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I. INTRODUCTION 

 
  In this work we consider finite, undirected, simple graphs 𝐺 = (𝑉,𝐸) with 𝑛 vertices and 𝑚 edges. 

The neighbourhood of a vertex 𝑣 ∈ 𝑉(𝐺) is the set 𝑁𝐺(𝑣) of all the vertices adjacent to 𝑣 in 𝐺. For a set 

𝑋 ⊆ 𝑉(𝐺), the open neighbourhood𝑁𝐺(𝑋) is defined to be ∪𝑣∈𝑋 𝑁𝐺(𝑣) and the  closed neighbourhood 𝑁𝐺[𝑋] =
𝑁𝐺(𝑋) ∪ 𝑋. The degree of a vertex 𝑣 ∈ 𝑉(𝐺) is the number of edges of 𝐺 incident with 𝑣 and is denoted by 

𝑑𝑒𝑔𝐺(𝑣) or 𝑑𝑒𝑔(𝑣). The maximum and the minimum degrees of the vertices of 𝐺 are respectively denoted by 

Δ(𝐺) and 𝛿(𝐺). A vertex of a degree 0 in 𝐺 is called an isolated vertex and a vertex of degree 1 is called a 

pendent vertex or an end vertex of 𝐺. A vertex of a graph 𝐺 is said to be a vertex of full degree if it is adjacent to 

all other vertices in 𝐺. A graph 𝐺 is said to be regular of degree 𝑟 if every vertex of 𝐺 has degree 𝑟. Such graphs 

are called r-regular graphs. 

A  closed support of a vertex, v under addition is defined by  ‍𝑢∈𝑁[𝑣] 𝑑𝑒𝑔(𝑢) and it is denoted by 

𝑠𝑢𝑝𝑝[𝑣]. A  closed support of a graph, G under addition is defined by  ‍𝑣∈𝑉(𝐺) 𝑠𝑢𝑝𝑝[𝑣] and it is denoted by 

𝑠𝑢𝑝𝑝[𝐺]. 
 

II. DEFINITIONS 
 

Definition 2.1.Let G=(V,E) be a graph. A  closed support of a vertex, v under addition is defined by 
 ‍𝑢∈𝑁[𝑣] 𝑑𝑒𝑔(𝑢) and it is denoted by 𝑠𝑢𝑝𝑝[𝑣].  

 

Definition 2.2.Let G=(V,E) be a graph. A  closed support of a graph, G under addition is defined by 
 ‍𝑣∈𝑉(𝐺) 𝑠𝑢𝑝𝑝[𝑣] and it is denoted by 𝑠𝑢𝑝𝑝[𝐺].  

 

III. RESULTS 

 

Theorem 3.1.Let 𝐺 = 𝑃𝑛 (𝑛 > 1). Then 𝑠𝑢𝑝𝑝[𝑃𝑛 ] = 6𝑛 − 8. 

Proof. Let 𝐺 = 𝑃𝑛  be a path with 𝑛 vertices. Let 𝑉(𝐺) = {𝑣1 , 𝑣2 , … , 𝑣𝑛} with 𝑣𝑖𝑣𝑖+1 ∈ 𝐸(𝐺) for all 𝑖 =
1,2,… , 𝑛 − 1. Then 𝑑𝑒𝑔(𝑣1) = 𝑑𝑒𝑔(𝑣𝑛 ) = 1; 𝑑𝑒𝑔(𝑣𝑖) = 2 for all 𝑖 = 2,3,… , 𝑛 − 1. Then  

 𝑠𝑢𝑝𝑝[𝑣1] =  ‍𝑣∈𝑁[𝑣1 ] 𝑑𝑒𝑔(𝑣) 

 = 𝑑𝑒𝑔(𝑣1) + 𝑑𝑒𝑔(𝑣2) 

 𝑠𝑢𝑝𝑝[𝑣1] = 1 + 2 = 3 

Similarly, 

 𝑠𝑢𝑝𝑝[𝑣𝑛 ] = 3. 
 

 𝑠𝑢𝑝𝑝[𝑣2] =  ‍𝑣∈𝑁[𝑣2] 𝑑𝑒𝑔(𝑣) 

 = 𝑑𝑒𝑔(𝑣1) + 𝑑𝑒𝑔(𝑣2) + 𝑑𝑒𝑔(𝑣3) 

 𝑠𝑢𝑝𝑝[𝑣2] = 5 

Similarly, 

 𝑠𝑢𝑝𝑝[𝑣𝑛−1] = 5. 
 For each 𝑖 = 3,4,… , 𝑛 − 2,  
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 𝑠𝑢𝑝𝑝[𝑣𝑖] =  ‍𝑣∈𝑁[𝑣𝑖 ]
𝑑𝑒𝑔(𝑣) 

 = 𝑑𝑒𝑔(𝑣𝑖−1) + 𝑑𝑒𝑔(𝑣𝑖) + 𝑑𝑒𝑔(𝑣𝑖+1) 

 𝑠𝑢𝑝𝑝[𝑣𝑖] = 6. 
Now, 

 𝑠𝑢𝑝𝑝[𝐺] =  ‍𝑣∈𝑉[𝐺] 𝑠𝑢𝑝𝑝[𝑣] 

 = 𝑠𝑢𝑝𝑝[𝑣1] + 𝑠𝑢𝑝𝑝[𝑣2] +  ‍𝑛−2
𝑖=3 𝑠𝑢𝑝𝑝[𝑣𝑖] + 𝑠𝑢𝑝𝑝[𝑣𝑛−1] + 𝑠𝑢𝑝𝑝[𝑣𝑛 ] 

 = 3 + 5 +  ‍𝑛−2
𝑖=3 (6) + 5 + 3 

 = 16 + 6(𝑛 − 4) 

 𝑠𝑢𝑝𝑝[𝐺] = 6𝑛 − 8. 
 

Theorem 3.2.Let 𝐺 = 𝐶𝑛 . Then 𝑠𝑢𝑝𝑝[𝐶𝑛] = 6𝑛. 

Proof. Let 𝐺 = 𝐶𝑛  be a cycle of order 𝑛. Let 𝑉(𝐺) = {𝑣1 , 𝑣2 , … , 𝑣𝑛 } and 𝑑𝑒𝑔(𝑣𝑖) = 2 for all 𝑖 = 1,2, … , 𝑛. 

Then  

 𝑠𝑢𝑝𝑝[𝑣𝑖] =  ‍𝑣∈𝑁[𝑣𝑖 ]
𝑑𝑒𝑔(𝑣) 

 𝑠𝑢𝑝𝑝[𝑣𝑖] = 6. 
Now, 

 𝑠𝑢𝑝𝑝[𝐺] =  ‍𝑣∈𝑉(𝐺) 𝑠𝑢𝑝𝑝[𝑣] 

 = 6 + 6 +⋯+ 6      (𝑛𝑡𝑖𝑚𝑒𝑠) 

 𝑠𝑢𝑝𝑝[𝐺] = 6𝑛. 
 

Theorem 3.3. Let 𝐺 = 𝐾𝑛 . Then 𝑠𝑢𝑝𝑝[𝐺] = 𝑛2(𝑛 − 1). 

Proof. Let 𝐺 = 𝐾𝑛  be a complete graph with 𝑛 vertices. Let 𝑉(𝐺) = {𝑣1 , 𝑣2 ,… , 𝑣𝑛} and 𝑑𝑒𝑔(𝑣𝑖) = 𝑛 − 1 for all 

𝑖 = 1,2,… , 𝑛. Then  

 𝑠𝑢𝑝𝑝[𝑣𝑖] =  ‍𝑣∈𝑁[𝑣𝑖 ]
𝑑𝑒𝑔(𝑣) 

 =  ‍𝑣∈𝑁[𝑣𝑖 ]
(𝑛 − 1) 

 = 𝑛(𝑛 − 1) 

 𝑠𝑢𝑝𝑝[𝑣𝑖] = (𝑛 − 1)𝑛 

Now, 

 𝑠𝑢𝑝𝑝[𝐺] =  ‍𝑣∈𝑉(𝐺) 𝑠𝑢𝑝𝑝(𝑣) 

 =  ‍𝑣∈𝑉(𝐺) (𝑛 − 1)𝑛2 

 𝑠𝑢𝑝𝑝[𝐺] = (𝑛 − 1)𝑛2 

 

Theorem 3.4.Let 𝐺 = 𝐾𝑚,𝑛 . Then 𝑠𝑢𝑝𝑝[𝐺] = 𝑚𝑛(𝑚 + 𝑛 + 2).  

Proof. Let 𝐺 = 𝐾𝑚,𝑛  be a complete bipartite graph with the bipartition (𝑋, 𝑌) where 𝑋 = {𝑥1 , 𝑥2 , … , 𝑥𝑚 } and 

𝑌 = {𝑦1, 𝑦2, … , 𝑦𝑚 }. Then 𝑑𝑒𝑔(𝑥𝑖) = 𝑛 for all 𝑖 = 1,2, … ,𝑚 and 𝑑𝑒𝑔(𝑦𝑗 ) = 𝑚 for all 𝑗 = 1,2,… , 𝑛. 

 𝑠𝑢𝑝𝑝[𝑥𝑖] =  ‍𝑣∈𝑁[𝑥𝑖]
𝑑𝑒𝑔(𝑣) 

 =  ‍𝑣∈𝑌 𝑑𝑒𝑔(𝑣) + 𝑑𝑒𝑔(𝑥𝑖) 

 =  ‍𝑣∈𝑌 𝑚𝑛 + 𝑛 

 𝑠𝑢𝑝𝑝[𝑥𝑖] = 𝑛(𝑚 + 1), 𝑓𝑜𝑟𝑎𝑙𝑙𝑖 = 1,2,… ,𝑚 

 

 𝑠𝑢𝑝𝑝[𝑦𝑗 ] =  ‍𝑣∈𝑁[𝑦𝑗 ] 𝑑𝑒𝑔(𝑣) 

 =  ‍𝑣∈𝑋 𝑑𝑒𝑔(𝑣) + 𝑑𝑒𝑔(𝑦𝑖) 

 =  ‍𝑣∈𝑋 𝑚𝑛 +𝑚 

 𝑠𝑢𝑝𝑝[𝑦𝑗 ]) = 𝑚𝑛 +𝑚, 𝑓𝑜𝑟𝑎𝑙𝑙𝑗 = 1,2,… , 𝑛. 

Now, 

 𝑠𝑢𝑝𝑝[𝐺] =  ‍𝑣∈𝑉(𝐺) 𝑠𝑢𝑝𝑝[𝑣] 

 =  ‍𝑥∈𝑋 𝑠𝑢𝑝𝑝[𝑥] +  ‍𝑦∈𝑌 𝑠𝑢𝑝𝑝[𝑦] 

 =  ‍𝑥∈𝑋 𝑛(𝑚 + 1) +  ‍𝑦∈𝑌 𝑚(𝑛 + 1) 

 𝑠𝑢𝑝𝑝[𝐺] = 𝑚𝑛(𝑚 + 1) + 𝑛𝑚(𝑛 + 1) 

 𝑠𝑢𝑝𝑝[𝐺] = 𝑚𝑛(𝑚 + 𝑛 + 2) 

 

Corollary 3.5.Let 𝐺 = 𝐾1,𝑛 . Then 𝑠𝑢𝑝𝑝[𝐺] = 𝑛(𝑛 + 3).  

Proof.Let 𝐺 = 𝐾1,𝑛  be a star graph. Put 𝑚 = 1 in theorem 3.4, we get 𝑠𝑢𝑝𝑝[𝐺] = 𝑛(𝑛 + 3).  

Theorem 3.6.Let 𝐺 = 𝑊𝑛 (𝑛 ≥ 4). Then 𝑠𝑢𝑝𝑝[𝑊𝑛] = (𝑛 − 1)(𝑛 + 12). 

Proof. Let 𝐺 = 𝑊𝑛  be a wheel of order 𝑛. Let 𝑉(𝐺) = {𝑣0 , 𝑣1 , 𝑣2 , … , 𝑣𝑛−1} and 𝑑𝑒𝑔(𝑣0) = 𝑛 − 1; 𝑑𝑒𝑔(𝑣𝑖) = 3 

for all 𝑖 = 1,2,… , 𝑛 − 1. Then  

 𝑠𝑢𝑝𝑝[𝑣0] =  ‍𝑣∈𝑁[𝑣0] 𝑑𝑒𝑔(𝑣) + 𝑑𝑒𝑔(𝑣0) 
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 = 3 + 3 +⋯+ 3((𝑛 − 1)  𝑡𝑖𝑚𝑒𝑠) + (𝑛 − 1) 

 = 4(𝑛 − 1) 

 For each 𝑖 = 1,2,… , 𝑛 − 1,  

 𝑠𝑢𝑝𝑝[𝑣𝑖] =  ‍𝑣∈𝑁[𝑣𝑖 ]
𝑑𝑒𝑔(𝑣) + 𝑑𝑒𝑔(𝑣𝑖) 

 = 3 + 3 + 3 + (𝑛 − 1) 

 𝑠𝑢𝑝𝑝[𝑣𝑖] = 8 + 𝑛. 
Now, 

 𝑠𝑢𝑝𝑝[𝐺] =  ‍𝑣∈𝑉(𝐺) 𝑠𝑢𝑝𝑝[𝑣] 

 = 𝑠𝑢𝑝𝑝[𝑣0] +  ‍𝑛−1
𝑖=1 𝑠𝑢𝑝𝑝[𝑣𝑖] 

 = 4(𝑛 − 1) + (𝑛 + 8)(𝑛 − 1) 

 𝑠𝑢𝑝𝑝[𝐺] = (𝑛 − 1)(𝑛 + 12). 
 

Theorem 3.7.Let 𝐺 = 𝐹𝑛(𝑛 ≥ 4). Then 𝑠𝑢𝑝𝑝[𝐹𝑛 ] = 𝑛2 + 11𝑛 − 40. 

Proof. Let 𝐺 = 𝐹𝑛  be a fan of order 𝑛. Let 𝑉(𝐺) = {𝑣0 , 𝑣1 , 𝑣2 ,… , 𝑣𝑛−1} and 𝑑𝑒𝑔(𝑣0) = 𝑛 − 1; 𝑑𝑒𝑔(𝑣1) =
𝑑𝑒𝑔(𝑣𝑛−1) = 2;𝑑𝑒𝑔(𝑣𝑖) = 3 for all 𝑖 = 2,3,… , 𝑛 − 2. Then  

 𝑠𝑢𝑝𝑝[𝑣0] =  ‍𝑣∈𝑁[𝑣0] 𝑑𝑒𝑔(𝑣) 

 = 𝑑𝑒𝑔(𝑣1) + 𝑑𝑒𝑔(𝑣𝑛−1) +  ‍𝑛−2
𝑖=2 𝑑𝑒𝑔(𝑣𝑖) + 𝑑𝑒𝑔(𝑣0) 

 = 2 + 2 + 3(𝑛 − 3) + 𝑛 − 1 

 = 4𝑛 − 6 
 

 𝑠𝑢𝑝𝑝[𝑣1] =  ‍𝑣∈𝑁[𝑣1 ] 𝑑𝑒𝑔(𝑣) 

 = 𝑑𝑒𝑔(𝑣0) + 𝑑𝑒𝑔(𝑣2) + 𝑑𝑒𝑔(𝑣1) 

 = 𝑛 − 1 + 3 + 2 

 = 𝑛 + 4 
 Similarly,  

𝑠𝑢𝑝𝑝[𝑣𝑛−1] = 𝑛 + 4.  

 𝑠𝑢𝑝𝑝[𝑣2] =  ‍𝑣∈𝑁[𝑣2] 𝑑𝑒𝑔(𝑣) 

 = 𝑑𝑒𝑔(𝑣0) + 𝑑𝑒𝑔(𝑣1) + 𝑑𝑒𝑔(𝑣3) + 𝑑𝑒𝑔(𝑣2) 

 = 𝑛 − 1 + 2 + 2 + 3 

 = 𝑛 + 7 
 Similarly,  

𝑠𝑢𝑝𝑝[𝑣𝑛−2] = 𝑛 + 7. 

For each 𝑖 = 3,4,… , 𝑛 − 3,  

 𝑠𝑢𝑝𝑝[𝑣𝑖] =  ‍𝑣∈𝑁[𝑣𝑖 ]
𝑑𝑒𝑔(𝑣) 

 = 𝑑𝑒𝑔(𝑣𝑖−1) + 𝑑𝑒𝑔(𝑣𝑖+1) + 𝑑𝑒𝑔(𝑣0) + 𝑑𝑒𝑔(𝑣𝑖) 

 = 3 + 3 + 3 + (𝑛 − 1) 

 𝑠𝑢𝑝𝑝[𝑣𝑖] = 𝑛 + 8. 
Now, 

 𝑠𝑢𝑝𝑝[𝐺] =  ‍𝑣∈𝑉(𝐺) 𝑠𝑢𝑝𝑝[𝑣] 

 = 𝑠𝑢𝑝𝑝[𝑣0] + 𝑠𝑢𝑝𝑝[𝑣1] + 𝑠𝑢𝑝𝑝[𝑣𝑛−1] + 𝑠𝑢𝑝𝑝[𝑣𝑛−2] +  ‍𝑛−3
𝑖=3 𝑠𝑢𝑝𝑝[𝑣𝑖] 

 = 4𝑛 − 6 + 2𝑛 − 8 + 2𝑛 + 14 + (𝑛 + 8)(𝑛 − 5) 

 = 4𝑛 + 2𝑛 + 2𝑛 + 𝑛2 + 3𝑛 − 40 

 𝑠𝑢𝑝𝑝[𝐺] = 𝑛2 + 11𝑛 − 40. 
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