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I. INTRODUCTION 

The fuzzy set theory becomes a strong area of making observations in different area‟s like medical science, 

social sciences, engineering, management sciences, artificial intelligence, robotics, computer networks, decision 

making and so on. A fuzzy set was first introduced by Zadeh [13] and then the fuzzy sets have been used in the 

reconsideration of classical mathematics. Yuan et.al [12] introduced the concept of fuzzy subgroup with 

thresholds. Through membership function, we obtain information which makes possible for us to reach the 

conclusion. Due to unassociated sorts of unpredictably‟s occurring in different area‟s of life like economics, 

engineering, medical sciences, management sciences, psychology, sociology, decision making and fuzzy set as 

noted and often effective mathematical instruments have been offered to make, be moving in and grip those 
unpredictably‟s. A fuzzy subgroup with thresholds λ and μ is also called a (λ, μ)-fuzzy subgroup. A.Solairaju 

and R.Nagarajan introduced the concept of structures of Q- fuzzy groups [10]. A.Solairaju and R.Nagarajan 

studied some structure properties of upper Q-fuzzy index order with upper Q- fuzzy subgroups[11].A.Rosenfeld 

[9] defined fuzzy groups.Such inaccuracies are associated with the membership function that belongs to [0,1]. 

Since the establishment of fuzzy set, several extensions have been made such as Atanassov‟s([1], [2], [3], 

[4])work on intuitionistic fuzzy set (IFS) was quite remarkable as he extended the concept of FSs by assigning 

non-membership degree say “N(x)” along with membership degree say ”P(x)” with condition that 0 ≤ P(x)+N(x) 

≤ 1. Form last few decades, the IFS has been explored by many researchers and successfully applied to many 

practical fields like medical diagnosis, clustering analysis, decision making pattern recognition ([1], [2], [3],[4]). 

Strengthening the concept of IFS suggest pythagorean fuzzy sets which somehow enlarge the space of positive 

membership and negative membership by introducing some new condition that 0 ≤ P2(x) + N2(x) ≤ 1. 
Molodtsov [8] introduced the concept of soft sets that can be seen as a new mathematical theory for dealing with 

uncertainty. The soft set theory has been applied to many different fields with great success. Maji et.al 

([5],[6],[7]) worked on theoretical study of soft sets in detail, and presented an application of soft set in the 

decision making problem using the reduction of rough sets. In this paper, we introduce the notion of step N-

intuitionistic fuzzy soft cossets and establish their algebraic properties .We define the notion of step N-

intuitionistic fuzzy soft subgroup and investigate the condition under which a fuzzy soft subgroup is step N-

intuitionistic fuzzy soft subgroup. We also initiate the study of step N-intuitionistic fuzzy soft normal subgroup 

and quotient group with respect to step N-intuitionistic fuzzy soft normal subgroup and prove some of their 

various group theoretic properties. 
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II. PRELIMINARIES AND BASIC CONCEPTS 

 

In this section, we study some fundamental characterization of step N-intuitionistic fuzzy soft subgroup which 

play a key role in obtaining the basic group theoretic results in terms of their respective fuzzy versions.  Some 

details of these concepts are given below which are very essential for our further discussion. 

Definition 2.1: Let U be any universal set, E set of parameters and A  E. Then a pair (K,A) is called soft set 
over U, where K is a mapping from A to 2U , the power set of U. 

 
Example 2.2:  Let X={c1,c2,c3} be the set of three cars and E={costly(e1), metallic colour(e2), cheap(e3)}be the 

set of parameters, where A={e1,e2}  E. Then (K,A)={K(e1)={c1,c2,c3},K(e2)={c1,c2}} is the crisp soft set over 
X. 

 

Definition 2.3: Let U be an initial universe. Let P (U) be the power set of U, E be the set of all parameters and 

A⊆ E. A soft set (𝑓𝐴, E) on the universe U is defined by the set of order pairs (𝑓𝐴, E) = {(e, 𝑓𝐴 (e)): e∈ E, 𝑓𝐴∈ P 

(U)} where 𝑓𝐴 : E → P (U) such that 𝑓𝐴 (e) = 𝜙,         if e ∉A. Here „𝑓𝐴‟ is called an approximate function of the 

soft set. 

 

Example 2.4: Let U = {𝑢1,𝑢2, 𝑢3, 𝑢4} be a set of four shirts and E = {white(𝑒1),red(𝑒2), blue(𝑒3)} be a set of 

parameters. If A = {𝑒1, 𝑒2} ⊆ E.  Let 𝑓𝐴(𝑒1) = {𝑢1, 𝑢2 ,𝑢3, 𝑢4} and 𝑓𝐴(𝑒2)= {𝑢1,𝑢2,𝑢3}. Then we write the soft 

set (𝑓𝐴, E)= {(𝑒1, {𝑢1, 𝑢2 ,𝑢3, 𝑢4}), (𝑒2,{𝑢1,𝑢2,𝑢3})} over U which describe the “colour of the shirts” which Mr. 

X is going to buy. We may represent the soft set in the following form: U={(e1,u1), (e2,u1), (e1,u2), (e2,u2), 

(e1,u3), (e2,u3), (e1, u4)} 

 

Definition 2.5:Let U be the universal set, E set of parameters and A E.  Let K(X) denote the set of all fuzzy 
subsets of U. Then a pair (K,A) is called fuzzy soft set over U, where K is a mapping from A to K(U). 

 

Example 2.6:Let U={c1,c2,c3} be the set of three cars and E={costly(e1),metallic colour(e2), cheap(e3)} be the 

set of parameters, where A={e1,e2}E. Then (K,A)={K(e1)={c1/0.8,c2/0.6,c3/0.1}, K(e2)={c1/0.2,c2/0.5,c3/0.9}} 
is the fuzzy soft set over U denoted by FA.  

 

Definition 2.7:  Let X be a non-empty set. A mapping  0,1: QXA  is called a negative fuzzy soft 

subset (abbreviated a N-fuzzy soft subset) of X with Q-fuzzy version.  Let A and B be two step N-intuitionistic 

fuzzy soft subsets of a set X with Q-fuzzy version. Then the following characterizations of these fuzzy sets have 

been discussed in [J.N.Mordeson]. 

1. BA  if and only if     .,,, QqandXxallforqxBexA   

2. BA  if and only if .ABandBA   

3. The complement of the N-intuitionistic fuzzy soft set A is AC and is defined is 

   qxAqxAC ,1, 
.
 

4.         .,,,,min, QqandXxallforqxBqxAqxBA   

5.         .,,,,max, QqandXxallforqxBqxAqxBA   

 

Definition 2.8:  Let A be  N-intuitionistic fuzzy soft subset with Q-fuzzy version of a set X and  .0,1  

The set     qxAXxA ,/  is called a level subset of N-intuitionistic fuzzy soft subset of A. 

 

Definition  2.9:  Let A be  N-intuitionistic fuzzy soft subset under Q-fuzzy version of a group G. Then „A‟ is 

called N-intuitionistic fuzzy soft subgroup if 

    (NIFG–1) :        .,,,,min, QqandXxallforqxBqxAqxyA   

    (NIFG–2) :     .,,,1 QqandXxallforqxAqxA 
 

It is easy to show that an N-intuitionistic fuzzy soft subset under Q-fuzzy version of a group G satisfies 

        ,,,,,, 1 QqandXxallforqxAqxAandqeAqxA  
where „e‟ is the identity 

element of G. 

Proposition 2.10:  A function  0,1: QGA  is an N-intuitionistic fuzzy soft subset under Q-fuzzy 

version of a group G. Then  
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       .,,,,,min,1 QqandGyxallforqyAqxAqxyA 

 
 

Proposition 2.11:  A function  0,1: QGA  is an N-intuitionistic fuzzy soft subset under Q-fuzzy 

version of a group G. Then  

(i)     .'',,,, GofementidentityelisewhereQqandGxallforqeAqxA   

(ii)         .,,,,,,,1 QqandGyxallforqyAqxAthatimplieswhichqeAqxyA 

 
 

Theorem 2.12:  Let G be a group and „A‟ be  N-intuitionistic fuzzy soft subset under Q-fuzzy version of a group 

G. Then „A‟ is  N-intuitionistic fuzzy soft subgroup if and only if the level subset Aα for  ,0,1

  ,, qeA is a subgroup of G, where „e‟ is the identity of G. 

 

Definition 2.13:  Let  0,1: QGA  be an N-intuitionistic fuzzy soft subgroup of G. „A‟ is called N- 

intuitionistic fuzzy soft subgroup if           .,,,, QqandGyxallforqyxAqxyA 
 

 

III. PROPERTIES OF STEP N- INTUITIONISTIC FUZZY SOFT SUBSETS 

Definition 3.1:  Let  0,1: QGA  be an N-intuitionistic fuzzy soft normal subgroup of G.    For any 

,Gx the N-intuitionistic fuzzy soft set  0,1: QGAx  defined by 

     QqandGyallforqyxAqyAx   ,,, 1
is called left N-intuitionistic fuzzy soft cosset of A.  

The right N-intuitionistic fuzzy soft cosset of A may be defined in a similar way. 
 

Definition 3.2:  Let QGQGf  21:  be a homomorphism from a group G1 into a group G2.  Let A and 

B be N-intuitionistic fuzzy soft subsets of G1 and G2 respectively. Then    BfandAf 1

 
are respectively 

the image of N-intuitionistic fuzzy soft set A and the inverse image of N-intuitionistic fuzzy soft set B, for every 

y  G2 defined as  

  
     

 
















qyfif

qyfifqyfxqxA
qyAf

,,1

,,,/,sup
,

1

11

 

For every     qxfBqxBfGx ,,, 1  
. 

Remark 3.3:  It is quite evident that a group homomorphism „f‟ admits the following characterizations.  

(i)       .,,, QqandGxelementeveryforqxAqxfAf   

(ii) When „f‟ is bijective map,       .,,, QqandGxallforqxAqxfAf   

 

Definition 3.4:  A function      0,10,10,1:   is said to be a δ-norm if and only if „δ‟ admits 

following properties for all a, b, c, d in  0,1  

(i)    abba ,,    

(ii)      cbacba ,,,,    

(iii)     1,11,  aa   

(iv) If dbandca 
 
then    .,, dcba    

 

Definition 3.5:  Let      0,10,10,1: b  be the bounded difference norm defined by 

    01,01,0,1max,  bababab .Clearly the bounded difference norm satisfies all 

the axioms of δ-norm. 

 

Definition 3.6:  Let A be  N-intuitionistic fuzzy soft subset of a set X and  .0,1   The N-intuitionistic 

fuzzy soft set A  of X is called step N-intuitionistic fuzzy soft subset of X (with respect to intuitionistic fuzzy 

set A) and is defined as  
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      .,,,,, QqXxallforqxAqxA b    

Remark 3.7: It is important to note that one can obtain the classical fuzzy soft subset  qxA , by choosing the 

value of α = - 1 in the above definition.  Whereas the case become crisp for the choice α = 0.  These algebraic 

facts lead to more that the case illustrates the step              N-intuitionistic fuzzy soft version with respect to any 

intuitionistic fuzzy soft subset for the value of α, when  .0,1  

Theorem 3.8:  Let A and B be any two intuitionistic fuzzy soft sets of X. Then     BABA  

Proof:  In view of definition 3.6, we have 

        ,,, qxBAqxBA b    

         ,,,,min qxBqxAb  

         ,,,,min qxBqxAb  

          ,,,,,,min qyAqxA bb  

       qyAqxA ,,,min   

This implies that           BABA . 

Definition 3.9:  Let A be an intuitionistic fuzzy soft subset of a group G and  .0,1 Then A is called step 

N-intuitionistic fuzzy soft subgroup of G.  In other words, A is step N-intuitionistic fuzzy soft subgroup under 

intuitionistic Q-fuzzy version if A* satisfies the following: 

(SNIFG–1) :        .,,,,,min, QqandGyxallforqyAqxAqxyA    

(SNIFG–2) :      .,,,,1 QqandGyxallforqxAqxA  



  

Proposition 3.10:  If  0,1: QGA  is a step N-intuitionistic fuzzy soft subgroup of a group G, then  

      .'',,,, GofelementidentityisewhereQqandGxallforqeAqxAi    

          .,,,,,,,1 QqandGyxallforqyAqxAthatimplieswhichqeAqxyAii  



  

Proof:  (i)         qxAqxAqxxAqeA ,,,min,, 11 





   

                               
    qyAqxA ,,,min   

                               
 qxA ,  

Hence,     .,,, QqandGxallforqxAqeA    

(ii)    qyxyAqxA ,, 1

   

              
    qyAqxyA ,,,min 1





  

              
    qyAqeA ,,,min   

              
 qyA ,  

Hence,    .,, qyAqxA    

Similarly,    .,, qxAqyA    

This implies that     .,.,, GyxallforqyAqxA    

In the following result, we establish a condition under which step N-intuitionistic fuzzy soft subset of a group G 

is step N-intuitionistic fuzzy soft subgroup.  

 

Theorem 3.11: Let A* be step N-intuitionistic fuzzy soft subset of a group G.Then A*is step N-intuitionistic 

fuzzy soft subgroup under Q-fuzzy version of G if and only if A*
δ is a subgroup of G for all  ., qeA  

Proof:  It is quite obvious that A* is non-empty, since A* is step N-intuitionistic fuzzy soft subset of a group G, 

    .,,, 00 QqandGxallforqeAqxA   

But     


  qyAandqxAthenAyx ,,,,  

Now,       qyAqxAqxyA ,,,min, 11 





   

                          
    qyAqxA ,,,min   

                          
    ,min  
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Therefore, .1 



 Axy  

Hence, 


A  is a subgroup of G. 

Conversely, suppose 


A  is subgroup of G, for all  qeA ,  

  aqxALetandGyxLet   ,,  

   1,0,,,  bawherebqyA . 

Let    .,,,.,min qeACwhereAyxThenbaC  


 

So, by the assumption 
C

A
is a subgroup of G. 

This implies that 
C

Axy 

 1
and hence       qyAqxAqxyA ,,,min,1





   

Consequently, A*is step N-intuitionistic fuzzy soft subgroup of G. 

 
Proposition 3.12:  Every intuitionistic fuzzy soft subgroup of a group G is step N-intuitionistic fuzzy soft 

subgroup of G under Q-fuzzy version.  

Proof:  Let A be an intuitionistic fuzzy soft subgroup of a group G and let ., Gyx   

Then,      ,,, qxyAqxyA b  

                        
      ,,,,min qyAqxAb  

                       
      ,,,,min qyAqxAb  

                       
       ,,,,,min qyAqxA bb and 

      qyAqxAqxyA ,,,min,    

Therefore,          qxAqxAqxAqxA bb ,,,,,, 11





    

Consequently, A is step N-intuitionistic fuzzy soft subgroup of G. 

 

Remark 3.13:  The converse of the above proposition 3.12 need not be true.  

 

Example 3.14:  Let   baabandebawhereabbaeG  22,,,,  be the Klein 4-group.  Let the 

fuzzy set A of G be defined as 

  7.0,,1.0,,4.0,,2.0, abbaeA  

Taking ,3.0  

     ,,, qxAqxA b  

             
  0,1,max  qxA  

             
  0,13.0,max  qxA  

  .,,0, GqGxallforqxA   

Moreover, we have   .,
111 ababandbbaa 


 

This implies that A is step N-intuitionistic fuzzy soft subgroup of G.  But clearly A is not intuitionistic fuzzy 

soft subgroup of G. 

 

Proposition 3.15:  Intersection of two step N-intuitionistic fuzzy soft subgroups of a group G is also step N-
intuitionistic fuzzy soft subgroup. 

 

Corollary 3.16:  The intersection of any finite number of step N-intuitionistic fuzzy soft subgroups of a group G 

is also step N-intuitionistic fuzzy soft subgroup of a group G. 

 

Remark  3.17:  The union of any finite number of step N-intuitionistic fuzzy soft subgroups of a group G need 

not be step N-intuitionistic fuzzy soft subgroup of a group G. 

 

Example 3.18:  Consider the group of integers Z.  Define, the two intuitionistic fuzzy soft subsets A and B of Z 

as follows 
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otherwise

zxif
qxA

,0

2,4.0
,  

 









otherwise

zxif
qxB

,07.0

3,23.0
,  

It can be easily verified that A and B are step N-intuitionistic fuzzy soft subgroups of Z. 

Now,        qxBqxAqxBA ,,,max,   

Therefore,   
















otherwise

zzxif

zxif

qxBA

,07.0

23,23.0

2,4.0

,  

Take thenyandx ,415   

      23.0,4.0,  qyBAandqxBA  

But,      qBAqyxBA ,415,   

   andqBA 07.0,11   

         4.023.0,4.0min,,,min  qyBAqxBA  

Clearly,          qyBAqxBAqyxBA ,,,min,   

Consequently, we see that, the union of two step N-intuitionistic fuzzy soft subgroups of a group G need not be 

step N-intuitionistic fuzzy soft subgroup of a group G. 

 

Definition 3.19:  Let A be step N-intuitionistic fuzzy soft subgroup of a group G and  .0,1 Then A is 

called step N-intuitionistic fuzzy soft normal subgroup of G if and only if .,AA ** Gxallforxx   

The following result leads to note that every intuitionistic fuzzy soft normal subgroup of a group G is step N-

intuitionistic fuzzy soft normal subgroup of G. 

 
Proposition 3.20:  Every intuitionistic fuzzy soft normal subgroup of a group G is step N-intuitionistic fuzzy 

soft normal subgroup of G. 

Proof:  Let A be an intuitionistic fuzzy soft normal subgroup of a group G. Then for any ,Gx we have 

,AA xx  which implies that     ., GganyforgxAgxA   

Then, we have    qgxAqgxA ,, 11    

Which implies that       ,,,, 11 qgxAqgxA bb

   

Hence, .,AA ** Gxallforxx   

Consequently, A is step N-intuitionistic fuzzy soft normal subgroup of a group G. 

The converse of the above result need not be true.  

 

Example 3.21:  Consider the dihedral group of degree 3 with finite presentation 

babaebabaDG 223

3 ,;,   

Define the fuzzy soft subgroup of D3 by 

 









otherwise

bxif
qxA

,02.0

,7.0
,  

Taking α = – 0.02, we have 

        xAyxAyxAgAx bb 



  02.0,, 11   

This shows that A is step N-intuitionistic fuzzy soft normal subgroup of a group G. 

       7.032  bAbaAabaA  

             02.0322  baAbaaAabaaAabaaAaabA  

This implies that A is not an intuitionistic fuzzy soft normal subgroup of G. 
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Proposition 3.22:  Let A be step N-intuitionistic fuzzy soft normal subgroup with Q-fuzzy version of a group G 

.Then    qxAqxyyA ,,1





   or equivalently    qyxAqxyA ,,   hold .QqandGxallfor   

Proof:  Since A is step N-intuitionistic fuzzy soft normal subgroup of a group G, ,AA ** xx  holds 

.Gxallfor   

This implies that     .,,A,A 1

*

1

* GqandGyallforqyxqyx  
 

In view of definition-3.19, the above relation becomes 

     ,,,,, 1111  qxyAqyxA bb

   

Which implies that      qxyAqyxA ,,
11 





   

Consequently,    .,, qyxAqxyA    

Definition 3.23:  Let A be step N-intuitionistic fuzzy soft normal subgroup of a group G. We define a set 

    ,,,/ qeAqxAGxGA  


where „e‟ is the identity element of G. 

The following result illustrates that the set 
AG is in fact a normal subgroup of G. 

 

Proposition 3.24:  Let A be step N-intuitionistic fuzzy soft normal subgroup of a group G under Q-fuzzy 

version. Then 
AG is a normal subgroup of G. 

Proof:  Obviously, 


 AA GeforG ,  

Let 


 AGyx, be any element. Then we have  

      qyAqxAqxyA ,,,min,1





   

                 
      .,,,,min qeAqeAqeA    

This implies that,    qeAqxyA ,,1





   

But,    qeAqxyA ,,1





   

Therefore,    qeAqxyA ,,1





  which implies that 




AGxy 1
 

Hence, 
AG is a subgroup of G.  Further, let 


 AGx and haveweGy ,  

     .,,,11 qeAqxAqxyyA 



   

This implies that 




AGxyy 11
 

Consequently, 
AG is a normal subgroup of G. 

 

Proposition 3.25:  Let A be step N-intuitionistic fuzzy soft normal subgroup of a group G. Then 

(i) .AA 1

** Gyxifonlyandifyx  
 

(ii) .AA 1

** Gxyifonlyandifyx  
 

Proof: (i) Suppose that .,,AA ** Gyxallforyx    In view definition-3.23, the above relation yields  

     ,,, 11 qgxAqyxA b



   

      
  qyxA ,  

      
  qyyA ,  

      
   ,,1 qgyAb

  

      
   ,,qeAb  

      
 qeA ,  

This implies that 




AGxy 1
 

Conversely, let 




AGxy 1
, then    qeAqyxA ,,1





   

For any element ,


 AGZ       ,,, 1 qzxAqzxA b
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 qzxA ,1

  

   qzyyxA ,11 

  

    qzyAqyxA ,,,min 11 





  

    qzyAqeA ,,,min 1

  

    qzyAqzyA ,,1





   

Interchanging the roles of x and y, we get       .,,, GzallforqzyAqzxA    

Consequently,     .  yAxA  

(ii)  One can prove this part analogous to (i). 

 

Proposition 3.26:  Let A be step N-intuitionistic fuzzy soft normal subgroup of a group G and x, y, u, v be 

elements in G.  If ****** AA,AAAA uvxythenvyandux  . 

Proof:  Given ** AA ux  and ** AA vy  , we have 




AGvyandux 11
 

Consider,      vyyuxyuvxy 1111 
  

        
   vyyuxy 111   

This implies that,  





AGuvxy
1

 

Consequently, ** AA yxxy 
 

CONCLUSION 

 

In this paper, we have introduced the concept of step N-intuitionistic fuzzy soft subgroup and step N-fuzzy soft 

cosset of a given group. The concept of step N-fuzzy soft normal subgroup and its various related properties 

have discussed. 

FUTURE WORK 

 

we shall extend this idea to intuitionistic fuzzy sets, vague soft sets and will investigate its various algebraic 

structures. 
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