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Abstract :
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1. Introduction :

All the graphs, going to be discussed in the present paper, are finite,
simple and undirected. Let G be a (p,q) graph. For a graph G = (V| FE)
a function having domain V or E or V U FE is known as graph labeling
for G. Throughout this paper, complete bipartite graph will be denoted as
Ky, with m part M = {wuy, ug, ..., up } and n part N = { vy, ve,...,0, }.
ie. V(Kpnn) = M UN. Concept of graph labeling was invented by Rosa
[1]. Kaneria and Chudasama [2] gave more freedom to graceful labeling and
introduced absolute mean graceful labeling. Kaneria and Chudasama [3] proved
that graceful labeling is preserved even after duplication by vertex or edge in
K, . In this present work, we obtained absolute mean graceful labeling for
various graphs obtained by duplication of same graph elements. We also proved
that Swastik graph is absolute mean graceful which was earlier proved graceful
graph by Kaneria and Makadia [4]. For conceptual study and notations, we
referred Gallian [5] and Harary [6].
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Duplication of a vertex v of a graph G is the graph G’ by adding a
new vertex v’ (duplicant of v) such that Ng/(v') = Ng(v) = Ng/(v). i.e. v is
adjacent with all vertices of G which are adjacent to v in G.

Duplication of a vertex v by a new edge e = v'v” in a graph
G produces a new graph G' = (V(G) U {v',v"}, E(G)U {vv",vv’,vv"}).
Duplication of an edge e = uv by a new vertex w in a graph G produces a
new graph G’ = (V(G) U{w}, E(G) U {uw,vw}). i.e. No/(w) = {u,v}.

Swastik graph is an union of four copies on Cy,. If v;; (V i = 1,
2,3,4;,Vj=1,2,.., 4n) be vertices of i*" copy of Q&), the we shall combine
V14 and vy 15 Vo4 and wvsg; Vg4 and vgi; V44 and vy by four vertices. So
graph seems like a plus sign. If we bend branches of graph toward clockwise at

the middle, then the graph looks a swastik which is denoted as Sw,, of n size,
where n € N — {1}. Clearly, | V(Sw,) |= 16(n) — 4 and | E(Sw,) |= 16(n).

Definition : o - absolute mean graceful graph
A function f is called an absolute mean graceful labeling of a graph
G = (V,E), it f:V(G) = {0,£1,42,...,£q} is injective and the induced

function f* : E(G) — {1,2,...,q} defined as f*(e) = P f(u)gf(v) |—‘ is

bijective for every edge e = (u,v) € E(G). A labeling f is said to be
« - labeling, if there exists an integer k such that for each edge uv either
fu) <k <| f()|or f(v) <k<]| f(u) ], Vu,v € V(G). The graph which
holds absolute mean graceful labeling and « - labeling is called « - absolute
mean graceful graph.

2. Main Results :

Theorem 2.1 : Duplication of any vertex in K,,, is o - absolute mean
graceful graph.

Proof: Let G be a graph obtained by duplication of one vertex of K, . It
is obvious that G is either K41, or K, n41. Since Ky, ,, ¥V m,n € N is
absolute mean graceful graph proved by Kaneria and Chudasama [2], K11,
and K,,,+1 both are absolute mean graceful graphs. Hence, G is absolute
mean graceful graph. It also satisfies a-labeling. So, G is « - absolute mean
graceful graph. O

Theorem 2.2 : Duplication of all the vertices of m-part or n-part in K, , is
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a - absolute mean graceful graph.
Proof: Let G be a graph obtained by duplication of all the vertices of
M = {uy,ug, ..., tp,} in K. Then G = Koy .

Since K,,,, V. m,n € N is absolute mean graceful graph proved by
Kaneria and Chudasama [2], Kj,,, is absolute mean graceful graph. Hence,
G is absolute mean graceful graph. It also satisfies « - labeling. So, G is « -
absolute mean graceful graph. O

Theorem 2.3 : Duplication of any vertex of K,,, by an edge is absolute
mean graceful graph, but not « - absolute mean graceful.
Proof: Let G be a graph obtained by duplication of vertex u;, (1 <t < m)
of m-part of K,,, by an edge ujuj .
ie. V(GQ) = {u,uz, ..., Upm, v1, V2, ..., v, } U {u}, u)} and

EG)={wv; /1<i<m,1<j<n} U {wu,uwu,, wu}.
ie. p=I|V(G)|=m+n+2and g =mn+3.

Define f: V(G) — {0, £1, £2, ..., ¢} as follows:
_ q, 1=1
f<UZ) B {f(ull) — 271, 1= 2, 3, ey .

fv;) = { flojs)+ 2, 1=2,3, .., n.

Case I :If f(uy) >0, then f(u;) = f(u;) — 5 and f(u;)
Case IT : If f(u;) <0, then f(u;) = f(u) +5 and f(u; )

fug) — 3.
flug) +3.

Similarly, it can be easily proved for duplication of vertex v, (1 <

t < n) of n-part of K,,, by an edge v,v, by replacing w;, u;, u; as vy, v;, v;
respectively. It is clear that edge labeling function f* : E(G) — {1,2,...,q}

defined as f*(e) = [ F() ; 1) |—‘ is bijective, for every edge e = (u,v) €
E(G). Therefore, G is absolute mean graceful graph, but it is not « - absolute
mean graceful graph. OJ

Theorem 2.4 : Duplication of any edge of K,,, by a new vertex is « -
absolute mean graceful graph.

Proof: Let G be a graph obtained by duplication of an edge uiv; by a
vertex w in K, ,. So that V(G) = V(K,,,) U{w} and E(G) = E(K,,,) U
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{upw, wy tie. p=|V(G)|=m+n+1and ¢ =mn + 2. Define f: V(G) —
{0, £1, £2, ..., £q} as follows:

q—2mi, i<k
fui) = q, i=k
(¢ —2n(i—1), i>k.

(20i+1)—q, j<I
2 —q, j>I.

\

f(w) =1 —gq. It is clear that edge labeling function f*: EF(G) — {1,2,...,q}

defined as f*(e) = "| S () ; ) |—‘ is bijective, for every edge e = (u,v) €

E(G). Therefore, G is absolute mean graceful graph. It also satisfies « -
labeling. So, GG is « - absolute mean graceful graph. 0

Theorem 2.5 : The graph obtained by duplication of both the vertices uy, usy
from 2-part in K5, Vn € N — {2} by edges is absolute mean graceful, but it
is not « - absolute mean graceful graph.
Proof: Let G be a graph obtained by duplication of both the vertices uy, us
from 2-part in K, Yn € N — {2} by edges e; = uju, and ey = uquy.
ie. V(G) =V (Kyy) U {ul, ul, u2, u2} and

E(G) = E(Kq,)U{uyuy, ujuy, ujur, ustly, ugtiy, uyus}. ie. p=|V(G)| =
n+6 and ¢ = 2n + 6.

Define f: V(G) — {0, £1, £2, ..., ¢} as follows:
fluy)) =q =11, fluy) =q=9, fluy) = =2, fluy) =1, flwm) =g,
flug) =q—2n f(v;) =—q+2(i—1), Vi=1, 2,..., n.

It is clear that edge labeling function f*: E(G) — {1,2, ..., ¢} defined
| f(u) = f(v) |

as f*(e) = 5 —‘ is bijective, for every edge e = (u,v) € E(G).

Therefore, G is absolute mean graceful graph. It does not satisfy a-labeling.
So, G is absolute mean graceful graph, but not « - absolute mean graceful
graph. O

Illustration 1: Duplication of both the vertices from 2-part of K5 by edges
is absolute mean graceful graph. It is clear that p = 12 and ¢ = 18.
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18 6

-18 -16 -14 -12 -10 -8

Theorem 2.6 : Duplication of any vertex in cycle C,,, where n = 0 (mod 2)
is a - absolute mean graceful graph.

Proof: Without loss of generality, let us assume that G is a graph obtained
by duplication of vertex vy of cycle C,, where n = 0 (mod2) by a new
vertex u such that N(v;) = N(u). Assign the other vertices vy, vs,..., v,
of G in anticlockwise direction such that V(G) = V(C,) U {u} and E(G) =
E(C,) U{uv,, uvs}. Observe that p=n+1and ¢ =n+ 2

Define f: V(G) — {0, £1, £2, ..., ¢} as follows:

(

q, 1=1
(=1 foia) | =2], i=2, 3,..., g+ 1
flos) = (=1)*15, i=2L49
(DT o) [ 2], i= % +3, S 44 m
f(u) =4 — q. It is clear that edge labeling function f*: E(G) — {1,2,...,q}
defined as f*(e) = FAC) ; 1) |—‘ is bijective, for every edge e = (u,v) €
E(G). Therefore, G is absolute mean graceful graph. It also satisfies a-labeling.
So, G is « - absolute mean graceful graph. O

ISSN: 2231-5373 http://www.ijmttjournal.org Page 111



vts-1
Text Box
International Journal of Mathematics Trends and Technology (IJMTT) - Volume 65 Issue 4 - April 2019


vts-1
Text Box
Page 111


International Journal of Mathematics Trends and Technology (IJMTT) - Volume 65 Issue 4 - April 2019

Illustration 2: Duplication of any vertex of cycle Cs by a new vertex is
« - absolute mean graceful graph. It is clear that p =9 and ¢ = 10.

Theorem 2.7 : Duplication of any vertex in path P,, Vn € N is « - absolute
mean graceful graph.

Proof: Let G be a graph obtained by duplication of any vertex vy, (1 <
k< [g—‘) of path P, by vertex u such that V(G) = V(P,) U {u} and

B(G) = E(P,) U{vu or v,_qu}, if k=1orn
N E(P,) U{vk_qu, vgiiu}, otherwise.

So that p=n+1and ¢ =n or n+ 1. Define f: V(G) — {0, +£1, +2, ..., £q}
as follows:

( q, i=1

(=D | floiey) | =11, i=2,3,..., k+2
flv) = —f(vic1), i1=k+3

(=D f(uima) [ 2], i=k+4

(D)™ | flvi1) | =1, i=k+5, k+6,..., n.
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flu) = (=D | fopr) | =21, k=2, 3, ..., [ﬂ

It is clear that edge labeling function f* : E(G) — {1, 2, ..., ¢} defined

as f*(e) = P f) ; ) ’—‘ is bijective, for every edge e = (u,v) € E(G).

Therefore, GG is absolute mean graceful graph. It also satisfies a-labeling. So,
G is a - absolute mean graceful graph. O

Theorem 2.8 : Every swastik graph Sw,, Vn > 4 is a - absolute mean
graceful graph.

Proof: Let v;; (Vi=1,2,3,4; Vj=1,2, .. 4n) be vertices of i'" copy
of Cin. By combining vertices vy 4 and v 1; v24; and vsq; V34 and va; vV
and vy ; as four vertices, we can get the Swastik graph by bending and shaping.
It is clear that p = 16(n) — 4 and ¢ = 16(n).

Define f: V(Sw,) — {0, £1, £2, ..., +q} as follows:

( 4, i=1and j=1
—q, 1=1and j=2

(=1 f(vij-1) | —1], i=1and j=3,4,..,4n—1
-3, i1=1and j=4n

—(¢q—4n+3), i=2and j=2
(=1 | f(vij—1) | —1], i=2and j=3,4,..,4n—1
0, 1=2and j=4n

f(vig) =
S+4, i=3and j=2

—[fvij 1) +4], i=3 and j=3,5
| f(vij—1) | =6, i=3 and j=4,6
—[| flvuijo1)+1], i=3 and j=7
(=17 | f(vij—1) | =2], i=3 and j =8, 2n+5, 2n+7
(=[] f(vij1) | =11, i=3 and j =09, 10,..., 4n — 1;
#2245, 2n+7
\ (=2), i=3 and j=4n
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+6, i=4and j=2
—1], i=4and j=3,4,.., 4n— 1,
J#6,7, 8 2n+3, 2n+4
[ F(vij1) 4], i=4 and j=6
[ flvij1) + 1], i=4and j=T7
[| fvijo1)—2], i=4and j=38, 2n+3, 2n+ 4.

R

(—1)j[| f(vm—l)
f(vij) =

It is clear that induced edge labeling function f* : E(G) — {1,2,...,q}

defined as f*(e) = | f(u) ; f(v) |

E(G). Therefore, G is absolute mean graceful graph. It also satisfies « -
labeling. So, G is « - absolute mean graceful graph. OJ

is bijective, for every edge e = (u,v) €

Illustration 3: o - absolute mean graceful labeling in Swy. It is clear that
p = 60 and ¢ = 64.

45 Quummg 46 53 :_:__:__:I
62 61 60 59
4 ¢ ¢V 52 @ @63
L I B 51 ¢ @64
49 50 -51 _3 4 5 6 -7
-41 W ® -10
40 -39 3 O o 2120
369 @-22 -19¢ @ 12
409 @24 15¢ @-13
33 32 38 g

31 -30 29 .28 27
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