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INTRODUCTION

It is well known that the Banach contraction mapping principle is the only fixed point theorem in the nonlinear
analysis which provides a useful method for approximating a unique solution for the initial and boundary value
problems of ordinary differential equations via successive iteration. The best of our knowledge, there is no fixed
point theorem or other method developed so far for hybrid functional differential equations without further
assumptions on the nonlinearities involved in the equations.

In this paper, we using the ideas from Lakshmikantham and leela(2) and Ladde et.al(1). We establish the
approximation results for extremal solutions of the hybrid functional differential equation between the given
lower and upper solutions.

1. STATEMENT OF PROBLEM

Let R denote the real line and let I, = [—r,0] and I = [0, a] be two closed and bounded intervals inR. Let] =
I, U I, then J is closed and bounded interval in R. Let C denote the Banach space of all continuous real valued
functions ¢ on I, with supremum norm ||. || defined by

liplle =31 (Ol and  (x.y)(t) = x(¢).y(t), t €] then C is a Banach algebra with this norm. Consider
the Hybrid Functional Differential equation ( In short HFDE)

i x(t)
dt Lf (t,x(t)xt)

x)=¢@®) tel, (1.1)

Where f:JXRxXC->R—-{0},g:/JxRxC—>R andforeachtel, x,:I, » C is continuous defined by
x.(0) =x(t+0) forall 6 €l,.

| =gt x@®),x) ae ter

By a solution of HFDE (1.1) we means a function x € C(J,R) n AC(J, R) n C(I,,R) such that

X

i) The function t e

is absolutely continuous for each x € R and

ii) x satisfies the equations in (1.1)
where AC(J, R) denotes the space of absolutely continuous real valued functions
defined on J.

The functional differential equations have been the must active area of research since long time; see Hale
(8), Henderson (9) and the references there in. The study of functional differential equations in Banach algebra
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is very rare in the literature. Very recently, the study along this line has been initiated via fixed point theorem.
See Dhage and Regan (4) and Dhage (3) and the references there in. The HFDE (1.1) is new to the literature
and the study of this problem will definitely contribute immensely to the area of hybrid functional differential

equation. The specialty of the results of the present paper lies in our HFDE (1.1) on/.
A function f:J X Rx C - R is said to be long to the class C(J X R x C,R) of Caratheodory real

valued functions definedon ] X R x C if
i) tw- f(t,x, x,) is measurable for each x € R and
ii) x » f(t, x,x,) is continuous for each t € J.

The following hypothesis concerning the function f is some time crucial in the study of HFDE (1.1)

(Ay) The function x — f(tix 5 is injective inR. Hypothesis (4,) holds in particular if the function
oAt

X - is increasing in R.
ftx,xe) 9

We shall make use of the following result in what follows.
Lemma 1.1. Assume that hypothesis (4,) holds. Further, if g(-,x(9),x,(-)) € L'(J, R) then the

HFDE (1.1) is equivalent to the hybrid integral equation (HIF)

X(©) = (630, 20) (78— + [ 9(s.x(5),x,)ds ). ¢e). 1.2

2. METHODS OF LOWER AND UPPER SOLUTIONS

In this section we prove an existence result for the HFDE (1.1) in a closed and bounded subset given by lower
and upper solutions. A construction result is also obtained at the end of the section.

Definition 2.1. A function u € AC(J, R) is said to be a lower solution for HFDE (1.1) if

H u(t) . .
) P momy 1S almost everywhere continuous for each x € R and

.. d u(t)
iy L m] < gt u®),u,) ae te], ulty) < x(ty)

and a function v € AC(J, R) is said to be a lower solution for HFDE (1.1) if

: v(t) . .
) Lo o S almost everywhere continuous for each x € R and

.. d v(t)
iy L m] > g(t,v(t),v,) ae te], v(ty) = x(ty)

A solution of the HFDE (1.1) is a lower as well as upper solution and vice versa.
If the existence of lower and upper solutions of HFDE (1.1) such that u(t) < v(t), t € J then
we prove the existence of a solution of the HFDE(1.1) in the closed set Q = {x € E: u(t) <x < v(t), t€ J}.

We study the problem in the space C(J, R) of continuous real valued functions defined on J.

We need the following hypotheses in follows.

(4;) The function x — 3 is increasing in R almost everywhere

f(txxe
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(A,) There exists a constant L > 0 such that |f (¢, x,x.) — f(t,y,y )| < Llx —y|forallt € ]
andx,y € R.

(43) There exists a function h € L'(J, R) such that |g(t,x,x,)| < h(t) a.e. t €] forall x € Q.

Theorem: 2.1. Letu,v € C(J,R) be lower and upper solutions of HFDE (1.1) satisfying u(t) < x < v(t),te
J and let the hypotheses (4;)-(A43) hold. Suppose also that the condition that

d

is satisfied. Then there exists a solution x(t) of HFDE (1.1) in the closed set Q that is

x(to)

]+ Ikl ) < 1 )

u() <x@) <v()t €.
Proof. Definea function p:J X R - R by p(t,x) = max{u(t), minx(t), v(t)} 2.2
Then g(t,x,x,) = g(t, p(t,x),x,) defines a continuous extension of g onJ X R X C — R satisfying
gt x,x)| =g, p(t,x),x)| < h(t) a.e.t €] forall x € R.

Hence by Dhage and Lakshmikantham (3), the HFDE

: ﬁ] =g, x(t),x,) ae te]
x(t)) =xy ER 2.3
has a solution x on J.
For € > 0, let
f(t.uZ(gt()t,zug)t) - f(t,Z((tt)).ut) —ed+D) 24
and
r® v 4.1 4¢) 25

Fv O~ fEw®)v)

for t € J. Then in view of hypotheses (4;), we obtain

u(t) < u(t)and v(t) <v.(t) forte]J 2.6
. Since u(ty) < xo <v(ty)
one has u, (ty) < xp < v, (ty) 2.7

Next, we show that

u (t) < x(t) < v.(t) forejt. 2.8
Define X(t)=)#gm,t e/,
define U.(t) = W(;iu)) LU = f(t;‘(%
and V.(t) =m(t—(ji)) V(t) :#

forall t €.

ISSN: 2231-5373 http://www.ijmttjournal.org Page 23




International Journal of Mathematics Trends and Technology (IIMTT) — Volume 65 Issue 6 - June 2019

Take 3 t; € (ty,ty +a) such that x(t;) = v, (¢;) and wu,(t) < x(t) < v, (), t, <t < t; if (2.8) is not
true,

If x(t;) > v(t;)then p(ty,x(t;)) = v(t; ). Morever, u(t;) < p(t, x(t)) < v(t; ).
Now V'(t;) = g(ty,v(t; ), vy,) = g(ty, x(¢y ), x,) = X'(¢) forall t €.
Since v (£) >V'(t) forall t €]

We have that

V() > X'(t)) 2.9
However, X)) =v,.(t;)
and X)) =v,@t), tr<t<ty

together imply that

X(t1+h)=X(t1) _ Ve(t+h)=V,:(t)
h

if h < 0 small

Taking the limit as & — 0 in the above inequality yields
X(t) = V()
which is contradiction to (2.9), hence
X(@)=v.(t) forall te]
Consequently,
u, () < x()<v.(t),te]
letting the limit as € — 0 in the above inequality, we obtain
u@®) <x@) <v() te].
This completes the proof.

The existence of lower and upper solutions is an essential ingredient in many problems of nonlinear
functional differential equations and which do exist for every functional differential equation obviously. The
following simple results give the sufficient conditions that guarantee the existence of lower and upper solutions
for the HFDE (1.1) on J.

We consider the following hypotheses

(A4) The function x » g(t,x,x,) is no increasing in R for almost everywhere t € J.

Theorem: 2.2. Suppose that hypotheses (4;) — (A,) hold. Further if the condition (2.1) is satisfied, then there

exists a lower solution u, and upper solution v, for the HFDE (1.1) such that u,(t) < v,(¢t) onJ.

Proof. Let y(t) be the unique solution of the HFDE

ISSN: 2231-5373 http://www.ijmttjournal.org Page 24




International Journal of Mathematics Trends and Technology (IIMTT) — Volume 65 Issue 6 - June 2019

d y ()

o s (t),m] = g(t,x(t),x,) aet€]

y(t,) =xo €ER 2.10

which does exists in view of condition (2.1)

Define

and

ug(t) __ye
Fltag®. o)) fEy@®)ye) Ro,t €] 211

v(t) __y®
fv®),wo)e)  fEy®ye)

+Ry,tE] 2.12

For some real number R, > o, choose R, so large that

and \

uo(®) <0< v(t) ’ )i
f o), (ug)r) f (), (o))
v(t) __y®

= >
o@D = Faroyn = 9w, (o)), t €]

Also from (2.11) and (2.12), it follows that

ug (to) < x9 < vo(ty)

Thus the function u,(t) and v, (t) are respectively the desired lower and upper solutions for the

HFDE(1.1) on J. Finally, from the hypotheses (4;) and the inequality (2.13) it follows that u,(t) < v,(t) and

this completes the proof.
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