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I. INTRODUCTION

As the applications of Mathematics grew more and more in such fields as Economics, Engineering, Social
Science, Environmental Sciences etcetera, the need to represent and handle various structurally inherent
uncertainties within these fields became clear and the inability of classical tools of Mathematics in these
directions paved the way to invent new theories. Until 1999, these uncertainties were addressed with to three
theories namely, theory of probability and statistics and the theories of various types of fuzzy sets.

In 1999 Molodtsov[8] introduced the theory of Soft Sets, based on descriptions or parameters. Since then
several mathematicians started studying algebraic structures on them. In 2010, Ali-Shabir-Shum[3] introduced
the notions of soft semigroup (left ideal, right ideal, ideal, quasi ideal, bi ideal) over a semigroup and studied
some of their properties.

Coming to this paper, we study some order properties of collections of soft substructures of a soft semigroup.

Throughout the paper, proofs are left for two reasons, namely in most cases they are simple or straight forward
but a little involving and secondly to minimize the size of the document, however, in order to make the
document more self contained, we recall as many notions and results that are used in subsequent sections, as
possible.

Il. PRELIMINARIES

In any meet complete poset with the greatest element 1,, for any subset @ #S < L one can define VS =
Ma eLj/arfl = f forall B € S} Then L is a complete lattice, where the join is given by V. For any
meet complete poset L with the greatest element 1., the join defined as above is called the meet induced join on
L and the complete lattice L defined as above is called the associated complete lattice for the meet complete
poset L.

Semigroups and Substructures In what follows we recall some conventions, definitions and
some lattice theoretic properties of various substructures of a semigroup which are used in the
main results later:

(a) The empty set trivially defines a function from the empty set into any set and this function
is called the empty function. However, the empty set does not define a function from a non-
empty set into the empty set.

(b) A binary operation on a set A is any function from A? into A. Notice that the empty
function is the only binary operation on the empty set.

(c) A set S together with a binary operation which is associative is called a semigroup. Notice
that as in Grillet[6], the empty set is trivially a semigroup with the empty binary operation,
called the empty semigroup.

Throughout this paper (S,.) is a semigroup and most of the times we write only S instead of
(S,.), omitting dot always and almost every where
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(d) For any pair of subsets A, B of a semigroup S, the set AB is defined by AB =
{ab €5/a€ Aand b e B} and it is a subset of S.

(e) For any subsets A, B, C, (4;);-; of a semigroup S, the following are true:

(i) A € B implies CA € CB, AC € BC, ACNCA SBC nCB, ACA S BCB (ii) A(N; 4))
c nlE] AA and A(ULE] A ) ULE] AA

(f) For any subset A of a semigroup S, A is a subsemigroup of S iff A% © A, In other words,
A is a subsemigroup of S iff for any a,a € A, we have aa € A. Notice that the empty
semigroup is trivially a subsemigroup of any semigroup because there are no elements a, a in
the empty set such that their product aa'is not in the empty set.

(9) Ais a left (right) ideal of S iff SAC A (AS CA). In other words, A is a left (right) ideal of
S iff for any agA and for any s€S, we have sacA (as€A). Notice that the empty semigroup is
trivially a left (right) ideal of any semigroup S because there is no s in S and there is no a in
the empty set such that sa (as) not in the empty set.

(h) A'is an ideal of S iff SAUASEA iff it is both a left and a right ideal of S. In other words,
A is an ideal of S iff for any a€ A and for any s €S, we have both sa and as €A Notice that
the empty semigroup is trivially an ideal of any semigroup.

() A'is a quasi ideal of S iff SANAS CA. In other words, A is a quasi ideal of S iff for any
a,a € Aand forany s,s € 8, if t = sa = a's' then tEA.

Notice that (1) the empty semigroup is trivially a quasi ideal of any semigroup (2) every (left,
right, quasi) ideal of a semigroup is always a subsemigroup but not conversely (3) every (left,
right) ideal of a semigroup is always a quasi ideal but not conversely.

(J) A subsemigroup A of a semigroup S is said to be a bi ideal of S iff ASACA. In other
words, A is a bi ideal of S iff for any a,a € A and for any s € S, we have asa’ € A,

Notice that (1) the empty semigroup is trivially a bi ideal of any semigroup (2) every (left,
right, quasi) ideal of a semigroup is always a bi ideal but not conversely (3) every quasi ideal
of a semigroup is always a bi ideal but not conversely.

Algebra of Substructures of a Semigroup:

(K) In any semigroup, arbitrary intersection of subsemigroups (left ideals, right ideals, ideals,
quasi ideals, bi ideals) is a subsemigroup (left ideal, right ideal, ideal, quasi ideal, bi ideal).

(D In any semigroup, arbitrary union of (left, right) ideals is a (left, right) ideal.

(m) In any semigroup and for any subset of it, the intersection of all subsemigroups (left
ideals, right ideals, ideals, quasi ideals, bi ideals) containing the given subset is a
subsemigroup (left ideal, right ideal, ideal, quasi ideal, bi ideal) which is unique and the
smallest with respect to the containment of the given subset.

(n) For any subset A of a semigroup S, the unique smallest subsemigroup (left ideal, right
ideal, ideal, quasi ideal, bi ideal) containing a given subset A defined as in (m) above is called
the subsemigroup (left ideal, right ideal, ideal, quasi ideal, bi ideal) generated by A and is
denoted by (4).s ((A).s, for==1,r1,1i, g, b respectively).

(o) For any semigroup S, we have (@).s= @ for = =, |, 1, i, g, b respectively.

(p) For any subsets A, B of a semigroup S such that 4 £ B, (4),.C (B).s for==5s,1, 1,1, q,
b respectively

() For any subsemigroup (left ideal, right ideal, ideal, quasi ideal, bi ideal) B of a semigroup
S and for any ACB, (4).s S B ((4).s = B)for==1,r,1i,q, b respectively).

(r) For any pair of subsemigroups (left ideals, right ideals, ideals, quasi ideals, bi ideals) A, B
of a semigroup S, A is a subsemigroup (left ideal, right ideal, ideal, quasi ideal, bi ideal) of B
iffASE,
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In what follows, we recall some elementary lattice theoretic study of substructures of a
semigroup which are however not widely available.

(s) The set of all subsemigroups (quasi ideals, bi ideals) of a semigroup S is a complete lattice
with

(1) the partial ordering given by: for any A, B in the set of all subsemigroups (quasi ideals, bi
ideals) of S, 4 < B iff A is a subsemigroup (quasi ideal, bi ideal) of B iff4 = B

(2) the largest element being S and the least element being @

(3) for any family (A4;);e; in the set of all subsemigroups (quasi ideals, bi ideals), ;< 4; =
Ny A; and Vo, 4; = v, o, 4; where V¥ is the meet induced join.

Further, Vie; A; = (Uiep 4;) .5 ((Vier 4;).5 for = =q, b).

(t) The set of all (left, right) ideals of a semigroup S is a complete lattice with

(1) the partial ordering given by: for any A, B in the set of all (left, right) ideals of S, 4 < B
iff Aisa (left, right) ideal of Biff A S F

(2) the largest element being S and the least element being @

(3) for any family (4;);,;in the set of all (left, right) ideals, A;o; 4; = Ny A; and Vo, 4; =
User 4;-

(u) For any pair of subsets A, B of a semigroup S such that A = B, the following are true:

(i) B is a subsemigroup of S implies A is a subsemigroup of B iff A is a subsemigroup of S.

Remark: For any pair of subsets A, B of a semigroup S such that A = E, it may so happen
that A is a subsemigroup of both B and S but B is not a subsemigroup of S, and in what
follows, we give an example for the same:

Example 2.1 Let S ={a,b,c,d}, B ={a,b,c} and A = {a,b} be the semigroups with the
following Cayley tables:

< a b c d
- a b c
a a b a b
a a b a
b a b a b
b a b a
C C d c d
c a b C
d c d C d
A a b
a a b
b a b

Thus A is a subsemigroup of both S and B but B is not a subsemigroup of S because
C.Ad=CFa=cCpgd

(i) B is a left (right, quasi, bi) ideal of S and A is a left (right, quasi, bi) ideal of S implies A
is a left (right, quasi , bi) ideal of B but not conversely.

The following examples shows that converse of u(ii) above is not true:
Example 2.2. Let S={0, a, b, c, d} be a semigroup with the following Cayley table:
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S 0 a b C d
0 0 0 0 0 0
a 0 0 0 a b
b 0 a b 0 0
C 0 0 0 C d
d 0 c d 0 0

Let B={0,a,c}and A ={0,a}.Then B is a left ideal of S and A is a left ideal of B but A is
not a left ideal of S.

Let B ={0,a,b}and A = {0,a}.Then B is a right ideal of S and A is a right ideal of B but A
is not a right ideal of S.

Example 2.3. Let S ={0, a, b, ¢, d }be a semigroup with the following Cayley table:

S 0 a b C d
0 0 0 0 0

a 0 0 a 0 c
b 0 a b c d
c 0 0 c 0 0
d 0 c d 0 0

Let B=1{0,a,¢}and A = {0,a}. Then B is an ideal of S and A is a ideal of B but A is not an
ideal of S.

Let B=1{0,a,c}and A = {0,a}. Then B is a quasi ideal of S and A is a quasi ideal of B but A
is not a quasi ideal of S.

Example 2.4. Let S ={0, a, b, ¢} be a semigroup with the following Cayley table:

S 0 a b C
0 0 0 0
a 0 0 0 b
b b b b b
c c c c c

Let B={0,a,c}and A ={0,a}. Then B is a bi ideal of S and A is a bi ideal of B but A is not
a bi ideal of S.
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(v) For any semigroup S and for any pair of subsets A, B of S, B is a subsemigroup of S, A is
a subsemigroup (left ideal, right ideal, ideal, quasi ideal, bi ideal) of S implies AN B is a
subsemigroup (left ideal, right ideal, ideal, quasi ideal, bi ideal) of B.

(w) For any semigroup S, the following are true:

(1) The intersection of a right ideal and a left ideal in S is a quasi ideal

(i) For any subsemigroup A of S and for any (left, right, quasi , bi) ideal B of S, AN B isa
(left, right, quasi , bi) ideal of A.

Internal description of substructures In what follows, we give an internal description for
the subsemigroup (left ideal, right ideal, ideal, quasi ideal, bi ideal) generated by the given
subset:

(x) For any semigroup S and for any ASS, the following are true:

() (A)s = VUppA, where A;=AUAA A = AjUAA, and so on
An = Jellrj—l U An—l‘q‘n—l'

(i) (A)ys =V, A, Where Ay =AUSA, A, = A;USAjandsoon A, =A, ; USA__,.
(iii) (A),s=U,s0 A, Where Ag =AUAS, A, = AjUA Sandsoon A, =A, ; UA__,S.
(iv) (A)s = UggA, where A; =AUSAUAS, A, = AjUSA;U A5 and so on
A=A _JUSA _,UA_ S

(v) (A)gs = Upzo A, where Ay =AU(SANAS), A; = AjU(SA;N AyS) and so on
Jellrj = An—l U (SAn—l n Jellrj—ls:]'

(vi) (Adps = Up.gA, Wwhere A; =AUASA A = AU A SA; and so on
An = An—l U An—ls‘e"n—l'

Soft Sets In what follows we recall the following basic definitions from the Soft Set Theory
which are used in the main results:

(y) [9] Let U be a universal set, P(U) be the power set of U and E be a set of parameters. A
pair (F, E) is called a soft set over U iff F: E — P(U) is a mapping defined by, for each e € E,
F(e) is a subset of U. In other words, a soft set over U is a parametrized family of subsets of
u.

Notice that a collective presentation of the notions, soft sets and gs-sets raised some serious
notational conflicts and to fix the same Murthy-Maheswari[10] deviated from the above
notation for a soft set and adapted the following notation for convenience as follows:

Let U be a universal set. A typical soft set over U is an ordered pair S = (g, S), where S is a
set of parameters, called the underlying parameter set for S, P(U) is the power set of U and
a.. S—P(U) is a map, called the underlying set valued map for S. Sometimes o, is also
called the soft structure on S.

(2) [2] The empty soft set over U is a soft set with the empty parameter set, denoted by ®, is
defined by @ = (g, @). Clearly, it is unique.

(aa) [4] A soft set S over U is said to be a whole soft set, denoted by Us, iff a_.s = U for all
s€S. Notice that Uy= ®.

(ab) [2] A soft set S over U is said to be a null soft set, denoted by @, iff a_s = @, the empty
set, for all s€S. Notice that &, = @, the empty soft (sub) set.

For any pair of soft sets A, B over U,

(ac) [11] A is a soft subset of B, denoted by A € B, iff (i) ASB (ii) o, ac oz a for all agA.
(ad) A is a d-total soft subset of B iff A is a soft subset of B and A =B

(ae) The following are easy to see:

(1) Always the empty soft set @ is a soft subset of every soft set A
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(iA=Biff AcBandBc AiffA=Band g, = gg.

(af) For any family of soft subsets (A)ie| of S,

(i) the soft union of (Ajie , denoted by U,_;A;, is defined by the soft set A, where (i) A =
Uier &, () oy a=uU,, o, a,wherel, ={i €l/a €A} forallacA

(ii) the soft intersection of (A))iei, denoted by N,-;A; is defined by the soft set A, where (i) A
= Nigp 4 (i) oy a=ny; 0,2 forall agA.

Notice that if n;-; A;is the empty set then the soft intersection is the empty soft set.

Soft Semigroups In this section we first recall the existing notions of all soft substructures of
a soft semigroup.

Ali-Shabir-Shum[3] introduced the notions of soft semigroup (left ideal, right ideal, ideal,
quasi ideal, bi ideal). According to them, a soft set (F,A) over a semigroup S which is neither
empty (cf.2(z)) nor null (cf.2(ab)) is a soft semigroup over S iff (F,A)(F,A) < (F,A) and it isa
soft subsemigroup (left ideal, right ideal, ideal, quasi ideal, bi ideal) over S iff F(x) is a
subsemigroup (left ideal, right ideal, ideal, quasi ideal, bi ideal) of S for all XxEA whenever
F(x)= @.

Notice that the definitions of soft (sub) semigroup (left, right, quasi, bi) ideal used in this
paper are different from the above ones in two ways. Firstly, the substructure notions defined
above are over a crisp semigroup and the substructure notions defined below are a slight
generalizations of the above, namely, those of a soft semigroup and secondly, as empty set is
trivially a (sub) semigroup (left ideal, right ideal, ideal, quasi ideal, bi ideal) for us, in our
definitions below, we do not need the two pre-conditions that a soft subset (F, A) be neither
empty nor null, as in the above definitions.

I1l. SOFT SUBSTRUCTURES OF A SOFT SEMIGROUP

In what follows we introduce the notions of soft (sub) semigroup, soft (left, right, quasi, bi)
ideal of soft semigroup and make a lattice theoretic study of (sub) collections of them.

Definitions and Statements 3.1. (a) A soft set S over a semigroup U is said to be a soft
semigroup over U iff og s is a subsemigroup of U for all s€S. Consequently, for us (i) The
empty soft set & over U is trivially a soft semigroup over U because there is no s€ @ such
that o s is not a subsemigroup of U and it is called the empty soft semigroup over U. Clearly,
it is unique. (ii) The null soft set @5 over U is also trivially a soft semigroup over U because
gs s = @ is trivially a subsemigroup of U for all sS€S and it is called the null soft semigroup
over U. (iii) A soft semigroup S over U is said to be a whole soft semigroup iff oz s = U for
all s€S.

Generalizing the definitions of soft substructures[3], in what follows we introduce the notions
of soft product of soft subsets, soft subsemigroup (left, right, quasi, bi) ideal of a soft
semigroup, generalizing the corresponding notions for soft semigroup.

(b) For any pair of soft subsets A, B of a soft semigroup S over a semigroup U, the product of
A by B, denoted by AB, is defined by C where (i) C = An B (ii) o s = g, s gg s for all sEC.
(c) For any soft semigroup S over a semigroup U and for any soft subset A of S:

(i) A'is a soft subsemigroup of S iff AAC A

(ii) A is a soft left ideal of S iff S Ac A

(iii) A is a soft right ideal of S iff AS CA

(iv) Alisa soft ideal of S iff S AUASC A
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(v) Ais a soft quasi ideal of S iff S A NASc A

(vi) A is a soft bi ideal of S iff, AA € A and ASA cA.

(d) For any soft subsets A, B, C, (Ai)iel of a soft semigroup S, the following are true:

(i) A< B implies CAc CB, ACc BC, ACn CA B Cn CB, ACA cBCB

(i) A (N, A € Ny, AAjand A (U A = U AAGL

(e) For any soft subset A of a soft semigroup S over U, A is a soft subsemigroup (left ideal,
right ideal, ideal, quasi ideal, bi ideal) of S iff gyais a subsemigroup (left ideal, right ideal,
ideal, quasi ideal, bi ideal) of sza for all a € A. Notice that the empty soft subset ® and a null
soft subset ®a of E are trivially soft subsemigroups (left ideals, right ideals, ideals, quasi
ideals, bi ideals) of S.

Whenever = =s (1, r, i, g, b), the set of all soft subsemigroups (left ideals, right ideals, ideals,
quasi ideals, bi ideals) of S is denoted by 5.(S) (5.(S)).

(f) For any soft semigroup S over U and for any soft subsemigroup (left ideal, right ideal,
ideal, quasi ideal, bi ideal) A of S, A is a regular soft subsemigroup (left ideal, right ideal,
ideal, quasi ideal, bi ideal) of S iff g,a # @ for all a € A. Notice that the empty soft set @ is
trivially a regular soft subsemigroup (left ideal, right ideal, ideal, quasi ideal, bi ideal) of S.
Whenever = =s (I, r, i, q, b), the set of all regular soft subsemigroups (left ideals, right ideals,
ideals, quasi ideals, bi ideals) of S is denoted by 57(S) (5I(S)).

(9) For any soft subsemigroup (left ideal, right ideal, ideal, quasi ideal, bi deal) A of a soft
semigroup S over U, the support of A, denoted by Supp(A), is defined by Supp(A) ={a € A/
aga + Q}.

In view of (f), (g), (h), (i) and (j) of Section 2:

(h) For any soft semigroup S over U, the following are true:

(1) The empty soft subset @ and a null soft subset @4 of S are trivially soft subsemigroups
(left ideals, right ideals, ideals, quasi ideals, bi ideals) of S

(2) Every soft (left, right, quasi) ideal of S is always a soft subsemigroup of S but not
conversely

(3) Every soft (left, right) ideal of S is always a soft quasi ideal of S but not conversely

(4) Every soft (left, right, quasi) ideal of S is always a soft bi ideal of S but not conversely.
Notice that the empty soft subsemigroup (left ideal, right ideal, ideal, quasi ideal, bi ideal) &
is trivially the regular soft subsemigroup (left ideal, right ideal, ideal, quasi ideal, bi ideal) of
S because there is no a€ @ such that o,a = @,

Algebra of Soft Substructures of a Soft Semigroup In this section first we show that
arbitrary intersection of soft substructures of a given type is a soft substructure again of the
same type and we use it to introduce the external descriptions of substructures generated by a
soft subset of a soft subsemigroup and in the next section we give an internal description of
various soft substructures generated by a soft subset of the soft subsemigroup.

Lemma 3.2. (a) For any soft semigroup S over U, the following are true:

(i) For any pair of soft subsemigroups (left ideals, right ideals, ideals, quasi ideals, bi ideals)
A, B of S, Ais a soft subsemigroup (left ideal, right ideal, ideal, quasi ideal, bi ideal) of B iff
A is a soft subset of B

(ii) Arbitrary union of soft (left, right) ideals is a soft (left, right) ideal of S

(i) Arbitrary intersection of soft subsemigroups (left ideals, right ideals, ideals, quasi ideals,
bi ideals) is a soft subsemigroup (left ideal, right ideal, ideal, quasi ideal, bi ideal) of S

(iv) The intersection of all soft subsemigroups (left ideals, right ideals, ideals, quasi ideals, bi
ideals) containing a given soft subset is a soft subsemigroup (left ideal, right ideal, ideal,
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quasi ideal, bi ideal) which is unique and smallest with respect to the containment of the
given soft subset.

(b) For any soft subset A of a soft semigroup S over U, the unique smallest soft
subsemigroup (left ideal, right ideal, ideal, quasi ideal, bi ideal) containing A defined as in (iii)
of (a) is called the soft subsemigroup (left ideal, right ideal, ideal, quasi ideal, bi ideal)
generated by A and is denoted by (A).s ((A)-sfor * =1, r, i, g, b respectively).

Proof: It is straight forward.

Lemma 3.3. For any soft subset A of a soft semigroup S over a semigroup U, (A)..= B, where
B=Aand ogs= (045 ).... (cf.2(m)) forall s€B, for *=s, 1, 1,1i,q, b.

Proof: It follows from Lemma 3.2(a)(iii) and (b).

Lemma 3.4. For any soft semigroup S over U and for any pair of soft subsets A, B of S such
that A B, the following are true:

(@) If B is a soft subsemigroup of S then A is a soft subsemigroup of B iff A is a soft
subsemigroup of S but not conversely

(b) If B is a soft (left, right, quasi, bi) ideal of S then A is a soft (left, right, quasi , bi) ideal of
S implies A is a soft (left, right, quasi, bi) ideal of B but not conversely.

Proof: It is straight forward.

The Examples to show that the converses of the above Lemma are not true, follow from that
of Examples 2.1, 2.2, 2.3 and 2.4 of 2(u).

Lemma 3.5. For any soft semigroup S over U, the following are true:

(a) The intersection of a soft left ideal and a soft right ideal in S is a soft quasi ideal

(b) For any soft subsemigroup A of S and for any soft (left, right, quasi, bi) ideal B of S, An B
is a soft (left, right, quasi, bi) ideal of A.

Proof: It is straight forward.

Notation: Whenever = =s (I, r, i, g, b), for any soft semigroup S over U and for any pair of
soft subsemigroups (left ideals, right ideals, ideals, quasi ideals, bi ideals) A, Bof S, A<_.B (A
=, B) iff A is a soft subsemigroup (left ideal, right ideal, ideal, quasi ideal, bi ideal) of B.

Theorem 3.6. For any soft semigroup S over U, whenever * =s, g, b, I, r, i, the set 5,(S) is a
complete lattice with

(1) the partial ordering defined by: forany A, Be 5.(S),A=BiffA<,B

(2) the largest and the least elements in 5,(S) are S and @ respectively

(3) for any family (Ai)ier in 5.(S), NierAi = NiesAi

(4) for any family (Ai)iei in 5.(S), however,

(i) for = = s, q, b, V;; Ai = V;<; Ai, where V is the meet induced join in 5.(S) and V;<; Aj = A,
where A = Uj;Ai and 045 = (Ujey 04.5) . 0. Toralls € A, where Is={i € I /s € A} and

(i) for = =1, r, i, V;c; Ai = U, AL

Proof: It is straight forward.

Theorem 3.7. For any soft semigroup S over U, whenever = = s, q, b, the set SI(S) is a join
complete subposet of the complete lattice 5.(S) and also itself a complete lattice with
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(1) the induced partial ordering defined from the super poset 5.(S)

(2) the largest and the least elements in 57(S) are L, where L = Supp(S) and g, s = azs for all
s € L, and @ respectively

(3) for any family (Ai)ie in S2(S), Aep Ai = Mye; Ai, Where e Ai = A, where A = Supp(n;e;
Aj) and 945 =N g, 5 foralls € A

(4) for any family (Aiier in 57(S), Vie; Ai = U;;Ai =V, Ai, where U and V are M and A
induced joins in 57(S) and 5.(S) respectively.

Proof: It is straightforward.

Theorem 3.8. For any soft semigroup S over U, whenever = = |, r, i, the set 57(S) is a join
complete subposet of the complete lattice 5,(S) with

(1) the induced partial ordering defined from the super poset 5.(S)

(2) the largest and the least elements in 57(S) are L (cf.3.7(2)) and ® respectively

(3) for any family (A)ies in 5I(S), V;c; Ai = Ui; Ai

(4) Further, 57(S) is a complete lattice with the join induced meet A given by for any family
(Aier in SI(S), Awer Ai= A, where A = Supp(N;e; Ai) and o35 = N, g, s forall s €A

Proof: It is straight forward.

Remark: Whenever = = s, @, b, the set 57(S) is not a meet complete subposet of 5.(S).
However, with the join induce by the meet, 1 in 52(S), 57(S) is a join complete subposet of
5.(S) or equivalently the join induced by n in 5I(S), and the restriction of the join induced
by intersection in 5,(S) onto 57(S) are the same.

Lemma 3.9. For any soft semigroup S over U, whenever = = s, q, b, for any family (A))ie in

51(S), Mwer A=A, where A = Supp(N;e; Ai) and a5 = N, g, s forall s €A

Proof: It is straight forward.

Corollary 3.10. For any soft semigroup S over U, whenever * =s, g, b, for any family (Aie
in 57(S), My; Ai = Ayo; Ai, where A is the meet induced by V in 57 (S), which is the V
restricted from 5.(S) to S1(S).

Proof: It follows from 3.7(3) and 3.9.

Remark: Whenever * = s, q, b, the set 5.(S) is a meet complete poset which induces V. The
restriction of V onto 57(S) makes 57 (S) a V-complete sub-poset of 5,(S). V on SI(S) induces
A on 57(S). By the above Corollary, A is equal to M. The join O induced by n is the
restriction of ¥ onto S$7(S). In other words, the join induced by 7 is the restriction of ¥ onto
51(S).

Internal description of soft substructures In what follows we give an internal description
of a soft substructure generated by a soft subset of a soft semigroup.

Theorem 3.9. For any soft semigroup S and for any A < S, the following are true:

(1) (A)ss=Yuap Anwhere Ag =AU AA A1 =AU AgAgandsoon Ay =An1 VA1 Ana

(i) (A1 s =U,ap An Where Ag =AUS A A1 =AU SApandsoon A, =An1 US A

(iii) (A)rs = VU,=0 A, where Ag = AUAS A1 = AgUASandsoon A=A VAL S.

(iv) (A)is =VU,zg Ap, where A g =AUS AUAS A1 =AUSAgUAySandsoonA,=An
U SAn—luAn—l S.
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(V) (A)qs =VUu=g An where Ag = AU(S ANAS) A1 =AU (SA;nAyS)andsoonA,=
An.l U( S An_lnAn._‘LS].
(Vi) (A)ps = U,.g Anwhere Ag = AUAS A A1 = AgUAo S Apand so on Ap = ApaUA 1S Ana.

Proof: It follows from Lemma 3.2 and 2(v).
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