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I. INTRODUCTION

Most of our real live problems in engineering, social and medical science, environment, economics, etc. have
uncertainties. Several set theories have been given in order to mathematically model these uncertainties. Soft
sets, fuzzy soft sets and generalized fuzzy soft sets are leading two of these theories.

In recent times, the process of fuzzification of soft set theory is rapidly progressed. In 2010, Majumdar and
Samanta [12] introduced the generalized fuzzy soft set. In 2015, Chakraborty and Mukherjee [14] defined the
topological structure of generalized fuzzy soft sets. To improve this concept many researchers studied on this
field.

The concept of separation axioms is one of the most important concepts in topological spaces. In fuzzy soft
topological space has been studied by Mahanta and Das [8], and Khedr et al. [6]. Some others ([7], [9])
studied some separation axioms of intuitionistic fuzzy soft separation axioms and established several equivalent
forms of fuzzy soft spaces. Khedr et al. [2] mentioned separation axioms in generalized fuzzy soft topological
spaces. They [3] introduced separation axioms in generalized fuzzy soft topological spaces by using generalized
fuzzy soft quasi-coincident relation and generalized fuzzy soft Q —neighborhood system.

In our present article, we introduced new separation axioms, which are more general than separation axioms of
Khedr et al. [2,3], by the sense of Ganguly and Saha [15] in generalized fuzzy soft topological spaces. By using
this notions, we also give some basic theorems which are important for separation axioms and taking place in
classical topological spaces.

1. PRELIMINARIES

In this section, we will give some fundamental definitions and theorems about generalized fuzzy soft sets
which will be needed in the sequel.

Definition 2.1. [10] Let X be a non-empty set. A fuzzy set A in X is defined by a membership function
Uy X _>[0,1] whose value ,uA(X) represents the "grade of membership” of Xin A for X € X . The set
of all fuzzy sets in a set X is denoted by 1*, where | is the closed unit interval [0.1].

Definition 2.2. [1] Let X be an initial universe set and E be a set of parameters. Let P(X) denotes the power
set of X and A E. A pair (f,A) is called a soft set over X if f is a mapping from A into P(X) i.e.,
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f : A— P(X) In other words, a soft set is a parameterized family of subsets of the set X . For e € A,
f (e) may be considered as the set of e —approximate elements of the soft set (f, A).

Definition 2.3. [11, 16] Let X be an initial universe set and E be a set of parameters. Let Ac E . A fuzzy
soft set f, over X is a mapping from E to I*, i, f,:E — 1%, where f,(€)#0, ifee ACE,
and f,(e)=0, if e¢ A, where O, denoted empty fuzzy setin X .

Definition 2.4. [12] Let X be a universal set of elements and E be a universal set of parameters for X . Let
F:E— 1" and u beafuzzy subset of E,ie, g:E—1. Let F, be the mapping F,: E — 1% x|
defined as follows:

_ X - .
F,(€)=(F(e),u(e)), where F(e)el”and u(e) el . Then F, is called a generalized fuzzy soft set

(GFSS in short) over (X,E). The family of all these generalized fuzzy soft sets over (X, E) denoted by
GFSS(X,E).

Definition 2.5. [12] Let F, and G, be two GFSSs over (X,E). F, is said to be a GFS subset of G;
denoted by F, C G; if
(i) u isafuzzysubset of & (ii) F(€) isalsoa fuzzy subset of G(e) Vee E.

Definition 2.6. [12] Let F, bea GFSS over (X, E) . The complement of F, . denoted by F;, is defined by
F, =G,, where 5(e)=x°(e) and G(e)=F°(e), Ve € E. Obviously (F;)° =F,.

Definition 2.7. [14] Let F, and G, be two GFSSs over (X,E). The union of F, and G, denoted by

F, OG,, is The GFSS H,, defined as H, :E — 1 x 1 such that H (€)= (H(e),v(e)) , where
H(e)=F(e) v G(e) and v(e) = u(e) v o(e) Vee E.

Definition 2.8. [14] Let F, and G be two GFSSs over (X, E) . The Intersection of F, and G, denoted by

F, NG, , is the GFSS M _, defined as M_:E — 1" x 1 such that M_(e) = (M (e),v(e)) , where
M(e)=F(e) AG(e) and o(e) = u(e) Ao(e) VeeE.

Definition 2.9. [12] A GFSS is said to be a generalized null fuzzy soft set, denoted by 69, if
69:E—>IX x| such that 59(e)=(5(e),6?(e)) where 6(e)=6 and O(e)=0 VeeE (Where
0(x) =0 ¥x e X).

Definition 2.10. [12] A GFSS s said to be a generalized absolute fuzzy soft set, denoted by L , if
EI; "E— 1" x1, where TA(G) = (I(e),A(e)) is defined by I(e) =1 and A(e)=1 Ve e E (Where
1(x) =1Vx e X).
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Definition 2.11. [5] Let GFSS(X,E,) and GFSS(Y,E,) be the families of all generalized fuzzy soft sets
over (X,E;) and (Y,E,), respectively. Let u:X —Y and p:E — E, be two functions. Then a
mapping f,, 1 GFSS(X,E,) — GFSS(Y, E,) is defined as follows: for a generalized fuzzy soft set

F,eGFSS(X,E)), ve'e p(E)c E,and y €Y . Then
Fun(F @M =V, i) Veor ey FOOV sy 18I U(y) % p7(E) # 4

=(0,0) otherwise.
f,, is called a generalized fuzzy soft mapping [GFS mapping for short Jand f, (F,) is called aGFS

image ofa GFSS F, .

Definition 2.12. [5] Let Uu:X->Y and p:E —E, be mappings. Let
fup 1 GFSS(X, E) - GFSS(Y, E,) bea GFS mappingand G; € GFSS(Y, E,).
Then, f,'(G;) e GFSS(X,E,) defined as follows:
fop (G,)@)(X) = (G(P(@)(U(X),5(p(e)) for ecE,xe X
f.o (G,) iscalleda GFS inverse image of G, .
If U and p are injective then the generalized fuzzy soft mapping fup is said to be generalized fuzzy soft
injective (GFS injective for short). If U and P are surjective then the generalized fuzzy soft mapping fup is

said to be generalized fuzzy soft surjective (GFS surjective for short). The generalized fuzzy soft mapping
fup is called generalized fuzzy soft constant (GFS constant for short), if U and p are constant.

Proposition 2.13. [5] Let F,,H, € GFSS(X,E)and G4, M € GFSS(Y,E,) For the generalized fuzzy
soft mapping f,, : GFSS(X,E;) — GFSS(Y,E,), the following statements hold:
W IfF,cH, then f (F,)c f (H)VF, H, eGFSS(X,E),

@ 1f G, S M, then f'(G;) S f (M, )VG,;,M,_ e GFSS(Y,E,).

Definition 2.14. [4] The generalized fuzzy soft set F, € GFSS(X,E) is called a generalized fuzzy soft point

(GFS point in short) if there exist € € E and X € X such that

(i) FEe)(X)=a(0<a<land F(e)(y)=0foral ye X —{x},

(i) u(e)=A(0<A<2)and u(e")=0for all &' € E—{e}. We denote this generalized fuzzy soft point
F,u = (Xaﬂei) '

(x,e) and (cr, A) are called respectively, the support and the value of X, €, . The class of all GFS points in
(X,E), denoted by GFSP(X,E). Two GFS points (X,,€;) and (Y,,€)) are said to be distinct if

exe.

Definition 2.15. [4] Let F, be a GFSS over (X,E). We say that (X,,€,) € F, read as (X,,€;) belongs
tothe GFSS F, if for the element € € E,ax < F(€)(X)and A < u(e).
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Evidently, every GFSS F, can be expressed as the union of all the GFS points which belong to F,.

Definition 2.16. [13] For any two GFSSs F, and G; over (X,E). F, is said to be a generalized fuzzy
soft quasi —coincident [GFS quasi —coincident in short ] with G, denoted by FyqG[g, if there exist e € E
and X € X suchthat F(e)(x)+G(e)(x) =1 and u(x)+o(e)>=1.

If F, is not [GFS quasi — coincident with G, then we write FﬂaGg, i.e, for every ec E and
xe X, F(e)(X)+G(e)(X) <1 orforevery ec E and xe X, u(X)+5(e) <1.

Definition 2.17. [13] Let (X,,€,) be a GFS point and F, be a GFSS over (X,E). (X,,€,) is said to be
[GFS quasi—coincident with F,, denoted by (X,,€,)qF,, if and only if there exists an element € € E
such that ¢ + F(€)(x) =1 and A+ u(e)>1.

Theorem 2.18. [13] Let F,,G,; € GFSS(X,E) and (X,,€,) € GFSP(X, E). Then:
(1) F,0G, = F, £G;,

() F,qG, = F, MG, #0,,

@ F,qF¢,

(3) (Xa’eﬂ,)aF,u = (Xa’e/l) é F; .

Proposition 2.19. [3] Let F,,G,;,H, € GFSS(X,E) and (X,,€,),(Y,.€,) € GFSP(X,E). Then:

(1) F,0G; < G,qF,,

(2) F, "G, =0,=F,qG,,

®) F,0G,.H, £G, = F,qH,,

(4) F,0G; <> there exists an (X,,€,) € F, such that (X,,€,)qG;

(5) F, EG; = [(x,.€,)dF, = (X,.€,)dG,]or [(X,.€,)dG; = (X,.,)qF, .

® (X,.6,)d(y;€), < (x=y,e#€) o (x=ye=€ but a+B<l or A+y<l) or
(x=y,eze,a+p>) o (x2ye=e,1+y>1,

(9) X yor e =€ = (X,,6,)d(Y;.€), Ve, B A,y € land Ve,e' €E.

Definition 2.20. [14] Let T be a collection of generalized fuzzy soft sets over (X,E). Then T is said to be a
generalized fuzzy soft topology (GFST in short) over (X, E) if the following conditions are satisfied:

(i) 69 and L arein T,

(ii) Arbitrary GFS unions of members of T belongto T,

(iii) Finite GFS intersections of members of T belongto T .
The triple (X,T,E) is called a generalized fuzzy soft topological space ( GFST —space, in short) over

(X,E). The members of T are called generalized fuzzy soft open sets [ GFS open in short] in (X,T,E).
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Definition 221. [5] Let (X,T,E) be a GFST —space. A GFSS F, in GFSS(X,E) is called
generalized fuzzy soft Q — neighborhood ( briefly, GFSQ —nbd) of H  [resp. (X,,€,) ] if there exists
G; €T suchthat H,0G, and G, C F, [resp.(X,,€,)dG,and G5 C F, 1.

The family of all GFSQ —nbds of H, [resp. (X,,€;)], denoted by N,(H,) [resp. N, (X,,€;)1.

Definition 2.22. [14,4] Let (X,T,E) be a GFST —space. A GFSS F, in GFSS(X,E) is called
generalized fuzzy soft neighborhood ( briefly, GFS —nbd) of H, [resp. (X,,€,)] if there exists G5 €T
suchthat H, £ G, C F, [resp.(X,.€,) S G, S F,1.

The family of all GFS —nbds of H, [resp. (X,,€,)], denoted by N(H,) [resp. N(x,,€e,) 1.

Theorem 2.23. [5] Let F, e GFSS(X,E) and (x,,€,) € GFSP(X,E). Then (X,,&,) € cl(F,) ifand
only if each open GFSQ —nbd of (X,,€;) is GFS quasi—coincident with F,.

Definiton 2.24. [5] Let (X,T,E) and (Y,T,,E,) be two GFST — space, and
fup 1 (X, T, E) = (Y, T,, E,) be @ GFS mapping. Then f, is called generalized fuzzy soft continuous

[GFS —continuous for short] if f;'(G,) €T, forall G, €T, .

Theorem 2.25. [5] Let (X,T,E,) and (Y,T,,E,) be two GFST — spaces. For a GFS mapping
fup 1 (X, T, E) — (Y, T,, E,) , the following statements are equivalent:

(1) f,, is GFS —continuous,

(2) for GFSS F,, in GFSS(X, E), the inverse image of every GFS —nbd of f, (F,) isa GFS —nbd of
F,.

(3) for each GFSS F, in GFSS(X,E) and each GFS — nbd M, of f (F,), there is a GFS — nbd
H, of F, suchthat f, (H,)SM,.

I11. GENERALIZED FUZZY SOFT QUASI SEPARATION AXIOMS
Definition 3.1 [2] . A GFST — space (X,T,E) is said to be:
(1) generalized fuzzy soft T, —space (GFST, —space for short) if for every pair of distinct GFS points
(X,,€,):(Y;,€)) thereexistsa GFS open set containing one of the points but not the other,
(2) generalized fuzzy soft T, —space (GFST, —space for short) if for every pair of distinct GFS points
(X,:€,),(Y,4.€)) there exists a GFS open sets F, and G, such that (x,,e,) €F,, (y,.€)) ¢ F, and
(¥,.€) €G;, (x,.8,) €G,,
(3) generalized fuzzy soft T, —space (GFST, —space for short) if for every pair of distinct GFS points
(%,:€,),(Y4.€)) there exists disjoint GFS open sets F, and G; such that (x,,e;)€F, and
(V5.€)) €G;,
(4) generalized fuzzy soft regular space GFS regular space for short) if for every GFS closed set H, and

and every GFS point (X,,€,) such that (X,,e,) "H, there exist disjoint GFS open sets F, and G;
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such that (x,,e,) €F, ard H, 2 G;. (X,T,E) is called a generalized fuzzy soft GFST, — space
(GFST, — space for short) if itis GFS regular and GFST, — space,

(5) generalized fuzzy soft normal space (GFS normal space for short) if for every disjoint GFS closed sets
H, . K, there exist disjoint GFS open sets M, and N, such that H, c M, K, c N,. (X,T,E)is
called a generalized fuzzy soft GFST, —space ( GFST, — space for short) if it is GFS normal and
GFST, —space.

Definition 3.2 [3] . A GFST —space (X,T,E) is said to be:

(1) generalized fuzzy soft quasi T,— space ( GFSQ-—T,— space for short) if for every

(X,:€,),(Y;,€,) € GFSP(X, E) with (xa,el)a(yﬁ,e;) implies there exist O, ., € N,(X,.€,)

(Xq 182

— ' ) ~ ’ -
suchthat O, . ,d(Y,,€]) or there exist O(y,],e;) € N, (Y;,€)) such that O(yﬁ'e,y)q(xa,eﬂ),

(2) generalized fuzzy soft quasi T, — space ( GFSQ-—T,— space for short) if for every

(X,,€,),(¥,;.€,) € GFSP(X,E) with (X,,€,)d(y,,€.) implies there exist O, , , € N,(X,,€,) such

Xo vel)

that O, . ,d(Y,,€]) and there exist O € N,(Y,.€)) such that O(yﬁ‘e;)q(xa,el),

(ys.8))

(3) generalized fuzzy soft quasi T,— space ( GFSQ-—T,— space for short) if for every
(X,,8,):(Y;,€,) € GFSP(X,E) with (xa,ei)a(yﬁ,e;) implies there exist O,
@)

= N, (x,.€;) and

X 1€;)

¢) € N,(y,;.€)) suchthat O, ,,00

(Yg, (yp.€))"

(4) generalized fuzzy soft quasi T, — space ( GFSQ—T, — space for short) if GFSQ regular and
GFSQ —T, —space,

(5) generalized fuzzy soft quasi T, — space ( GFSQ—T, — space for short) if GFSQ normal and
GFSQ —T, —space.

Definition 3.3. Let (X,T,E) be a GFST —space and (X,,€,),(Y;,€,) € GFSP(X,E) . If there exist
GFS open sets F, and G, such that

@ Whene=e" or x=Yy, F,eN(x,.e,), Fﬂa(yﬁ,e;) or G; e N(y,,€) , Gga(xa,el).

() When e =¢', X=y and a < 8,4 <y (say), F, e N,(y,,€)) such that (Xa:eg)aF,,-

Then (X, T,E) is called a generalized fuzzy soft q — T, —space (GFS q —T, — space for short).

Theorem 3.4. Let (X,T,E) be a GFST — space and (X, T,E) GFS q—-T,. Then (X,T,E) is
GFST,.

Proof. Let (X,T,E) be a GFST — space and (X,T,E) GFS q—T,. Suppose that (X,T,E) is not
GFST, . Then there exist distinct GFS points (X,,€;),(Y,,€;) such that for every GFS open set G,
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which is containing (X,,,€;),(Y,,€,) is GFS subset G;. Since (X,,€;) and (y,,€)) disjoint GFS sets
and  (X,.8;,) €(X,.€,)SG; | (¥s.€) E (¥s.€) cGs; . GyeN(x,e) and

B=<GE)(Y),y <5(€). Now,
Case I. When fS>0.57>05, then G(e')Yy)+L>1, 6(€)+y>=1. Therefore, we have

G,q(Y,,€)). Thisis contradiction.
Case Il. When 3 <0.5,7 <0.5, if we choose 8 >1— 3,9 =1—y,then G; U (Y,,€}) € N(X,,€,)

and G(€')(Y) v Y, (y)+ =1, 5(€)ve,(y)+y =1. Therefore, we have [G; O (Yo, €5)1a(y,.€)).
This is contradiction.

Theorem 3.5. (X,T,E) GFST —space is GFS q—T, if and only if for every pair of distinct GFS
points (X,,€;) and (Y,,€)), (X,.€;) €Cl(y,.€) or (y,.€) Zcl(x,.e,).
Proof. Let (X, T,E) be GFS, (x,,€,) and (Y,,€,) be two distinct GFS points in GFSP(X,E).

Case I. When e #€" or X# Y, (X,,€;)has a GFS —nbd F such that Fﬂa(yﬂ,e;) or (¥,.,€)) has a
GFS —nbd G, such that G5a(xa,eﬂ). Suppose (X,,€;) has a GFS —nbd F, such that Fﬂa(yﬂ,e;).
Then F, isa GFS —nbd of (X,,€,) and Fﬂa(yﬂ,e;). Hence (X,,€,) & cl(y,.€).

Case Il. When e=¢€" and X=Y and ¢ < 8,4 <y (say), then (Y,,€) has a GFSQ —nbd which is
not GFS quasi —coincident with (X, ,€;)and so in this case also (Y ,,€)) gcl(x,.e,).

Conversely, let (X,,,&;) and (Y,€}) be two distinct GFS points in GFSP(X, E) . We suppose without
loss of generality, that (X,e,) & cl(y,,€,). When e=¢€ or X= Y, since (X,,€;) ¢ cl(y,,€,) for all
O0<a,A1<1, (y;€)=(0,0) and hence (cl(y,.€))°(€)(X)=(L1) . Then (cl(y,.€)))° is a
GFS —nbd of (X,,€,) such that (cl(yﬂ,e;))Ca(yﬁ,e;) . Also, incase € =€’ and X =Y we must have
a=f, A=y andthen (X,,€,;) hasa GFSQ —nbd which isnot GFS quasi —coincident with (Y ,,€)).

Definition 3.6. Let (X,T,E) be a GFST —space and (X,,€,),(Y;,€,) € GFSP(X,E) . If there exist
GFS open sets F, and G, such that

(@)When e =€ or x=y, F, eN(x,.e,), F,a(y;.€)and G; € N(y,,€) , G,q(X,.€,).

() When e =¢', X=y and a < 8,4 <y (say), F, e N,(y,,€)) such that (Xa,el)aFﬂ.

Then (X, T,E) is called a generalized fuzzy soft q —T, —space (GFS g —T, — space for short).

Theorem 3.7. Let (X,T,E) be a GFST — space and (X,T,E) GFS q-T,. Then (X,T,E) is

GFST,.
Proof. The proof is similar with the proof of Theorem 3.4.

Theorem 3.8. (X,T,E) is GFS q—T,. if and only if each (X,,e,) € GFSP(X,E) is a GFS closed
set.
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Proof. Suppose that for each (X,,,e,) € GFSP(X,E) isa GFS closed set. Then (X,,€,) isa GFS open
set. Let (X,,€,),(Y,;.€,) € GFSP(X,E).

Case . When e=¢€' or x =y, for (X,,e,) e GFSP(X,E), (X,,€e,)° isa GFS open set such that
(X,.€,)° € N(y,,€) and (X,,€,)d(X,.e,)°.

Similarly (y,,€,)° isa GFS open set such that (Y ,,€)" € N(X,,€,) and (yﬁ,e;)a(yﬂ,e;)°.

Case Il. When e=¢', X=Y and a < §,A <y (say), then (Yy,,€,) has a GFSQ—nbd (x,,€,)°
which isnot GFS quasi —coincident with (X,,€,). Thus (X,T,E) isa GFS q—T, .space.

Conversely, let (X,T,E) bea GFS q—T,. space. Suppose that each GFS point (X,,€,) isnot GFS
closed set in T . Then (x,,e,)#cl(X,,e;) and there exist (y,e&)ecl(x,,e;) such that
(%,.€8,) # (¥5.€)) .

Case |. When e =€’ or X# Y. Suppose that /3,y <0.5 . Since (Y,,€,) € cl(x,,e,), by theorem 2.23
for each F,eN,(y;€) , Fa(x,,e,) Then there exist GFS open set H, such
that (y,,€,)qH, , H, c F,. Hence H(E)(Y)+B>1, v(€)+y>1and H(e)Y)-1-8,
v(Ee)>-1-y.
since (Y;.€) (Y48 ,)CH, CF, . we hae GFSQ— nbd F, of (y,,€)) such that
F,d(x,,€,) . Thisis contradiction. If 3,y 0.5, we choose 1— /3, 1—y the proof can be done as above.

Case I When e=¢', Xx=Y and a < 8,1 <y (say), Since (Y,,€) € cl(x,,€,), by theorem 2.23 for

each F,eN,(y,.€), Fa(x,,e,). Thisis contradiction.

Definition 3.9. Let (X,T,E) be a GFST —space and (X,,€,),(Y;,€,) € GFSP(X,E). If there exist
GFS open sets Fy and G; such that

@Whene=e or X2y, F, eN(x,,e,), G;eN(y,€)) suchthat F#aGd.
() When e =¢', X=y and a < 8,4 <y (say), F, e N(y;,€)),G; e N,(y,,€,) suchthat FﬂaGd.
Then (X, T,E) is called a generalized fuzzy soft g — T, —space (GFS q —T, —space for short).

Theorem 3.10. Let (X,T,E) be a GFST — space and (X,T,E) GFS q—-T,. Then (X,T,E) is
GFST,.

Proof. The proof is similar with the proof of Theorem 3.4.

Remark 3.11. From definitions one deduce the following implications hold:

GFS q-T, = GFSq-T,= GFS q-T,
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Theorem3.12. (X,T,E) bea q—T, ifand onlyif for every (x,,€,) = {cl(F,): F, e N(x,,€,)}
Proof. Let (X,T,E) bea GFS q—T, —space. (X,,€,) and (Y,,€,)are GFS pointsin GFSP(X, E)
such that (X,,€;) # (Y;,€,). If e#€" or X =Y, then there are GFS open sets F, and G, containing
(Y4.€,) and (X,,€,) respectively such that FﬂaGd.Then G, isa GFSopen —nbd of (X,,€;) and F,
isa GFSQopen —nbd of (Y,,€) such that F#aG5 ie., Fﬂa(yﬂ,e;). Hence (Y,.€)) € cl(G;y).
Ife=¢', Xx=Yy, then @ < 8,4 < y and hence there are a GFSQ —nbd F, of (y,,€) and GFS —nbd
of (X,,e,) such that FﬂaGﬁ. Hence (Y,.€)) € cl(G;).

Conversely, let (X,,,€,) and (Y,,€]) be two distinct GFS points in GFSP(X, E).

Case |. When e =€’ or X # Y. We first suppose that 0 < ¢, A <1 or 0< B, <1 ,say O <ex, A <1.
Then there exist a positive real numbers r,s with O<a+sS<1land 0<A+r <1.

By hypothesis, there exists a GFS open —nbd F,, of (Y,,€)) such that (X,€,) € cl(F,). Then (x,,€,)
has a GFSQ open —nbd G4 such that GgaFﬂ . Now, s+G(e)(X)>1 and r+5(e) =1 so that
G(e)(X)=1-s>a and o(e)>1—r>A and hence G; is a GFS —nbd of (X,,e,) such that
FﬂaGd , where F isa GFS —nbd of (y,,€)).

In Case = =A=y=1, by hypothesis, there exist a GFS open —nbd F, of (x,.,e,) such that
c(F)E)(Y)=(0.0) ie., cl(F)(e)(y) =0, cl(«)(€)=0. Then G, =[cl(F,)]" is a GFS —nbd of
(Y4,€,) such that FﬂaGﬁ.

Casell. Let e=€', X=Yy and & < 8,4 <y (say), then there existsa GFS —nbd F, of (x,,€,) such

that (Y ,,€) € cl(F,). Consequently, there exist a GFSQ —nbd G; of (Y,,€) such that FﬂaG5. Then
(X,T,E) is GFS q-T,.

Theorem 3.13. Let F,,G; € GFSS(Y,E,), fup :(X,T,,E)) > (Y,T,,E,) be GFS mapping and F,is
not GFS quasi —coincident with G;. Then fugl(Fu) is not GFS quasi —coincident with fu;l(Gg).

Proof. Let FﬂaG5 = ForallkeE,and yeY: F(k)(y)+G(k)(y) <1, u(k)+o(k)<1

= Forall ec E, and xe X : F(p(E))U(X)) +G(pE)(Uu(x) <1, u(p))+5(p(e)) <1
= Forall e E, and xe X : fA(F)()(X) + £ AG)E)(X) <1, f. (1)) + f.1(S)(e) <1

= f.(F)af,(Gy).

Theorem 3.14. Let f, :1(X,T,E)—(Y,T,,E,) be GFS— continuous. Then if corresponding
GFSQ open —nbd G, of (y,.€)) in (Y,E,) there exist a GFSQ open —nbd F, of (X,,€;) in
(X,E,) suchthat f, (F,) S G,, where f,(X,.€,)=(Y,.€}).

Proof. Let f,, be GFS —continuous and let G; be a GFSQ open —nbd of (y,,€) in (Y,E,). Then
a+G(Ee)y)>=1, 2+6(e") =1 and hence there exist two positive real number [,y such that
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GE)Y)>=B>1-a, 6(€) >y =1-Aso that G, is a GFS open —nbd of (y,,€)). Since f,; is
GFS —continuous, there exists a GFS open—nbd F, of (X,,€,) suchthat f,(F,) S G;.
Now, B <F(e)(X), y < u(e) implies 1—a < F(e)(X), 1—y < u(e) and so F, a GFSQ open—nhd

of (¥,.€)).

Theorem 3.15. Let (X,T,,E;) be a GFST — space, (Y,T,,E,) be a GFS q—T, — space and
fup 1 (X, T, E) —> (Y, T,, E,) be GFS injective, GFS — continuous mapping. Then (X,T,,E,) is a
GFS gq—T, —space.

Proof. Let (Y,T,,E,) be a GFS q—T, —space and f,, :(X,T,,E)—(Y,T,,E;) be GFS injective,
GFS —continuous mapping. (X,,€,),(Y,,€,) € GFSP(X,E).

Case I. When e=e or x=zy , then f (x,e)="1,(y;€) . Then (Y,T,,E,) be a
GFS q—T, —space, f,(x,.€;), f,,(Y,.€;) have GFSopen —nbds F, ,G; such that FﬂaGd. Then
by Theorem 2.25, 3.14 fu;)l(Fy) and fu;)l(Gg) are GFS open — nbds of (X,,€;) and (Y,,€))
respectively such that fu;)l(Fﬂ)a fu?(G 5) -

Case Il. When e=¢€', X=Y and a < 3,4 <y, then f (x,,e,)=f, (y,.€;). Then (Y,T,,E,) be
a GFS q-T,—space, F, e N(f,(X,.€;)), G; &N, (f,,(Y;€)), such that FﬂaG5 . Then by
Theorem 2.25, 3.14 fu;)l(Fy)e N(x,.e,) and fu‘pl(G(S)e N,(Y,,€,) such that fu;)l(Fﬂ)afu_pl(Gs).
Then (X,T,,E,) isa GFS q—T, —space.

Definition 3.16. A GFST —space (X,T,E) is a generalized fuzzy soft q —regular (GFS q —regular for
short) if and only if for any GFS closed set H, in GFSS(X,E) and any GFS point (X,,€,) in
GFSP(X,E) such that (x,,e,) € H, .

@ Wwhen H(e)(x)=0 , v(e)=0 , there are GFS open sets F, and G, such that
(X,.,)eF, . H, &Gy, and F,qG;.

(b) When H(e)(x) # 0, v(e) # 0, there are GFS open sets F, andG, such that (x,,€,)qF,, H, C G,
and F#aG5 . AGFS q-T, and GFS q— regular is a generalized fuzzy soft —T,— space
(GFS q—T, —space for short).

Theorem 3.17. A GFST —space (X,T,E) isa GFS g —regular if and only if for a GFS point (X,,€,)
and any GFS open G, in GFSS(X, E) such that (X,,€,)qG; there is an GFS open set F, such that
(X,.€;)aF, and cl(F,) S G;.

Proof. Let (X,T,E) be GFS q—regular. On the other hand, a GFS point (X,,€,) and GFS open G,
in GFSS(X,E) are given such that (X,,€,)qG, . Then G is GFS closed setand (X,,e,) & G .
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Case I. When G°(e)(x) =0, 6°(e) =0, since (X,T,E) is GFS q —regular, there are GFS open sets

F, and H, such that (x,,e;) €F,, GjCH, and FﬂaHv. Then H) € G, and F, C H . Since
cl(F,) issmallest GFS closed set which containing F,, we have F, Ccl(F,) 2 HS cG;.

Case II. When G°(e)(x) # 0, 5°(e) # 0, there exist GFS open sets F,, and H,, such that (x,,€,)qF,

G; 2 H, and FﬂaHV. Since cl(F,) is smallest GFS closed set which containing F,, we have
F,ccl(F,) S HS CG; and (x,.€,)qF,.

Conversely, let any GFS closed set H, be in GFSS(X,E) and any GFS point (x_,€,) be in
GFSP(X,E) such that (x,,e,)  H,. Then H® is GFS opensetand (x,,€,)qH’.

Case I. When H(e)(x)=0, v(e)=0, if &,A<0.5, then there exists GFS open set F, such that
(X,.€;) €F, and cl(F,) S H/.
Therefore, we have (X,,€;) € F,, H, [cl(F,)I° and Fﬂa[CI(Fﬂ)]C.
If o, A = 0.5, then exists GFS open set F, such that (X,_,.€_,) € F, and cl(F,) C HJ . Therefore, we
have (x,.e,) €F,, H, S[cI(F,)I and F,q[cl(F,)I".

Case Il. When H(e)(x) =0, v(e)#0, there exists GFS open set F, such that (X,,e,)dF, and
c(F,)CH/. so, we have (x,,e;,)qF,, H, c[cl(F,)I° and Fﬂa[CI(Fﬂ)]C. Then (X,T,E) is
GFS q —regular.
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