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ABSTRACT: 

The binary quadratic Diophantine equation represented  by the  negative pellian  is 

analyzed for its non-zero distinct  solutions. A few interesting relations among the solutions  are given. Further, 

employing the solutions of the above hyperbola, we have obtained solutions of other choices of hyperbolas, 

parabolas. 
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I. INTRODUCTION 

The binary quadratic  equations of the form 122  Dxy   where D is non-square positive integer has been 

selected by various mathematicians for its non-trivial integer solutions when D takes different integral values[1-

4].For an extensive review of various problems, one may refer[5-10]. In this communication, yet another 

interesting equation given by 4530 22  xy is considered and infinitely many integer solutions are obtained. 

A few interesting properties among the solutions are presented. 

II. METHOD OF ANALYSIS 

The negative Pell equation representing hyperbola under consideration is 

   4530 22  xy                    (1)  

whose smallest positive integer solution is 

   15,3 00  yx . 

To obtain the other solutions of (1), consider the Pell equation 

   130 22  xy                                                                                                       (2) 

whose initial solution is given by 

   11~,2~  nn yx  

The general solution  nn yx ~,~
of  (2) is given by, 

nnnn fygx
11

1~,
302

1~   
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where, 

    11

3021130211



nn

nf  

     ......2,1,0,1,3021130211
11




ng
nn

n
 

Applying Brahmagupta lemma between  00 , yx  and  nn yx ~,~
,the other integer solutions of (1) are given by 

 nnn gfx
302

1

2

1
1   

 nnn gfy 301   

The recurrence relations satisfied by x and y are given by 

 022 123   nnn xxx  

 022 123   nnn yyy  

Some numerical examples of x and y satisfying (1) are given in the Table: 1 below: 

Table:1 Numerical examples 

n  
1nx  1ny  

-1 1 2 

0 3 15 

1 63 345 

2 1383 7575 

3 30363 166305 

4 666603 3651135 

 

From the above table, we observe some interesting relations among the solutions which are presented below: 

1. 1nx  is always odd, 1ny is always odd. 

2.Relations among the solutions 

 22 0312   nnn xxx  

 0112 121   nnn xxy  

 0112 122   nnn xxy  
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 0112412 123   nnn xxy   

 044241 133   nnn yxx  

 0145202399 311   nnn yxy  

 0120 211   nnn yyx  

 01124160 321   nnn yyx  

 02411128980 321   nnn yyx  

 0224111 123   nnn yxx  

 0211 232   nnn yxx  

 0211 323   nnn yxx  

 0112 121   nnn xxy  

 01160 122   nnn yyx  

 011132011 321   nnn yxy  

 06011 322   nnn yxy  

 0224111 133   nnn yxx  

 02416011 231   nnn yxy  

 02411320 313   nnn yyx  

 011112 322   nnn xxy  

3. Each of the following expressions represents a nasty number 

  126138
3

1
3222   nn xx  

  1263030
66

1
4222   nn xx  

  12636
3

2
2212   nn yx  

  129011340
495

2
3222   nn yx  
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  12616596
723

2
4222   nn yx  

  12207045450
90

2
4232   nn xx  

   2345906
495

2
2232   nn yx  

   234518906
45

2
4242   nn yx  

   2345414906
495

2
4232   nn yx  

   27575906
10845

2
2242   nn yx  

   2757518906
495

2
3242   nn yx  

   2757541490
45

2
4242   nn yx  

   29018906
2700

2
3222   nn yy  

   290414906
59400

2
4222   nn yy  

   21890414906
2700

2
4232   nn yy  

4. Each of the following expressions represents a cubical integer 

  214333 36923
3

1
  nnnn xxxx  

  315333 31515505
66

1
  nnnn xxxx  

  113333 3186
3

2
  nnnn yxyx  

  214333 455670151890
495

2
  nnnn yxyx  

  315333 382982766
723

2
  nnnn yxyx  
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  315343 1035227253457575
90

2
  nnnn xxxx  

  123343 103527034590
495

2
  nnnn yxyx  

  224343 103556703451890
45

2
  nnnn yxyx  

  325343 103512447034541490
495

2
  nnnn yxyx  

  133353 22725270757590
10845

2
  nnnn yxyx  

  234353 227253567075751890
495

2
  nnnn yxyx  

  335353 22725124470757541490
45

2
  nnnn yxyx  

  214333 2705670901890
2700

2
  nnnn yyyy  

  315333 2701244709041490
59400

2
  nnnn yyyy  

  325343 5670124470189041490
2700

2
  nnnn yyyy  

5. Each of the following expressions represents a bi-quadratic integer 

  1849223
3

1
32225444   nnnn xxxx  

  39642020505
66

1
42226444   nnnn xxxx  

  184246
3

2
22224444   nnnn yxyx  

  2970607560151890
495

2
32225444   nnnn yxyx  

  4338410642766
723

2
42226444   nnnn yxyx  

  5401380303003457575
90

2
42326454   nnnn xxyx  
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  2970138036034520
495

2
22324454   nnnn yxyx  

  2970138075603451890
45

2
335454   nnnn yxyx  

  2970138016596034541490
495

2
42326454   nnnn yxyx  

  6507030300360757590
10845

2
22424464   nnnn yxyx  

  297030300756075751890
495

2
32425464   nnnn yxyx  

  297030300165960757541490
45

2
42426464   nnnn yxyx  

  162003607560901890
2700

2
32325444   nnnn yyyy  

  3564003601659609041490
59400

2
42226444   nnnn yyyy  

  162007560165960189041490
2700

2
42326454   nnnn yyyy  

6. Each of the following expressions represents a quintic integer 

 

  2143336555 20460511523
3

1
  nnnnnn xxxxxx  

  3153437555 201010052525505
66

1
  nnnnnn xxxxxx  

  1153337555 201205306
3

2
  nnnnnn yxyxyx  

  1143336555 30037800759450151890
495

2
  nnnnnn yxyxyx  

  2155337555 20553205138302766
723

2
  nnnnnn yxyxyx  

  3153437565 69001515001725378753457575
90

2
  nnnnnn yxxxyx  

  2253435565 69001800172549034590
495

2
  nnnnnn yxyxyx  
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  2243436565 345037800172594503451890
45

2
  nnnnnn yxyxyx  

  3253437565 6900829800172520745034541490
495

2
  nnnnnn yxyxyx

 

  1333535575 15150018003787540757590
10845

2
  nnnnnn yxyxyx  

  2343537575 11754903780037875945075751890
495

2
  nnnnnn yxyxyx

 

  3353537575 15150082980037875207450757541490
45

2
  nnnnnn yxyxyx

 

  2143336555 1800378004509450901890
2700

2
  nnnnnn yyyyyy  

  3133537535 18008298002074504509041490
59400

2
  nnnnnn yyyyyy

 

  3243537565 378008298009450207450189041490
2700

2
  nnnnnn yyyyyy

 

REMARKABLE OBSERVATIONS: 

1. Employing linear combinations among the solutions of (1),one may generate integer solutions for other 

choices of hyperbola which are presented in the Table: 2 below: 

 

Table: 2 Hyperbolas 

S. No 

Hyperbola  YX ,  

1 18056 22  YX   1221 21,23   nnnn xxxx  

2 8712056 22  YX   3131 461,505   nnnn xxxx  

3 4556 22  YX   1111 5,6   nnnn yxyx  

4 490050560 22  YX   1221 3453,151890   nnnn xyyx  

5 104545802024 22  YX   1331 2525,2766   nnnn xyyx  
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6 16200260 22  YX   3232 631383,3457575   nnnn xxxx  

7 245025260 22  YX   2112 1563,34590   nnnn xyyx  

8 4050260 22  YX   2212 34563,3451890   nnnn xyyx  

9 490050260 22  YX   2332 757563,34541490   nnnn xyyx  

10 235228050260 22  YX   3113 15383,757590   nnnn xyyx  

11 490050260 22  YX   3223 3451383,75751890   nnnn xyyx  

12 4050260 22  YX   3333 75751383,757541490   nnnn xyyx  

13 14580000260 22  YX   2112 15345,189090   nnnn yyyy  

14 7056720000260 22  YX   3113 157575,4149090   nnnn yyyy  

15 14580000260 22  YX   3223 3457575,414901890   nnnn yyyy  

 

2.  Employing linear combinations among the solutions of (1),one may generate integer solutions for other 

choices of parabola which are presented in the Table: 3 below: 

 

Table: 3 Parabolas 

S. No 

Parabola  YX ,  

1 3052 2  XY   123222 21,23   nnnn xxxx  

2 145202110 2  XY   333212 461,505   nnnn xxxx  

3 30810 2  XY   111212 5,6   nnnn yxyx  

4 32670866 2  XY   122212 3453,151890   nnnn xyyx  

5 2613645123615 2  XY   133212 2525,2766   nnnn xyyx  

6 81006090 2  XY   323222 631383,3457575   nnnn xxxx  

7 490050120990 2  XY   211222 1563,34590   nnnn xyyx  

8 20256045 2  XY   222212 34563,34541490   nnnn xyyx  
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9 9801024198 2  XY   233212 757563,34541490   nnnn xyyx  

10 1176140256010845 2  XY
 

 312232 151383,757590   nnnn xyyx  

11 9801024198 2  XY   322232 3451383,75751890   nnnn xyyx  

12 8102418 2  XY   333232 75751383,757541490   nnnn xyyx  

13 2916000241080 2  XY   323242 793001,10894925   nnnn yyyy  

14 1413440002423760 2  XY
 

 313212 157575,9041490   nnnn yyyy  

15 2916000241080 2  XY   323222 3457575,189041490   nnnn yyyy  

 

III. CONCLUSION 

 In this paper, we have presented infinitely many integer solutions for the  negative Pell Equation

4530 22  xy .As the binary quadratic Diophantine equations  are rich in variety, one may search for the 

other choices of  Pell Equations and determine their integer solutions along with suitable properties. 
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