8¢ =11 -

The projection of the vector y?, the unit vector|’ and the metric tensorg;; on the indicatrix are given by [8]
(45)a) p.y'=0,

b) p.' =0
and
c) p gy =hy,
where

(4-6)hij =0y — lilj .

Our aim is to discuss the projection of the generalized recurrence property on indicatrix with respect to
Berwald's connection for the tensors whose behave as recurrent in G(BP) — RE,. We obtained some theorems
in projection on indicatrix for Berwald's curvature tensor, the P-Ricci tensor Py, and the curvature vector Py .

Let us consider (BP) — RE, , for which the P — Ricci tensor By behaves as recurrent in the sense of
Berwald, i.e. satisfied (2.5).

In view of (4.3), the projection of the P — Ricci tensor P on the indicatrix is given by

(4.7 PPy = Py hPhy .

Taking the covariant derivative for the equation (4.7) with respect to x!, in the sense of Berwald, we get
(4.8) B,(p.Pr) = Bi(Papyh'hY) .

Using (2.5) and the fact that h{ is covariant constant in (4.8), we get

(4.9) By(p.Pi) = A Payhhy. .

Using (4.7) in (4.9), we get

(4.10)  Bi(p-Br) = 4(p-Pi) -

Thus, we conclude

Theorem 4.1. In (BP) — RE, , the projection of the P -Ricci tensor Py, on indicatrix is recurrent .

Let us consider (BR) — RE, , for which the curvature vector P, behaves as recurrent in the sense of

Berwald, i.e. satisfied (2.6).

In view of (4.3), the projection of the curvature vector P, on the indicatrix is given by

(411) p.P, = P,hi.

Taking the covariant derivative for the equation (4.11) with respect to x!, in the sense of Berwald, we get
(4.12)  Bi(p.P) = Bi(Rhy) .

Using (2.6) and the fact that h § is covariant constant in (4.12), we get

(413) Bl(ppk) = AlPahl‘: .

Using (4.11) in (4.13), we get

(4.14)  Bi(p.P) = 4(p-Po) -

Thus, we conclude

Theorem 4.2. In (BP) — RE, , the projection of the curvature vector P, on indicatrix is recurrent .

Let us consider a Finsler space F,for which the projection of the P — Ricci tensor P, on indicatrixbehaves

as recurrent with respect to Berwald's connection, i.e. satisfied the equation (4.10).
Using (4.3) in (4.10), we get
(4.15) B (Paph'hp) = A (Pap hHY) -
Using (4.4) in (4.15), we get
4.16)  Bpn{Puy (8782 — 81"l — 11 6¢ + 1L L)} = A {Pa (8788 — &1Lk — 1°1;6% +
L)}
Using (1.4) in (4.16), we get
1 1 1

(4.17) B, (P]k — By ;yblk — Pak 7y + Pap F_zyaybljlk)

1 1 1
= An (ij — By ;yblk — Pax ¥4 + Pap F_zyaybljl,k) :
Now, ifP;, y? =0 =P, y?, then the equation (4.17) becomes
Thus, we conclude
Theorem 4.3. If theprojection of the P — Ricci tensor By, of G(BR) — RF, on indicatrix is recurrent, then
the P — Ricci tensor P itself recurrent, provided P, y? =0=P, y*.

Let us consider a Finsler space F,for which the projection of the curvature vector P, on indicatrixbehaves
as recurrent with respect to Berwald's connection, i.e. satisfied the equation (4.14).
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Using (4.3) in (4.14), we get
(419) B, (Rhi) = An(Fhp) .
Using (4.4) in (4.19), we get
(4.20) B {R (8¢ —1"li)} = A (R (8¢ — "L} -
Using (1.4) in (4.22), we get

1 1
421) By (Pe=Pzyle) = An (P = Pi3y°Le) -
Now, ifP, y® = 0, then the equation (4.21) becomes
(422) BmPk = AmPk .
Thus, we conclude
Theorem 4.4.If theprojection of the curvature vector P, of G(BR) — RF,on indicatrix is recurrent, then the
curvature vector Pyitself recurrent, provided P, y* =0.

V. CONCLUSION

(1) The space which defined by the condition (2.1) we called a generalized BP — recurrent Finsler space.

(2) In generalized BP — recurrent Finsler space ,P — Ricci tensor By , the curvature vector P, and the
curvature scalar P behave as recurrent.

(3) In generalized BP — recurrent Finsler space, Berwald's covariant derivative of first order for the associate
curvature tensor Py, , the (v)hv- torsion tensor P., and the associative torsion tensor Py, are non-
vanishing.

(4) In generalized BP — recurrent Finsler space, the tensor (jikhlr y") and the tensor (C,f;hlj + CsijP,fh -
J/k) are generalized recurrent.

(5) In generalized BP — recurrent Finsler space, the tensor (Rjj i, + Rinjik + Rikn|j)s (Rmijkin + Rminje +
Ryikny) and  (Hjn + Hi; + Hiy);) behave as recurrent if and only if (3.6), (3.7) and (3.18)
respectively holds.

(6) We obtained some certain identities in generalized BP — recurrent Finsler space.

(7) In generalized BP — recurrent Finsler space the projection of the P - Ricci tensor Py, and curvature vector
P, on indicatrix is recurrent .

(8) If the projection of P — Ricci tensor P and the projection of curvature vector P, of G(BR) — RE, on
indicatrix is recurrent, then the P — Ricci tensor B, and curvature vector P itself recurrent, provided
Ppy® =0 =Py y*and P, y* = 0 respectively.
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