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Abstract

In this paper, the open support of a vertex v under multiplication and open support of a graph G under
multiplication is defined and studied. Also, we find the value of open support of some namely graphs like Dutch
windmill graph, Butterfly graph and Ladder graph. Moreover, we generalized the value of open support under
multiplication for any given graph G.
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I. INTRODUCTION

In this work we consider finite, undirected, simple graphs G = (V, E) with n vertices and m edges.
The neighbourhood of a vertex v € V(G) is the set N;(v) of all the vertices adjacent to v in G. For a set
X € V(G), the open neighbourhoodN, (X) is defined to be U,y N;(v) and the closed neighbourhood N;[X] =
N;(X) U X. The degree of a vertex v € V(G) is the number of edges of G incident with v and is denoted by
deg;(v) or deg(v). The maximum and the minimum degrees of the vertices of G are respectively denoted by
A(G) and §(G). A vertex of a degree 0 in G is called an isolated vertex and a vertex of degree 1 is called a
pendent vertex or an end vertex of G. A vertex of a graph G is said to be a vertex of full degree if it is adjacent to
all other vertices in G. A graph G is said to be regular of degree r if every vertex of G has degree r. Such graphs
are called r-regular graphs.

The Dutch windmill graphD,(l'”), is the graph obtained by taking m copies of the cycle graph C,, with a
vertex in common. The Butterfly graph ( also called the bowtie graph and the hourglass graph) is a planar
undirected graph with 5 vertices and 6 edges. It can be constructed by joining 2 copies of the cycle graph C;
with a common vertex. It is denoted by B,. The ladder graphL, is a planar undirected graph with 2n vertices
and n+2(n-1) edges. The Ladder graph obtained as the cartesian product of two graphs one of which has only
oneedge: L, = P, X P;.

An open support of a vertex v under multiplication is defined by [I,cy(,y deg(u) and is denoted by
mult(v). An open support of a graph G under multiplication is defined by [I,cy () mult(w) and it is denoted
by mult(G).

Il. DEFINITIONS

Definition 2.1.Let G=(V,E) be a graph. An open support of a vertex v under multiplication is defined by
[lencwy deg(u) and is denoted by mult(v).

Definition 2.2.Let G=(V,E) be a graph. An open support of a graph G under multiplication is defined by
[Tev () mult(u) and it is denoted by mult(G).

I1l. RESULTS
Proposition 3.1.For a Path P,, (n = 2), mult(P,) = 4" 2.

Proof: Let G be a path on n vertices and let V(G) = {u;,uy, ...,u, } where deg(u;) =deg(u,) =1 and
deg(u;) = 2fori =2,3,..,n—1.
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If n = 2, 3, or 4, then clearly mult(G) = 1, 4 and 16 respectively.
Letn > 5. Then
mult(uy) = mult(u,) = 2,

mult(u,) = mult(u,_,) =2
and
mult(u;) = Hyeye,deg(v) = 4.
Therefore
mult(G) = ey (2%) X (2%) x 4r=1) = 4n2,

Theorem 3.2 For any r-regular connected graph G of order n > 2, mult(G) = r™.
Proof: Let G be a r-regular connected graph on n vertices and let V(G) = {uy,u,, ..., u, } Where deg(u;) =r
foralli. Letn > 2. Then

mult(u;) = Iheywydeg(v) = rXrx..xXr (r—times) = 7.

Thus,mult(y;) = r" and hence
mult(G) = r"xXr"x.xr" = r™m,

Corollary 3.3 For a Cycle C,,, (n = 3), mult(C,) = 4™.
Corollary 3.4 For a complete graph K,,, (n = 2), mult(K,)) = (n — 1)"~D,
Corollary 3.5 For a Petersen graph P, mult(P) = 3%°.
Proposition 3.6.For a complete bipartite graph K, ,, (m,n = 1),mult(K,, ,) = (mn)™.
Proof: Let G = K,,, , be a complete bipartite graph with bipartition (V;,V;) where V; = {uy,uy, ..., u,,} and
Vo ={vy,v5, ..., v, }. Then deg(u;) =nand deg(v;) = m for all i, j. Thus
mult(w;)) = Ieyupdeg(w) = ILg,m = m" fori =1,2,..., m.
Similarly,
mult(v;) = n™forj=1,2,..,n.
Therefore
mult(G) = m™ xn™ = (mn)™.
Proposition 3.7.Let G = L,,, (n > 4), be a Ladder graph.Then mult(G) = 28 x 36(*=2),
Proof: Let G = L,,, n = 4. Let V(G) = {uy,uy, ..., Uy, V1, vy, ..., v, } Where deg(u,) = deg(u,,) = deg(v;) =
deg(v,) =2anddeg(y;) = deg(v;) =3 fori =2,3,..,n—1. Then

mult(u,) = mult(v,) = mult(u,) = mult(v,) =6,

mult(u,) = mult(v,) = mult(u,_;) = mult(v,_;) = 18

and
mult(w;) =TIleyuydeg(v) =3x3x3 =27
Similarly,
mult(v;) = 27.
Therefore,

mult(G) = Iyepymult(u)
= 6*x (18)* x (27)*"8
= 2% x3%x2%x38%x36(m4)
— 28 X 312+6(n—4)
= 28 x 36(n-2),

Proposition 3.8.For a Fan E,, (n = 4),mult(E,) = 2* x 33@=3) x (n — 1)»1,
Proof: Let G = F,(n = 4). Let V(G) = {u, uy, uy, ..., u,,_1 } Where deg(u) =n—1, deg(u,) = deg(u,_,) =
2anddeg(u;) =3fori=23,..,n—2.

Then
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mult(u) = 22 X 3773,
mult(uy) = mult(u,_1) =3xn—-1),

mult(u,) = mult(u,,_,) =6x(n—1)
and
mult(u;) = Hyeye,Hdeg(v) =9 x (n—1)
fori =2,3,..,n—3.
Therefore

mult(G) = Iyeygymult(v)

22x3" 3 x32xMm—-1)?%x62Xx(n—1)2%x9" > x (n—1)">
24 x 3ntl » (TL _ 1)4 x 32n—10 « (Tl — 1)n—5

= mult(G) = 2* x 3303 x (n — L.

Theorem 3.9.Let G = L,,. Then mult(G) = 6* x 18* x 272(x=4,
Proof. Let G =L,, be a Ladder graph with 2n vertices. Let V(G) = {vy,vy, ..., vy, Uy, Uy, -
deg(v;) =deg(w;) =2 foralli =1,n; deg(v;,) =deg(y;) =3 foralli =2,3,...,n—1. Then
mult(vl) = HveN(vl)deg(v)
= deg(u;) x deg(v;)

mult(v;) =6

Similarly,
mult(v,) = mult(u,) = mult(u,) = 6.
mult(UZ) = HveN(vz)deg(v)
= deg(up) X deg(vy) x deg(vs)
mult(v,) = 18

Similarly,

mult(u,) = mult(u,_,) = mult(v,_,) = 18.
Foreachi =34,..,n—2,
mult(v;) = ey, deg(v)
=deg(u;) X deg(v;_1) X deg(v;41)
mult(v;) = 27, foralli=3,4,..,n—2.
Similarly,
mult(u;) = 27, foralli = 3,4,...,n — 2.
Now,
mult(G) = ey gymult(v)
=11y ymult(v;) X I o, mult(uy) X Iy, ymult(v;) X 12, - ymult(u;)
X 2 mult (v;) x I mult(w,)
= Yicin 6 X o n6 X Ti_p 118 X Ty 1 18 X [T/ 27 X 1112727
mult(G) = 6* x 18* x 272(=4),

Theorem 3.10.Let G=(m,m,...,m) be a caterpillar graph.Then
mult(G) — (m + 1)2(m+1)(m + z)mn +2(m+n-2)
Proof. Let G=(m, m, ..., m) be a caterpillar graph.
Let V(G) = {v1, Vg, ey Upy Uy Uty ooy Uiy oo Un 1y - Up § SUCH that deg(v;) = deg(v,)
deg(v;)=m+2foralli=23,..,n—1and deg(u;) =1 foralli=1,2,..,nandj =1,2,....,m
mult(v,) = I deg(uy;) x deg(v,)
=1L 1(m + 2)
=m+2
Similarly,
mult(v,) =m+ 2;

mult(vy) = Ii— deg(uy;) X deg(vy) x deg(vs)
=T 1(m+ D(m+ 2)
=(m+1(m+2)
Similarly,
mult(v,_1) = (m+1)(m+ 2);

., u,} and

=m+1,
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Fori=34,..,.n—2
mult(v;) = ey w)deg(v)
=deg(v;_1) X 1_[}1=1 deg(u;) X deg(vi;1)
=(m+2)I'_;1x (m+2)
=(m+2)?
Forj=12,..,m
mult(u,;) = deg(v,)
=m+1
Similarly,
mult(u,;) =m+1;
Fori=23,..,n—1landj=12,..,m
supp(u;; ) = deg(v;)
=m+2
Now,
mult(G) = ey gymult(v)
= I} ymult(v;) X I L mult (u;; )
= mult(v;) X mult(v,) X H?;fmult(vi) X mult(v,_;) X mult(v,)
X Ty mult (uy;) X TS mault (uy,; ) X 5 TS mult (uy;)
=(m+ 2)2(m2+ 1)2(m + 2)2I1 2 (m + 2)?2
(1_[1'711("1 +1)) Hznz_zlnjril (m+2)
=(m+ 1)?(m+2)*[(m+ 2)?]*HD(m + 1)?" (m + 2)" -2
— (TI‘L + 1)2(m+1)(m + 2)4+2n—8+mn -2m
mult(G) = (m + 1)20n+D (m + 2)mn+2(m+n=2),

Theorem 3.11 Let G be a butterfly graph. Then mult(G) = 216
Proof.Let G be a butterfly graph. Let V(G) = {x, vy,v,,v3,v,} such that deg(x) = 4; deg(v;) = 2,for all
i=1234

mult(x) = I,eydeg(v)

= deg(v,) X deg(v;) X deg(vs) X deg(vs)

=16
Fori=1,2,3,4
mult(v;) = ey, deg(v)
=2X%X4
=8
Now,

mult(G) = ey gymult(v)

= mult(v;) X mult(vy) X mult(v;) X mult(v,) X mult(x)
= 216

Theorem 3.12.Let G = Dgg) be a Dutch windmill graph. Then mult(G)=[m2@r-]™

Proof. Let G = D((:S) be a Dutch windmill graph. Let V(G) = {x, v}, v5,v4, ..., v} _4} for i = 1,2, ..., m such that
deg(x) = 2m; deg(vj") =2foralli=1,2,..,mandj =12,..,n—1;
mult(x) = vaN(x)deg(v)
= H%(deg(vi) X deg(vn-1))
=1L (4)
= 4m
Fori=1,2,..,m,
mult(vi) = HveN(v{) deg (v)
=2mx2
Similarly,
mult(vi_,) = 4m
Forj=23,..,n—2,
mult(v}) = Hvezv(v}) deg (v)
=2X2=4
Now,
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mult (G) = ey gy mult (v).

= mult(x) x H}’;l{l‘[}’z_zzmult(lgi) x mult(v}) x mult(vi_;)}
= 4™ x [T, {IT'7 4 x 8m}
=4m x [TL,{4" 3 x 8m}
=4" x [4"3 x 8m]™
= [8m x 42|
— [m X 23 X 22n—4]m
— [m X 22n—1]m

Theorem 3.13.Let G = K,, (ay, ay, ..., @, ). Then mult(G) = n™’.
Proof. Let G = K,,, (ay, ay, ..., a,, ) be a multistar graph of order m +a; + a, + -+ a,,. Let V(G) =

{vi, vy, ..

Now,

[1]

[2]
[3]
[4]
[5]
[6]
[7]
(8]
[9]
[10]
[11]

ISSN

Uy, Uy, Uy, ..., U, } SUCh that deg(v;) = nand deg(w;) = 1 foralli =1,2,...,n.
mult(u;) = yey,;ydeg(v)
mult(y;) =n

mult(v;) = ey, deg(v)
mult(v;) =nXxXn X ..xn[(n— 1)times]
mult(v;,) = n"!

mult(G) = ey gymult(v)

= I, mult(v;) X Iy mult(u;)
=M n" ! x I n

— nn(n—l) X nt

mult(G) = nn’.
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