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ABSTARCT: Completely simple semigroups was studied by P. R. Jones and simple ternary semigroups was 

studied by G. Sheeja and S. Sri Balaji in 2013. In this paper we considered Simple Ternary semigroups and we 

proved some proved their some properties. Mainly we prove that  If  (T ,.) is a ternary semi-group  then T  is 

left, right and lateral simple if and only if every fuzzy quasi ideal of T  is a constant function. 
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1. INTRODUCTION: 

A semi-group not containing proper ideals or congruences of some fixed type. Various kinds of simple semi-

groups arise, depending on the type considered: ideal-simple semi-groups, not containing proper two-sided 

ideals (the term simple semi-group is often used for such semi-groups only); left (right) simple semi-groups, not 

containing proper left (right) ideals; (left, right) -simple semi-groups, semi-groups with a zero not containing 
proper non-zero two-sided (left, right) ideals and not being two-element semi-groups with zero multiplication; 

bi-simple semi-groups, consisting of one -class (cf. Green equivalence relations); -bi-simple semi-groups, 

consisting of two -classes one of which is the null class; and congruence-free semi-groups, not having 
congruences other than the universal relation and the equality relation. In 1932, Lehmer introduced the concept 

of a ternary semigroup. He investigated certain ternary algebraic structures called triplexes. Santiago developed 

the theory of ternary semigroups and semiheaps. He studied regular and completely regular ternary semigroups. 

The notion of quasi ideals and bi-ideals in ternary semigroups presented by Dixit and Dewan, Kar.  Maity 

investigated congruences of ternary semigroups and Iampan studied minimal and maximal lateral ideals of 

ternary semigroups. In this paper, we proved some results on simple ternary semigroups.  

Definition 1.1: A non-empty set T   is said to be  ternary semigroup   if    there  exists  a ternary  operation

TTTT  :   written  as  cbacba ..),,(    satisfies  the    following  identity  

  deabcebcdacdeab )()()( 
 
 for any    Tedcba ,,,,  . 

Definition 1.2: A  ternary semigroup T   is said to be a ordered ternary semigroup if  T  is a ordered set with 

the relation “ ” such that 2121 abaaaaba  , 2121 baaaaa 
         

and  baaaaa 2121 
     

 for all 

Taaba 21,,,
 
. 

Definition 1.3: A non-empty subset A of a ordered ternary semigroup T is called a Left (lateral, right) ideal, of 

T if it satisfies following: 

1) ),( lyrespectiveATATAATTATTA   

2) If TbAa  & such that ab   then .Ab  

Definition 1.4: Let X  is a non empty set. A fuzzy set  of  the set X  is a function  : ].1,0[X   

Definition 1.5: Let )(TF  denote the set of all fuzzy sets in a ternary semigroup T . For A,B,C )(TF  ,

BA   and CB  if and only if  )()()()( xCxBandxBxA    in the ordering of [0,1], .Tx  

Definition 1.6: A fuzzy set )(TFA  is said to be a fuzzy sub semigroup of a ternary semigroup T  if  

.,,)}(),(),(min{)( TzyxzAyAxAxyzA     

Definition 1.7: A fuzzy set )(TFA  is said to be a fuzzy left (resp., lateral and right) ideal of a ternary 

semigroup T  if ),()( zAxyzA  ( resp., ),()( xAxyzA  and )()( yAxyzA  ) Tzyx  ,, . 

Definition 1.8: Let f  and g  be two fuzzy subset of T , define the relation   between f  and g respectively 

as, 

https://www.cambridge.org/core/search?filters%5BauthorTerms%5D=P.%20R.%20Jones&eventCode=SE-AU
https://www.encyclopediaofmath.org/index.php/Semi-group
https://www.encyclopediaofmath.org/index.php/Green_equivalence_relations
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gf   if )()( xgxf   

)}(),(max{))(( yfxfxgf   

Txxgxfxgf  )},(),(min{))((
 

Definition 1.9: A ternary semigroup T  is called left (right/lateral) simple if for every left (right/lateral) ideal 

A  of T , we have TA  .  

 Definition 1.10:An ternary  semigroups (T ,.) is called left (right, lateral) regular. If for each Ta there exits 

Tyx ,  such that ).,( 333 yxaaxyaaxyaa 
 
An ternary semigroup (T ,.) is called strongly regular 

if it is left, right & lateral regular. 

Clearly, an ternary semigroup T  is strongly regular if and only if ` TTaTTaTTaa 333   for every 

.Ta  

Definition 1.11:  A ternary semigroup (T ,.) is called regular if for each Ta  there exist Tx  such that 

.axaxaa  . Equivalently, aTaTaa  for any .Ta  
Definition 1.12:   An equivalence relation  on an ordered ternary semigroup T is called congruence if 

),,( cba implies   ),(,),( cbdcadbcdacd  for every Tdc , . 

Definition 1.13:  A congruence  on T  is called semi lattice congruence on T ,if ),( 3aa  

Definition 1.14:   A ternary semigroupT is called a semi lattice of left, right & lateral simple semigroup if there 

exists a semi lattice congruence  on T such that the  class )(x of T containing x  is a left, right & 

lateral simple sub semi group of T  for every Tx . 

Equivalently, there exists a semi lattice Y  and a  family YT }{  of left, right and lateral simple sub 

semigroups of T such that 

i.   TTT  for each ;,,,,  Y  

ii. ; TUT Y  

iii.  TTTT   for each .,, Y  

Definition 1.15: A ternary sub semigroup F  of an ordered ternary semigroup T  is called a filter of T  if 

1. ;&,,,, FcFbFaFabcTcba   

2. ., FcacTFa   

We denote by )(aN  the filter of T  generated by )( Taa   and by ""N  the equivalence relation on T  

defined by  

).()( bNaNaNb   

N is semi-lattice congruence on T . 

2. Maine Results: 

Lemma 2.1: Let T  be an ordered ternary semigroup. Then T  is Left (Right/Lateral) simple if and only if  

)( TTaTorTaTTTTTa   for every Ta . 

Lemma 2.2: Let T  be an ordered semigroup. If T  is Left, Right and Lateral simple, then  T  is regular. 

Proof: Let Ta    

By hypothesis, TaTTTaaTTT   

Then we have, aTTaTTaaTTa   

                                  aTaTa  

                            aTaTaa   

   It follows that T  is regular. 

Theorem 2.3: Let (T ,.) be a ordered ternary semigroup .Then T  is left, right and lateral simple if and only if 

every fuzzy quasi ideal of T  is a constant function. 

Proof: Suppose that T  is left, right and lateral simple ternary semigroup. 

Let f be a fuzzy quasi ideal of T  and .Ta  

We consider the set, }/{ 3 eeTeET   

 Then 
TE

 
is non-empty. 
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There exist Sx  such that .axaxaa  then we have, 

ax

axaxa

axaxaxax





3)(

 

So, .TEax  

1) f  is a constant mapping on .TE  

Let .TEt Then )()( tfef 
 
for every 

TEe . 

In fact, Since T  is left, right and lateral simple .We have, 

TTtTandTtTTTTTt  ,  

Since ,Te we have, TtTeandtTTeTTte  ,  

So, there exist Tyx , such that ., xtyeandtxyexyte   

Hence,  

)())()((

)())()((

)())()((

3

3

3

yxtyxtyxtxtyxtyxtyeeee

yxytxytxttxytxytxyeeee

ytxytxytxxytxytxyteeee







 

And we have,  

333 ))(,,()),(,(,),),((
eee

AyxtyxtytxandAyxytxytxtAtyxytxytx  . 

Since f  is a fuzzy quasi ideal of T , 

 we have 

)))(()()(()( 33 eTfTfTTTTfef  

 

           )})((),)((),)(min{( 333 eTfTefTTeTTf   

)},(),(),(min{)},(),(),(min{min{
33 ,,,,

wfvTuTrTqTpf
ee

AwvuArqp 
   

)}}(),(),(min{
3,,

kTjfiT
e

Akji 
                                

           )},(),(),(min{)},(),(),(min{min{ tfySxytxytxSySxytxytxStf   

)}}(),(),(min{ yxtyxtyStfxS   

               )}},(,1min{)},(,1,1min{},1,1),(min{min{ tftftf   

              ).(tf  

Since
TEe , it follows that ee 3

 and f  is a fuzzy quasi ideal of T , and we have ).()( 3efef   

Thus, ).()( tfef   

On other hand, Since T  is left, right and lateral simple and ,Te we have 

TTtTandTtTTTTTt  ,  

Since, ,TEt T   as in the previous case we also have 

)()()( 3 eftftf  . 

2) f  is a constant mapping on T . 

Let Ta   then )()( aftf  for every 
TEt . 

Since T  is regular, there exist Tx  such that .axaxaa   

Then, 

).(

)(

)()( 3

axaxax

xxaxaa

axaxaxax







 

This implies that, sEaxaxaaaax ,,  

 Then by (1), we have  )()(),()( tfxaaftfaaxf   and )(tf . 
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Since, 

aaxaxaaxaxaaxaaxaxa

andaaxaxaxaaaxaxaaxaxa

aaxaxaaxaxaaxaxaaax







))()((

))()((

))()((

 

We have aAaxaxaaxaxaaax ),,( &  aAxaaaxaxaaxaxa ),,( and .),,( aAaxaxaaxaxaaax 

 

Since f  is a fuzzy quasi-ideal of s, we have 

)))(()()(()( aTfTfTTTTfaf    

        )})((),)((),)(min{( aTfTafTTaTTf   

    )},(),(),(min{)},(),(),(min{min{
,,,,

wfvTuTrTqTpf
aa AwvuArqp






   

     

)}}(),(),(min{
,,

wTjfiT
aAkji




 

      
)}(),(),(min{

)},(),(),(min{)},(),(),(min{min{

axaxaTaxafaxaxaT

xaafaxaxaTaxaxaTaxaxaTaxaxaTaaxf
  

       }1),(,1min{)},(,1,1min{},1,1),(min{min{ tftftf  

       )(tf . 

On the other hand, since T is left, right, &lateral simple, we have 

 .&,,&, TaTtaTTtTTatTTaTTaTTTTTa   

Then wawtavvtuuat  &,  for some .,, Twvu   

Then .),,(&),,(,),,( ttt AwawAvvaAauu   

Since f  is a fuzzy quasi-ideal of T , we have 

)})((),)((),)((()( tTfTtfTTtTTftf   

      )}(),(),(min{)}(),(),(min{min{ 222
,,

111
,, 222111

zfyTxTzTyTxf
tt AzyxAzyx






  

    

)}}(),(),(min{ 333
,, 333

zTyfxt
tAzyx




 

      )}(),(),(min{)}(),(),(min{)}(),(),(min{min{ wTafwTafuTuTvTvTaf  

      }1),(,1min{)}(,1,1min{}1,1),(min{min{ afafaf  

      ).(af  

Summarizing two cases above, we have shown that f  is a constant function. 

Conversely, 

Let Ta  since the set TTa  is a left ideal of T , and so TTa  is a quasi-ideal of T . 

The characteristic function TTaf  of Tta  is fuzzy quasi-ideal of T . By hypothesis, TTaf  is a constant 

function, that is there exist }1,0{c  such that cxfTTa )(  for every Tx .Let  TaTT   and t  be an 

element of T  such that aTTt .Then 0)()( tf aTT . 

Also since 1)(, 33  afTTaa TTa , leading to a contradiction to the fact that TTaf is a constant function thus 

TTTa   

Similarly, we can prove that TTaTTaT  &  

Therefore T  is left, right & lateral simple 

Lemma 2.4: Let T be a ternary semigroup. Then the following statements are equivalent: NNx)( is a left, 

right & lateral simple sub semi group of T  for every Tx  

Lemma 2.5:  A ternary semigroup ,.)(T  is a semi lattice of left, right and lateral simple semigroup if and only 

if AA )(  and  

ACBBACCABCBABCAABC  for all quasi-ideals ABC  of T . 
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Theorem 2.6: Let  ,.)(T  be a ternary semigroup.  Then S  is a semi lattice of left, right and lateral simple 

semigroups if only if for every fuzzy quasi-ideal f  of ,T we have )()( 3afaf   and  

)()()()()()( acbfbacfbcafcabfcbafabcf   for all Tcba ,,  

Proof:  Let Y  be a semi lattice  and  let YT }{ be a family  of left and right simple sub semigroups of ternary 

semigroup T  such that  

i.   TTT  for each .,,,,  Y  

ii. iYTUT    

iii.  TTTT   for each Y ,,  

Let  f
 
be a fuzzy quasi-ideal of T .Then we have  

i. Let .Ta Then )()( 3afaf   indeed 

It is sufficient to prove that T is strongly regular, 

Since YTUTa Y    , such that .Ta since T  is left, right and lateral simple, we have 

aTTT                                                                                                                                                                                    

 TaTT                                                                                                                                                                       

 aTTT   

Then we have )()( aTaTTaTTaT    

                                )( aaTaT   

Since ,a  we have ),( aaTaTa   then there exists Tx  such that .axaxaa  since 

)( aaTaTx   

There exists Ty  such that .ayayax   

Thus,     axaxaa   

               aapaaapaa )()(               

              aapapaaapapaa )()(        

              aapaqaqaaapaaaaqaqaaa )()(    

              
3)()( apaqaqaaaqaaapaaa         

              
3333 )()( apaqaqapqaa                     

              
333 aTaTa                        

              )()()( 333 aTTTaTTTa                     

T is strongly regular. 

ii. Let .,, Tcba   

Then )()()()()()()( bcafacbfbacfcbafcabfbcafabcf   

            bcabcabcabcabcaabc 5)(  

                          )()()( bcabcQcabcaQabcabQ  

                           )()()( cabcaQabcabQbcabcQ  

                           

)]([

)]([

)]([

TTcabcaTcabcaTcabcaTTcabca

TTabcabTabcabTabcabTTabcab

TTbcabcTbcabcTbcabcTTbcabc







 

                            ])][][([ TTcabcacabcaTabcabTabcabbcabcTTbcabc   

                          ))()(( TTcabcaTabcabTbcabcTt      

                                  ( TTcaTTabTbcT  ,, ) 
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                          ]][][[ TTbcaTcabTbcaTt        LMRRML   

                           )()()( TTbcaTcabTbcaTt   

                               )()()()( 5 TTbcaTcabTbcaTTabc   

     f is quasi-ideal. 

ffTTTTfTTTTf

ffTTTfTTTf





)()()(

&)()()(




 

 
55 )())](()()[( abcfabcfTTTfTTTf    

}))((,))((,))(min{()( 5555 abcfTTabcTfTabcTTfabcf                 

)},(),(),(min{)},(),(),(min{min{
5)(5)(

,,,,

uTsftTrTqTpf

abcabc
AustArqp





   

    

)}}(),(),(min{
5)(

,,

zfyTxT

abc
Azyx



 

 )(abcf
 

 ).())(( 5 abcfabcf 
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