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Abstract — The Fibonacci and Lucas Polynomials are well known for having interesting and amazing
properties and identities. In this paper we introduce p{y}-Fibonacci and p({y}-Lucas polynomials where p(y)
is a polynomial with real coefficients and some basic identities are derived by using generating function of these
polynomials.
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I. INTRODUCTION

Fibonacci and Lucas polynomials are firmly related and generally explored. The Fibonacci and Lucas
polynomials are outstanding for having intriguing and stunning properties. These polynomials are of incredible
significance in the investigation of numerous subjects, for example Approximation theory, Combinatorics,
Algebra, Geometry, Statics and Number theory itself. Some of the captivating properties of these polynomials
have been examined in [1], [2], [4]. Omprakash Sikhwal [6] in his paper obtained some identities of generalized
Fibonacci Polynomials by the method of generating functions, in this paper we have obtained some identities
involving derivatives of z(y}-Fibonacci and @ (y}-Lucas polynomials by method of generating function.

Il. p{y)}-FIBONACCI POLYNOMIAL

ply]-Fibonacci polynomials defined by the recurrence relation as

Fl:-r.+1 (.‘-') = P[:J')Fu r.(:") + Fu- =1 (.‘-') n=l1 {2'1]
with initial condition £, (y} = 0.F, ,(y} = 1

where, #{v} is a polynomial with real coefficients

first few plyJ-Fibonacci polynomials are

Ful()‘) =1
Fo(v) =p0)
Baly) =p*(y) +1
Fos(v) =" () + 2p(y)
Fus(J‘) = PJ'(J‘] + 3;}2{_3'] + 1 and so, on
For p(y} = x in equation { 2.1} we obtain the Catalan’s Fibonacci Polynomials as

Foy()=xF (x)+F,_(x)n=1 2.2)
with initial condition £, (x) = 0.F, (x) = 1

Fi(x)=1

F, (.r] =x

Elx) =x"+1

Fy (.rj =24 2x

F:(x) =x"+ 32" + Landso, on
For p(y) = 2x in equation (2.1) we obtain Byrd’s Fibonacci polynomials as
F(x)=2xF,_ (x)+F, ,(x)n=2 (2.3)
with initial condition £, (x) = 0.F, (x) = 1
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The generating function g_(s) of the p(y)-Fibonacci polynomials is defined by

] ’ 2,1
g;(s)=ZF_M(r)s = s[1 —p(y)s — 5] (2:4)
a=M
where, gg(s) is a formal power series.
On differentiating equation { 2.1} with respect to y we get
Fru n+l (.1-'1) = p(.‘-") Fur.(.‘-"‘) + Fur.[::"‘)p (.1-'1) + Fru n—1 (.1-"‘)’ n :: J‘ {25:]
Theorem 2.1. If £, () is the p(y)-Fibonacci polynomial, then prove that
(n—1)p (NFpn(3) = pPOIF ,u(3) +2F 1 (). m =1
Pfoof: By generating function of p(y)-Fibonacci polynomial we have

ZF_M(J-'JS“ =s[(1- @() +5)s]™ (2.6)
ij:i;ferentiating partially both sides with respect to =, we get
Z nF, (s =s[(1— @() + )81 [2s+p(MN] + [ - @ () + 9)s] ™ 2.7)

e{gém differentiating equation { 2.3 partially with the respect to v, we get

Y £ = o102 - (56) + DN w0

n=n

ZF’“(J-‘JSH = s[(1- (p(y) +9)N @O

r={}

o) Fon (s =s[(1- (p(y) + 5)s)]7 (2.8)

by equatlon (2.7)and (2.8) we get

Y et =SS 2t 660+ 9

by"usmg equation {1.2.6%, we get

i

znn,u” DN L s Y 0

r=A)

anumpms“—?z*m "+ p(y) ZF )™+ p) ZF”@ @9

n=>0
on comparing the coeff|C|ent of "1 from equation {2.9], we get

np (WF, () = 2F () +2(0F ,.(y) + ' O0IF, ()

(n = Dp (Fs,(0) = 2F 4, (0) + p(0)F . (3) (2.10)
Theorem 2.2 If £, () is the p(y)-Fibonacci polynomial, then prove that
() nPr{J’]% r!{.'J"] = Fr;:l i'!+J.':.'.|"J + Fr;:l i'!—L{J":I
(i) P{J’]Frp r!{J":I = EFrp r!+J.':.'J"] —(n +1]Pr{f]Frp r!{_'J"]
Proof of part (i): By equation { 2.4} we have
r'r'+L{_'J] rrlr' L{J]_Pr{J]aw{J]+P{J] EIR"{J:I
rl r'+1{.'J] +F pn— L{.'J] =2F .- J.':.'JJ +F{J]F rlr'{.ﬂ‘l'P {JJFS i"{JJ (2.11)
by using equations (2.10) and (2.11), we get
Flopna )+ F pn(0) = (n = Dp' G B n () +p" () B, ()
Fopnt) +F () = — 1+ Dp'(WIE, ()
Fr;:l r!+L{_'J"] +Fr;:| r!—J.':.'J"] = np"{_‘j-‘:lf*'_é, n{.'.l’)
npr{},]% i'!{.'J’] = Fr;:l i'!+J.':.'.|"J + Fr;:l i'!—L{J":I (2.12)
Proof of part (ii): By equation {2.10% we have
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(n — .J-]Pr{f:lﬁ_él r!{.'l"] = EFrp r!—L{-r:I + P{J’]Frp n(¥)
(n—Dp (F,. () — pOIF,, () = 27, (»)
1 () ] ]
= DY, 0) - pOIF ()] = F o (0) (2.13)
by using equations {2.12% and (2.13}, we get
1
np' (W E, 0 () = Flpny 0 + 5[0 = Dp'GIE, 1 0) — pGIF 0 ()]
2np' (y) By () = 2F 501 ) + [0 = 1p" ) By &) — p () F'p (3]
(n+1)p (F,.(0) = 2F 0, (3) — p(3)F', . ()
pOIFy o) = 2F 5oy () — in + Dp" (I E, () (2.14)
Theorem 2.3 If £, () is the p(y)-Fibonacci polynomial, then prove that
n—DF 5 0) =+ DF 0 () = mpy) Fy ()
Proof: By using equation {2.37, we have
Fr;:l r!+L{.'J"] = P{J’] Fr;:l r!—L{_'J"] +*an n—L{J’]Pr{J’] + Fr;:l i'!—J.':.'J"J
Fr;:l r!+L{.'J"] - P{J’] Fr;:l r!{.'l"] - Fr;:l r!—J.{.'J"] = F_é. n—L{J’]Pr{J’]
by multiplying = on both sides, we get
[y (00 = p0) Fpnly) — Fpns )] = nFy o, O0p" () (2.15)
by using equations {2.12% and (2.157, we get
n[ Fy af!+J.':_'J":| - P{.'J":I Fy if!{.'J’:| —Fy r!—J.{.'J":I] =F'y r!+L{.'J":| +F, r!—L{J":I
n-1F, G-+ DF,, (») =mw(F, () (2.16)

11, p{y)-LUCAS POLYNOMIAL

The p(y7) - Lucas polynomials are defined as

I‘u n+1 [:.1-"') = P(.‘J")I‘untjr) + I‘u n-1 (.‘-"‘)* nzl {3'1]
with initial conditions L, (v} = 2, L, ,{y} = p(y), where p(y} is a polynomial in variable y having real
coefficients

By taking p(y) = x in equation {3.1) we get Lucas polynomials

I.Hl(x] = xln[x] +L,_ [.r], n=1

with initial conditions L, 5 (x) = 2, L, (x) =x

the generating function of the p(y)-Lucas Polynomials is defined as

5,6 = ) 1,005 = 2= s - () + 5)e] 62)
on diﬁeren?izz;ting equation 3.1} we obtained
Llur;+1 (.1-") = p(.h’) I'Iur.[::"‘) + pl[:x) I'1;-r.(.1-|") + I'Iu n—1 (.1-'1) {33]

Theorem 3.1 If £, (y) is the p(y)-Fibonacci polynomial and L, () is the p(y)-Lucas polynomial, then
prove that

np (¥ lpn () — ply) L'pn(y) = 2[L 50 () + p" () F, i ()]
Pfoof: We know that generating function of z{v}-Lucas polynomial given by

Z L, (0s" = (2-p(n)s)[1- (p(y) + 5)s] ™ (3.4)
(Sﬂz_h'differentiating equation { 3.4 partially with respect to =, we get

2 nk, . (0)s" = (2 - p(M)[1- () +)s]72(p() + 29)-p) [1 - (p(y) + 5)s]™F (@35)
aﬂg:_éin, differentiating equation (3.4 partially with respect to y

z Ly ()s" = (2-p(3)s)[1 - (2(y) + 8)s] 2 @' () + [1 = (p(3) + s)s] 7 (2" () 9)

r={}

z Ly, ()"

r={)

sp([(2=p(y)s)[1 - (p(3) +5)s] = [1 = (p(v) + 5)s] ']
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Fljjz ‘i'r'l_u-r. (s = (2-p(M)[1- () + 5)s] P =[1-(p(y) + 5)s]

70 jz o S =[1- (2() + 9)s] ™" = 2 — ()12 - (p() + 5)s]™? (3.6)

by using bquatlons (3.3 and (3.6), we get

Z nk, , (y)s"*

n=1

= (p(y) +2 )I,{ Z o )" = [1= (p(3) +5)s]” ]
. — s - () +5)s] ™

Z nL, , (y)s"*

n=1

r(y et 2 Y ! .
= |,;-r +_ 'rr L
') B+ o) B)s

[[P(J] + 7’5] -e(W]1- [P[J] + s)s] ™

i PO) ot 2 r
zniur(r)s“l "“;] on 574455 ) Frn OO 2801 (0D + 1

by usmg equation { 2.4

pmz Lyn ()5 1—pmz o ()5 1+?Z Ly ()67 + zpw;.qis“(ﬂsf-

by equatlng coefficients of s"~* on both sides, we obtalned
np (y)L,,(v) = p(:r)fw(:u) + 2L 1 (0) + 2P () F 0y ()

mp (1) Ly (9) = p()L 5, (0) = 2[L 5 (9) + 2 (9)Fp ()] 3.7)
Theorem 3.2 If F, () is the p{y)-Fibonacci polynomial and L, () is the p{y)-Lucas polynomial, then
prove that

Lru n+1 (.Tj + I'rur.—l (.1-") = I:J"I. - L]Pr(J‘jLur(J‘j - Epr{_}‘]Fu n—l{_}‘]

Proof: By equation {3.33, we have

Lyt () = U (3) = ()L, (3) + 2 (3) Ly, ()
Lyt () L ()= B ()= L () = pO)L,,(3) + 2 (3) Ly ()

I'ru nt+l (J‘:] + Lrur;—l (J‘:] = zir'ru -1 [:J‘) + p()")z‘luu[)?) + pr(y) I‘ur,(.‘l")
by using equation (3.7} we get

Lyt () 4+ L (3) = np ()L, (v) — 20 (9)F s () + 2'(3) Ly, ()

L pri+l (.1-") + L pr—-1 (.T) = (J"I. + J‘)P (J‘)I‘urtj‘) - 2]‘:} (J")Fun—l (.‘-")
CONCLUSION
In this paper we have establish and prove some identities involving p(y) -Fibonacci and p(y) -Lucas
Polynomials are described with derivation by using generating function of these polynomials.
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