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Abstract
In this paper, a theorem on degree of approximation of function inthe Holder metric by (N,Pn)

(E,q) means has been established.

Keywords - Degree of approximation, Holder metric, (N,Pn) mean, (E,q) mean.

I. INTRODUCTION

The degree of approximation of a function f belonging to various classes using different Summability
method has been determined by many Mathematician ,Chandra[1] find the degree of approximation of function
by Norlund transform .Later on Mahapatra and Chandra[2]obtain the degree of approximation in Holder metric
using matrix transform .1 n sequal singh et.al. [ 8 ] obtain the error bound of periodic function in Holder metric
again Mishra et.al. gave the generalization of result of Singh et.al. In this paper we find the degree of
approximation of function in Holder metric by (N,Pn) (E,q) means.

Il. DEFINITION

Let f be a periodic function of period 2m integrable in the sense of Lebesgue over[n, - nt]. Let the Fourier
series of f given by

f@) = a?” +XY*_i(a,cosnx + b, sinnx) . 2.1

Let c,, denote the Banach Space of all 2m - periodic continuous function defined on [r, —m] under sub-
norm. For 0 <o <I and some positive constant k the function space H, is given by the following

Ha={fe Cop ¢ If(x)_f(y)l Sk|x—y|“ } P (22)

The space H, is a Banach space with the norm ||. ||, defined by

Il = fle + ol<feey] 23)

Su
Where |Ifll, = —nSfSTt

connection that ~ A%f(x,y) = 0.

[f(x)| and A"‘f(x,y)z”cl(;‘i;—lgy)' X#y . We shall use the

The metric induced by normin (2.3) on H, is called the Holder metric. We write through the paper

g.M=fx+0)-2f)+flx-t) L (2.4)
Ka () = 57 Tk 72 { o()g (—5))} .......... 2.5)

1. KNOWN RESULTS

In 1982 Mahapatra and Chandra [1] considered the E;' (f,x) for the holder continuous function f to obtain
error bounds in Holder norm. They proved the following
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Theorem—-Let 0<f<a<1andletf e H, thenfor n>1

I =Bl = o™ 5" dognye], G
Above theorem improved by Chandra [ 5] in 1988 and proved
Theorem—-Let 0<f<a <1 andletf e H, thenfor n>1
q — B—a E
If = EZPl, = 0|~ (ogn)e|. ..(32)

Singh and Mahajan [8 ] established the following theorem to error bound of signal passing through (C,1)(E,1)
transform.

Theorem 1 —Let w(t) defined (2.4) be such that

[au=oHw} HEYz0 L (33)

fot H)du = o{tH(t)} ast->0 L (3.4)

Thenfor 0<f<a<1and fe€H, wehave

(SN -f@ =0 {((n + 1>-1H<,,”:>)1_§} v 39)

Theorem 2 — Consider w(t) defined (24)andfor0 < <a <1 and f€H, wehave

B

= of(w) ™ e v st ()

In sequal Mishra and Khatri [10 ] gave the generalized result of above theorem . They proved the following.

Theorem 3 —Let w(t) defined (2.4) be such that

[ 52 du=ofH®) H(t)=0

fOtH(u)du = oftH(t)} as t - 0t

Let Np be the Norlund summability matrix generated by the non -negative {Pn} such that
(n+1) pn =0o(Pn) vn = 0.

Thenfor f €H, 0<f<a<1 wehave

w*(lx—y

1_£
. ™) = Feo||w* = {W("‘ e (logitn + 1))« ((n +1)7H (#)) ”} ........ (3.7)

And if w(t) satisfies (3.1) thenfor f €H, 0<f<a<1 wehave

w*(lx—y n+1 n+1

8 _E
e (P = F0)||w* —"{W(lx = (loxtn + D)+ () 2o () ]
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IV. MAIN RESULT
In this paper we prove the following theorem

Theorem— For 0<f <x<1land f € H, then letf € H, thenfor n>1

lt, (F) = fllg =0 {nﬁ‘“log n(g)} ......... 4.1

V. LEMMA

Lemma5(a) - If @, (t) defined in (2.5) then for f € H, and 0 < a < 1 we have

|9,.() — 9, ()] = M(x — y|?)

lo,® -0, =Ml (52)

Lemma5(b) - For 0<t <~ wehave sinnt=nsint

K,®Ol=o(m (5.3)

Proof- For 0<t< % and  sinnt = n sint then

n Pk K\ k- sm (’|7+ )t
2mP, “k=0 (14q)k 0( )a L

sin a.('z—)

| K, (O] =

1
2Py

IA

n  Pnok_ (k) k—v (2v+1)sinfi (t)
fe=o (1+q )k =0 sin fi (I)

b o 2k + D{ZE (D) e )

1
2Py

IA

IA

2nP, — |27, Pumic 2k + 1)

2n+1
u IZZ=0 Pn—k |

= o(n)

.t t .
Lemma5(c) - For =<t <m, sin->- and sinnt<1 wehave

T

K®l=o(:) L (5.4)

t t .
Proof - FOI’%StSTL’, 52; and sinnt <1

| K, (O] =

n Dn—k (k) e 1]sm (27+ )t
2mP, Sh=0 (14q)k | 4V=0 sin i)

1
— 2nPy,

n Pn—k k kK kv T
k=o0 (1+q)k { UZO(U)q t}

< ﬁlzn o Pn— kl
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VI. PROOF OF THEOREM 4

Let S,(x) denotes the partial sum of fourier series given in (2.1) then we have

in it l
$,(0) = F() = J7 B(t) (’;Z)t dt .(6.1)
2
The (E,q) transform E! of S, is given by
q 1 s no(n\ . n—k sin(k+%)t
E} ~f00) = 5morom Jy 21 Zr_0(})a ) a (6.2)

The (N,Pn) (E,q) transform of S, (x) is given by

() - () = 7T [(i’:;’;k INIG) {Zﬁzo(ﬁ)qk-v (())} dt] ...... (6.3)

= [ 0®) Kk, (®)

=G o (64)

Now E,(x) = [t)*(f) = fC| and E,(x,y) = |E,(x) — E,(¥)|

En(x'y) = IEn(x) - En(y)l

=15+ 5 Jlo.© - 0, @, 1t

= I +1, ...(6.5)

Again I, = fog. |9, (&) — (Z)y(t)||kn(t)| dt

Using lemma (3.2) and (3.2) we get

=o(n) [p.tdt

— o(n) {(g)aﬂ}
=o(m)™™ (6.6)

Now I, = fi'.|@,(t) — 8, (8)]lk, (©)] dt
= fi.te (%) dt

=oMm)™ 6.7)
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Again I = fo‘ |9, () — 0, (® Ik, (0)| dt
=o(lx—yl*n) (6.8)
I = [i.]0.(6) — 8,(®O]lk, (©)] dt

=olx—y|* &'

n

=olx —yl|* fr. (%) dt

n

Ak (O] dt

=o(lx —y|* logn) (6.9)

BB
Now I, =1."« [a 1=123 .......
From (6.6) and (6.8) we get
—ai= & « 22
A (O R CER Ve
g
=0 [(n)"“" lx — yl? (n)a]
B—a+£
~o [(n) : |x—y|ﬁ] ....... (6.10)
From (6.7) and (6.9) we get

1

L= o[t = (e - yI (logm))e]

B
o|@pl-yllogme| L 6.11)
Now from (6.10) and (6.11) we get

£G) = FOI = 0| =% 1z = 1] + 0| @)= bx = yIP Clogn:

=o [~ Jx = y1¥ Glogn)s

And AP [fGey)] = I (% )
=0 [(n)ﬁ_“ (log n)g] ....... (6.12)
Now IIfll, =ol(m)=®] (6.13)

Combining (6.12) and (6.13) we get

]
16, = Flly = 0|~ (lognys |
This complete the proof of theorem.
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