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Abstract

A total dominating set D of graph G = (V, E) is a total strong split dominating set if the induced sub
graph < V—D > is totally disconnected with at least two vertices. The total strong split domination number
7ss(G) is the minimum cardinality of a total strong split dominating set. In this paper, we introduce the concept
Yiss — graph of a graph G and define the graph G(¥is) = (V(¥ess), E(Yess)) Of G to be the graph whose
vertices V(y,s) corresponds injectively with the y,,, —sets of a graph G and two y,,; —sets D; and D, form an
edge in G(y.,) if there exists a vertex v € D; and w € D, such that v is adjacent to w and D; = D,— {w} U {v}
or equivalently D, = D;— {v} U {w}. With this definition, two y,., —sets are said to be adjacent if they differ by
one vertex, and the two vertices defining this difference are adjacent in G. We also determine G(y,,s) of some
graphs.
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I. INTRODUCTION

The graphs considered here are finite, undirected, without loops, multiple edges. For all graph theoretic
terminology not defined here, the reader is referred to [2]. A set of vertices D in a graph G is a dominating set, if
every vertex in V—D is adjacent to some vertex in D. The domination number y(G) is the minimum cardinality
of a dominating set. A total dominating set D of a connected graph G is a total split dominating set if the
induced sub graph < V—D > is disconnected. The total split domination number yi(G) is the minimum
cardinality of a total split dominating set. This concept was introduced by B. Janakiram, Soner and Chaluvaraju
in [3]. Strong split domination was introduced by V. R. Kulli and B. Janakiram in [4]. A dominating set D of a
graph G = (V, E) is a strong split dominating set if the induced sub graph <V - D > is totally disconnected with
at least two vertices. The strong split domination number v (G) is the minimum cardinality of a strong split
dominating set. We have introduced a new concept namely total strong split domination number in [5]. A total
dominating set D of a connected graph G is a total strong split dominating set if the induced sub graph <VV—-D >
is totally disconnected with at least two vertices. The total strong split domination number ys(G) is the
minimum cardinality of a total strong split dominating set. Gerd H. Fricke et al. [1] introduced y —graph of a
graph. Consider the family of all y-sets of a graph G and define the y —graph G(y) = (V(y), E(y)) of G to be
the graph whose vertices V(y) correspond 1—1 with the y —sets of a graph G, and two y —sets, say D; and D,
form an edge in E(y) if there exists a vertex v € D; and w € D, such that v is adjacent to w and D; = D,— {w} U
{v} or equivalently D,= D;— {v} U {w}. With this definition, two y —sets are said to be adjacent if they differ
by one vertex, and the two vertices defining this difference are adjacent in G. We introduce the concept v, —
graph of a graph G and define the graph G(Yis) = (V (Vs ), E(Yiss)) Of G to be the graph whose vertices
V(s ) corresponds injectively with the vy, —sets of a graph G and two y,, —sets D; and D, form an edge in
G(Y.ss ) if there exists a vertex v € D; and w € D, such that v is adjacent to w and D; = D, — {w} U {v} or
equivalently D, = D;— {v} U {w}. With this definition, two y, —sets are said to be adjacent if they differ by
one vertex, and the two vertices defining this difference are adjacent in G and we determine G(y,) of some
graphs.

Definition 1.1[5] A total dominating set D of a connected graph G is a total strong split dominating set if the
induced sub graph < V—D > is totally disconnected with at least two vertices. The total strong split domination
number yi5(G) is the minimum cardinality of a total strong split dominating set.

Definition 1.2[1] Consider the family of all y-sets of a graph G and define the y —graph G(y) = (V(¥), E(y))
of G to be the graph whose vertices V(y) correspond 1—1 with the y —sets of a graph G, and two y —sets, say
D, and D,, form an edge in E(y) if there exists a vertex v € D; and w € D, such that v is adjacent to w and D; =
D,— {w} U {v} or equivalently D,= D, - {v} U {w}. With this definition, two y —sets are said to be adjacent if
they differ by one vertex, and the two vertices defining this difference are adjacent in G.
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Definition 1.3. Consider the family of all y,,; —sets of a graph G and define the graph G(y;ss) = (V(Vtss),
E(y.ss)) of G to be the graph whose vertices V(y,) corresponds injectively with the y,,,-sets of a graph G and
two v, —Sets D; and D, form an edge in G(y,,) if there exists a vertex v e D; and w € D, such that v is

adjacent to w and D; = D,— {w} U {v} or equivalently D, = D; — {v} U {w}.

Example 1.4.
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Figure 1.1

For the given graph in Figure 1.1 the total strong split dominating sets are
D1 = {Us, Us, Uz, Ug, Ug}, Dy ={Uy4 Us, Ug, Ug, Ug}, Vv =uzand w = ug
Then D;— {v} U {w} = {uy, Us, U7, Ug, Ug}— {u7} U {Us} = {Us, Us, Ug, Ug, Ug} = D,

Dy—{w} U {v} = {us, Us, Ug, Ug, Ug}— {Us} U {u7} = {Uy, Us, U7, Ug, Ug}= Dy

D D

1 2

*—

G (Tiss)

Figure 1.2

Definition 1.5. A vertex v in a graph G = (V, E) is a y,.._indispensable vertex if it is an element of every
Viss—Set of G. In a caterpillar, every vertex of degree = 3 is a y,,— indispensable vertex.

Il. RESULTS

Theorem 2.1. Let T be a caterpillar with exactly 2 support vertices v; and vywhich are
Yiss—indispensable vertices. If the number of vertices in between v; and v, of T is 3k+1 then G(y,,) is a path of

length k.

Figure 2.1

Proof: Let T be a caterpillar with exactly 2 support vertices v;, v, which are y,,,_ indispensable vertices and uy,
U, Us, Ug, . . ., Useg De the vertices between vy and v,. Then the y,._sets of T can be listed as follows. D; =
{Vi1, U1, U3, Uy, Us, Uy, . . ., Usks1, Vo, D2 = {Vy, Uy, Us, Uy, Ug, Uz, . . ., Usies Usie2, Usit, Usks, Vo), Da= {Va, Uy, Us, U,
Us, U7, . . ., Uk, Uskes, Uskdr Usk2, Uske1, Uskets Vots « .+ .+, Di={V1, U1, Us, Ug, Ug, Uz, . . ., Uskg, Uskg, Usk7, Usk.s, Usk-
4 U2, Usk1, Usie, Vo, Die1 = {V1, Ug, Us, Ug, Ug, Uy, . . ., Usks, Use7, - - -, Uskse1, Vo). Here yygo_sets Dy, D3, Dy, . . .
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, Dy are adjacent to both the preceding and succeeding y,.;_sets and hence get degree 2. The y,,,_set D is
adjacent to D, alone and Dy., is adjacent to Dy alone. So both D; and Dy.; get degree 1. Thus we get a path
containing vertices Dy, Dy, D3, Dy, . . ., Dysq Of length k. n

Theorem 2.2. Let T be a caterpillar as shown in the figure. If the number of vertices in between v, and v, of T is
3k, k = 1 then T(y,) is K.

v,u

=
c
c
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c
<

® .2 .3 ®——— 3k 2
Figure 2.2

Proof: Let T be a caterpillar with exactly 2 support vertices vy, v, which are y,,._ indispensable vertices and uy,
Uy, Ug, Ug, . . ., U be the vertices between v; and v,. Then D = {vy, Uy, Ug, Ug, Ug, Uz, . . ., Uk Vo }iS the only
Vess—Set of T. Hence we get T(y,) to be K. ]

Proposition 2.3. Ca (y4ss) = K3, fork > 2.

Proof: Let {vi, Vo, . . ., v} be the vertex set of Cg, for k > 2. Let D be the minimal total strong split
domination set of Cg,. D1 = {Vl, Vo, V4 Vs, ..., Vako, V3k_1}, D,= {Vz, V3, V5 ..., Vako, ng}, D3= {Vl, V3, Vg4 Vg, . .
., Vo, Vai} are the y,q_sets of Ca. Since each Cay, for k > 2 has 3 disjoint y,_sets Ca(Vess) = K.

n

Theorem 2.4. Cgt (Viss) = Cakan, fOrk = 2.

Proof: Let {vy, V5, ..., Vau1} be the vertex set of Cay.q, for k = 2. We arrange the vertices of y,.,_sets of Cgriq
in the ascending order of the suffixes of the vertices. Let D be the minimal total strong split domination set of
Ca. D1={Vv1, Vo, V4 V5, ., Va1, Vaker}, D2 = {V1, Vo, V3 Vs Vg . . ., Vako, Vaka}, Da={Va, V3, Vi, V6, V7, . . ., Va,
Vaeat, Da={V1, V3, V4 Vs, Va1, Vakerd Ds={V1, Vo, Va, Vs, Vg, . . ., Vakg, Vahe -+ Dies={V2, V3, V5 . . ., Vi
Vakst }r - -+ Do = {V1, V3, Va, V6, V7, . ., Vi, Vah Dokea= {Va, Vo, Va.o -, Vak, Vad Dakea = {V1, V3, Vi, V6, V7, . .
.y V3, V3k+1}, ..., Da1= {Vl, V3, V4, Vg V7, ..., V3, V3k+1}. We have 3k+1 Vess—SELS of Cars1. The Vess—SEtS D;is
adjacent to Dyand Dyy.3. D, is adjacent to Dy.; and Dgy. Dsis adjacent to Dy.pand Doy, - . ., Dyis adjacent to
D; and Dy.s. D41 is adjacent to Dyand Dy. Dy is adjacent to Dzand Djy.. Dy+3is adjacent to Dyand Doso, - - -
, Dy is adjacent t0 Dy.; and Dyy.3. Dyyq is adjacent to Dy, and Dsy. Dy, is adjacent to Dy.zand Dagaq. Dogss IS
adjacent to Dy and Dy, . . ., D3 is adjacent to D, and Dyy.1. D3k IS adjacent to Dz and Doy.p. Thus we get a
CyC|e Dl: Dk: D2k+31 Dk+l: D3k, Dk+2| D2k+11 ey Dk+3, D2k, D3, Dk: D2k+2| sy Dk+ly D2k+3! Dk+3, D3k+ly Dly DZk
v+« ., Do, D1, Dz, Dogso. Thus the degree of each y,,,_set D; is 2. Then we get a cycle of 3k+1 vertices.
Hence it is proved that Caxe1 (Viss) = Carar, fOrk > 2.
|

Proposition 2.5. P+ (ies) = Ky wherek=1,2,3, ...
Proof: Let {vi, Vo, V3, . . ., Vas1 } be the vertex set of the path Pay.1.

Case (i) k =1.

The path obtained is P4. The y,._set of P4 is D = {Vv,, v3}.The order of P, (ys) is 1. Hence Py (yiss) = Ky,
Case (ii) k =2.

The path obtained is P;. The y.,_Set of P; is D = {vy, V3 Vs, Vg}.The order of P; (y.,) is 1. Hence P (y.ss) =
K.

Case (i) k = 3.

The y;4s_Set Of Pai is D = {Vy, V3 Vs, Vg, . Vaks Vak1, Vakp. The order of Pagiy (Vegs) is 1. Hence Pag (Viss) =

Ki. |
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