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Abstract

Optimization modeling and algorithms of dynamical systems using the classical integer order
system of differential equations is becoming an interesting research are now a days. However due
to the effective nature of fractional derivatives and integrals, several optimization models and other
models in science and engineering have successful being formulated and analyzed. Fractional order
derivatives has an important characteristics called memory effect and this special property do not
exist in the classical derivatives. These derivatives are non local opposed to the local behavior of
integer derivatives. It implies the next state of a fractional system depends not only upon its current
state but also upon all of its historical states. In this article we discuss the definition of Caputo
derivative and present the fractional-order EUWD model with interventions V and Q in the sense
of the Caputo derivative of order α ∈(0,1]. The analysis part then follows accordingly. The main
objective of this chapter is therefore to formulate an Optimization model using fractional order
derivatives which has an advantage over the classical integer order models discussed in the previous
literatures due to its memory effect property. We will consider qualitative stability analysis for the
model and finally perform numerical simulations.
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1 Introduction

Biometric provides automated method to identify a person based on physiological or behavioral charac-
teristics. The unique features measured are face, fingerprints, hand geometry, handwriting, iris, retina,
vein, and voice. Biometric technologies are playing vital role to provide highly secure identification and
personal verification methods. As the level of security breaches and transaction fraud increases, the
role of highly secure identification is becoming apparent. Every biometric method uses some aspect of
an individual’s physical or behavioral attributes as a means of authenticating the individual’s identi-
ty. Today the most pervasive biometric in use is fingerprint, a physical biometric. Fingerprints have
a unique pattern of ridges and furrows. One can find that the finger prints rarely use the full print
for identification. This pattern is stored in a database either in a remote computer or in the device
itself. When a person scans a print, this device compares the pattern generated by the print with one
in the database to make a positive identification. There are various phases of fingerprint identification
as image loading, image enhancement, normalization, thinning, minutia marking and minutia extrac-
tion. Fingerprint image quality is a vital issue to measure the performance of Fingerprint identification
system[1-5]. So quality assessment of fingerprint data leads to identify the fingerprints in a better way.
The main purpose of such procedure is to enhance the image by improving the clarity of ridge structure
or increasing the consistence of the ridge orientation. In noisy regions, it is difficult to define a common
orientation of the ridges. The process of enhancing the image before the feature extraction is also called
pre-processing. According to Hong, for identification purpose generally two methods are used. First is
normalization; this is a method to improve the image quality by eliminating noise and correcting the
deformations of the image intensity caused by non-uniform finger pressure during the image capture.
The idea of normalization consists of changing the intensity of each pixel. The normalization preserves
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the clarity and contrast of the ridges; however it is not able to connect broken ridges or improve the
separation of the parallel ridges. The second is transformation. In particular, for detection of high or
low frequencies. As the ridges have structure of repeated and parallel lines, it is possible to determine
the frequency and the ridge orientation using transformation. Thinning is to eliminate the redundant
pixels of ridges till the ridges are just one pixel wide. After the fingerprint ridge thinning, marking
minutia points is relatively easy. In general, for each 3x3 window, if the central pixel is 1 and has
exactly 3 one-value neighbors, then the central pixel is a ridge branch. If the central pixel is 1 and has
only 1 one-value neighbor,then the central pixel is a ridge ending[4-10].

2 Fractional-order model

In this section we discuss the definition of Caputo derivative and present the fractional-order SIRD
model with vaccination and quarantine interventions in the sense of the Caputo derivative of order α
∈(0,1] in the next section.

Definition 1.1 The fractional integral of order α > 0 of a function g:R+ → R is defined by:
Iαg(t) = 1

Γ(α)

∫ t
0
(t− x)α−1g(x) dx where Γ(.) is a gamma function.

Definition 1.2 The Caputo fractional derivative of order α > 0, n− 1<α< n, n∈N is defined as:

Dαg(t) = 1
Γ(n−α)

∫ t
0

g(x)(n)

(t−x)α+n−1 g(x) dx, where the function g(t) have absolutely continuous derivatives

up to order (n-1).

3 Mathematical model formulation and description

In this article we study the EUWD model using Caputo fractional derivatives. Hence, in our next new
mathematical model , the population is divided into four sub populations: the Expected ATM Users(S),
non ATM users(U), those withdraw(R), and Removed(D)because of different factors with intervention.
In this case, it is assumed that the removed and the newly ATM users occur with the same constant
rate µ and newly ATM users are exposed to our new security using fingerprint with the rate c ∈ [0,1]
when opening an account for the first time. The classical EUWD model with the intervention V and Q
is given below:

dE

dt
= (1− c)µN + γ1W −

β1(1− β)E(U)

N
− γE − µE (3.1)

dU

dt
=

β1(1− β)E(U)

N
− α1βU − α2(1− β)U − δ1U − δ2I − µU (3.2)

dW

dt
= α1βU + α2(1− β)U + γE − γ1W − µW (3.3)

dD

dt
= δ1U + δ2U + µS + µU + µW (3.4)

Now, by replacing integer-order derivatives of the above sytem with fractional derivatives of order
α ∈ [0, 1] in the sense of Caputo fractional derivatives. We consider the fractional-order SIRD model
with vaccination and quarantine as follow:

Dα
t E(t) = (1− c)µN + γ1W −

β1(1− β)E(U)

N
− γE − µE (3.5)

Dα
t U(t) =

β1(1− β)E(U)

N
− α1βU − α2(1− β)U − δ1U − δ2U − µU (3.6)

Dα
t W (t) = α1βU + α2(1− β)U + γE − γ1W − µW (3.7)

Dα
t D(t) = δ1U + δ2U + µE + µU + µW (3.8)

As the population is closed, D(t) = N(t)− E(t)− U(t)−W (t). Hence, we can consider the first three
equations of our system above.
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Dα
t E(t) = (1− c)µN + γ1W −

β1(1− β)E(U)

N
− γE − µE (3.9)

Dα
t U(t) =

β1(1− β)E(U)

N
− α1βU − α2(1− β)U − δ1U − δ2U − µU (3.10)

Dα
t W (t) = α1βU + α2(1− β)U + γE − γ1W − µW (3.11)

4 Basic properties

Since the model monitors changes in the human population ATM usage, all the variables and parameters
are assumed to be positive for all t≥0.
The model is therefore be analyzed in a suitable feasible region: D = {E(t), U(t),W (t), D(t) ∈ R4

+}
which is positively invariant for the system (3.9) to (3.8) above.

Proof. Assume that the initial conditions E(0)≥ 0, U(0)≥0, W (0)≥0 and D(0)≥0.
The second equation of our model can be written as:

Dα
t U(t) =

βα(1− qα)EU

N
− αα1 qαU − αα2 (1− qα)U − δα1 I − δα2 I (4.1)

Dα
t U(t) = [

βα(1− qα)E

N
− αα1 qα − αα2 (1− qα)− δα1 − δα2 ]U (4.2)

Rearranging we get:

Dα
t U(t)− [

βα(1− qα)E

N
− αα1 qα − αα2 (1− qα)− δα1 − δα2 ]U = 0 (4.3)

This is a linear first-order equation in I and its solution is:

U(t) = U(0)exp(
∫ t

0
−A(z) dz) where A(z) = βα(1−qα)S(z)

N − αα1 qα − αα2 (1− qα)− δα1 − δα2 which implies
U(t) ≥ 0 for all t ≥ 0.

To show the non -negativity of the remaining variables, consider the subsystem:

Dα
t E(t) = γαW − βα(1− qα)EU

N
− vαE (4.4)

Dα
t W (t) = αα1 qαU + αα2 (1− qα)U + vαE − γαW (4.5)

Dα
t D(t) = δα1 U + δα2 U (4.6)

which can be rewritten in a matrix form as:dY (t)
d(t) = MY (t) +H(t)

where

Y (t) =

 E(t)
W (t)
D(t)

 (4.7)

M =

 β(1−q)U
N − v γ 0

v −γ 0
0 0 0

 (4.8)

and

H(t) =

 0
α1qU + α2(1− q)U

δ1U + δ2U

 (4.9)

Clearly, M is a Metzler matrix in a view of already established non negativity of the parameter U. Thus,

the equation dY (t)
dt = MY (t) + B(t) is a monotone system. Hence, D = {E(t), U(t),W (t), D(t) ∈ R4

+}
is positively invariant for the system (3.9) to (3.8).
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5 Existence and stability of non ATM users free equilibrium
point

At the non ATM users free equilibrium state all our population use ATM . Thus, all the non ATM
users classes will be zero and the entire population will comprise of ATM users. A non ATM users free
equilibrium state of the model above is given by E0=(E∗, U∗, W ∗).
Equating the model to zero and solving we get:

E0=(E∗, U∗, W ∗)=( (γ1+µ)(1−c)bN
(γ+µ)(γ1+µ)−γ1γ , 0, (1−c)γbN

(γ+µ)(γ1+µ)−γ1γ ).

Theorem 5.1. If:

R0 =
β1(1− β)E∗

0

k1N
< 1, (5.1)

then the non ATM users free equilibrium of our system is locally asymptotically stable.
where k1 = α1β + α2(1− β) + γ1 + γ2 + µ

and E∗
0 = (γ1+µ)(1−c)bN

(γ+µ)(γ1+µ)−γ1γ

Proof. According to Theorem 4.1, to prove the stability of the non ATM users free equilibrium , it is
suffice to show that all eigenvalues of Jacobian matrix of our system evaluated at the non ATM users
free equilibrium have negative real parts. This Jacobian matrix is derived as follow: As our population
is closed, let X = (U,W )T then dX

dt = f(x)− v(x) where:

f(x) =

(
β1(1−β)EU

N
0

)
(5.2)

and

v(x) =

(
α1βU + α2(1− β)U + δ1U + δ2U + µU
γ1W + µW − α1βU − α2(1− β)U − γE

)
(5.3)

The Jacobian matrices of f(x) and v(x) evaluated at the non ATM users free equilibrium, E0 are:

Df(E0) = F =

(
β1(1−β)E∗

0

N 0
0 0

)
(5.4)

and

Dv(E0) = V =

(
α1β + α2(1− β) + δ1 + δ2 + µ 0

−α1β − α2(1− β) γ1 + µ

)
(5.5)

where E∗
0 = (γ1+µ)(1−c)bN

(γ+µ)(γ1+µ)−γ1γ .

The Jacobian matrix is therefore given by :

F − V =

(
β1(1−β)E∗

0

N − k1 0
k2 −γ1 − µ

)
(5.6)

The eigenvalues of this matrix are as follows:
λ1 = −(γ1 + µ)

λ2 = (k1 − β1(1−β)E∗
0

N ) < 0 for W0 < 1.
where:
k1 = α1β + α2(1− β) + δ1 + δ2 + µ
k2 = −(α1β − α2(1− β))

6 Existence and stability of non ATM users(endemic) equilib-
rium point

Existence and stability of non ATM users(endemic) equilibrium point This equilibrium points are char-
acterized by the existence of non ATM users in the population and is given by:
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E1=(E∗, U∗,W ∗)

=( k1N
β1(1−β) ,( γ1N(γ1+µ)

k3γ1N−β1(γ−1+µ)(1−β)E∗ )( −γ
γ+µ −

γ+µ
γ1

)E∗ − (1−c)bN
γ1

),(γβ1k1+k3(1−c)bN−k3(γ+µ)
(α1+µ)(β1+k1)−γ1K3

)E∗)where

E∗ = k1N
β1(1−β)

k1 = α1β + α2(1− β) + γ1 + γ2 + µ
k3 = α1β + α2(1− β)
By a similar technique it is not difficult to show the existence of the non ATM users(endemic) equi-
librium and by evaluating the jacobian matrices at the equilibrium it can be easily shown (similar to
the method for local stability of non ATM users free equilibrium) that the characteristics roots of the
matrix have negative real parts. Therefore, we say the equilibrium is locally asymptotically stable.

Figure 1.1 Numerical solution of the model.

7 Conclusion

This article considers the extension and analysis of the classical EUWD model to study the dynamics
of ATM frauds in banking industry. Due to the extensive applications of fractional ordinary differential
equations in in real world problems, research in this area has grown significantly all around the world. In
this study the dynamics of the ATM frauds in the banking industry is discussed and analyzed intensively.
For our fractional-order model the basic reproduction number, R0 is determined and proved that if R0

<1, the non ATM users free equilibrium is locally asymptotically stable. Finally simulation is done.
From our result it is seen that the number of cases in ATM fraud is booming from time to time and
hence a great loss in banking industry. In overall the we claim that as the ATM frauds are becoming a
challenging problem all over the world, studying the dynamics of it is really crucial and we recommend
the application of different interventions strategy to overcome this problem as per our study.
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