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Abstract 

There are different methods to decide whether an integer is prime. Fermat’s little theorem is the generalization 

of 2𝑛−1  ≡ 1 𝑚𝑜𝑑 𝑛, while AKS test is the generalization of Fermat’s little theorem. Fermat’s little theorem is 

probabilistic method, while AKS test is deterministic one.  

The first method is faster, but not guaranteed, and the second one is guaranteed, but slow. 
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I. Introduction 

Binomial expansion of  𝑥 + 𝑎 𝑛  contains 𝑛 + 1 terms with the first and the last coefficients equal to 1 and other 

coefficients greater than 1. 

 𝑥 + 𝑎 𝑛 = 𝐶(𝑛, 0)𝑥𝑛 + 𝐶(𝑛, 1)𝑥𝑛−1𝑎 + 𝐶(𝑛, 2)𝑥𝑛−2𝑎2 + ⋯ + 𝐶(𝑛, 𝑛)𝑎𝑛  

=  𝐶(𝑛, 𝑖)𝑥𝑛−𝑖𝑎𝑖𝑛
𝑖=0         (1) 

where𝐶 𝑛, 𝑖 =
𝑛 !

𝑖! 𝑛−𝑖 !
         (2) 

 

If 𝑥 = 1and 𝑎 = 1, then  𝐶(𝑛, 𝑖) = 2𝑛𝑛
𝑖=0 , that is, the  sum of  all  coeffients is equal to 2𝑛 . 

On the other hand, if 𝑥 = 1and 𝑎 = −1, then 𝐶(𝑛, 0) − 𝐶(𝑛, 1) + 𝐶(𝑛, 2) − ⋯+  −1 𝑛𝐶(𝑛, 𝑛) = 0. Since sum 

of all coefficients is equal 2𝑛  and their difference is 0.  Rearranging the terms, we have 

𝐶(𝑛, 0) + 𝐶(𝑛, 2) + ⋯ = 𝐶(𝑛, 1) + 𝐶(𝑛, 3) + ⋯ = 2𝑛−1     (3)  

If 𝑛 is odd, then the total number of terms in the expansion is even so the total numbers of terms for odd and 

even coefficients are same and each is equal to  
𝑛+1

2
. The coefficients for binomial expansion are shown below 

in Figure 1 as Pascal’s triangle: 

      1 

           1       1 

     1 2 1 

          1       3       3       1 

    1 4 6 4 1 

         1       5      10      10       5       1 
1 6 15 20 15 6  1  

        1       7      21      35      35      21       7       1 

  1 8 28 56 70 56 28 8 1 

       1       9      36      84      126     126      84      36       9       1 

 1 10 45       120 210 252 210 120 45 10 1 

      1      11      55      165      330      462     462     330      165      55       11       1 

1 12 66 120 495 792 924 792 495 120 66 12       1  

 

Figure 1 Pascal’s triangle. 

All the prime numbers except 2 are odd primes and the total number of coefficients in binomial expansion is 

even if 𝑛 is an odd integer. These coefficients are symmetrical in Pascal’s triangle and so a maximum of only 

the first half coefficients is sufficient for analysis. Sum of the first half coefficients for odd 𝑛 is  

 

𝐶(𝑛, 0) + 𝐶(𝑛, 1) + 𝐶(𝑛, 2) + ⋯ + 𝐶(𝑛,
𝑛+1

2
) = 2𝑛−1     (4) 

 

Each coefficient except the first and the last is divisible by 𝑛 if 𝑛 is prime. Therefore the number  2𝑛−1 when 

divided by 𝑛 gives a remainder 1 if 𝑛 is prime, that is  
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2𝑛−1 ≡ 1 𝑚𝑜𝑑 𝑛          (5) 

 

II. Fermat’s Little Theorem 

If 𝑛 is prime and 𝑔𝑐𝑑(𝑎, 𝑛) = 1, then  

 

𝑎𝑛−1 ≡ 1 𝑚𝑜𝑑 𝑛                    (6) 

         

This is, 𝑎𝑛−1 ≡ 1 𝑚𝑜𝑑 𝑛 is equal to 2𝑛−1 ≡ 1 𝑚𝑜𝑑 𝑛 in Equation (5) for 𝑎 = 2.  

 

Let us take some examples. Take 𝑛 = 391and 𝑎 = 2. 

 

2391−1  𝑚𝑜𝑑 391 = 285reveals that 𝑛 = 391 is composite. 
 

Take another 𝑛 = 397and 𝑎 = 2. 

 

2397−1  𝑚𝑜𝑑 397 = 1reveals that 𝑛 = 397 is prime. 
 

Take another 𝑛 = 341and 𝑎 = 2. 

 

2341−1  𝑚𝑜𝑑 341 = 1indicates that 𝑛 = 341 is prime, but 341 is composite as 341 = 11 × 31.  
 

This is due to the fact that all coefficients in binomial expansion are not divisible by 𝑛, but their sum excluding 

the first and last coefficients may be divisible by 𝑛  for some values of 𝑛 . Such exception shows that 

2341−1  𝑚𝑜𝑑 341 = 1.  
 

To test a number 𝑛 for primality, values for 𝑎 from the set  2,3,4, … , 𝑛 − 1  may be used. If any one of these 

values yields anything other than 1, it can be concluded that 𝑛 is composite. 

 

Putting 𝑎 = 3, 3341−1  𝑚𝑜𝑑 341 = 56 reveals that 𝑛 = 341 is composite. Sometimes neither 𝑎 = 2 nor 𝑎 = 3 

nor some other values of 𝑎 will reveal that 𝑛 is composite.  

 

Take another example, 𝑛 = 1729. 
 

21729−1  𝑚𝑜𝑑 1729 = 1and 31729−1  𝑚𝑜𝑑 1729 = 1. We cannot draw an immediate conclusion that 𝑛 = 1729 

is prime, because, 𝑛 can be factored as 𝑛 = 1729 = 7 × 13 × 19.  

 

A composite number 𝑛 that passes Fermat’s little theorem is called a Carmichael number. For examples, 561, 

1105, 1729, 2465, 2821, 6601, 8911, 10585 etc. are Carmichael numbers. Total number of Carmichael numbers 

less than 1021  is 20,138,200, that is, about 0.000000000002% of the total. Thus probability that an integer will 
be a Carmichael number is extremely low.  

 

III. AKS Test 

Agrawal, Kayal and Saxena developed AKS test that was named after them in 2002 [2] and their method is 

based on the generalization of Fermat’s little theorem. Each term in the denominator of binomial coefficient in 

Equation (2) is strictly less than 𝑛. If 𝑛 is a prime, it cannot be factored, but the other terms in numerator such as 

2,3,4,…,(𝑝 − 1) have common factors with all those terms in denominator. Therefore 𝑛 divides 𝐶(𝑛, 𝑖) if 𝑛 is 

prime. 

 

𝑛is prime if and only if [1] the following congruence holds. 

 
 𝑥 + 𝑎 𝑛 ≡ 𝑥𝑛 + 𝑎 𝑚𝑜𝑑 𝑛         (7) 

 

Let us take some examples. Take 𝑛 = 3and 𝑎 = 2. Then  
 

 𝑥 + 2 3  𝑚𝑜𝑑 3 ≡ 𝑥3 + 6𝑥2 + 12𝑥 + 8 𝑚𝑜𝑑 3 

  ≡ 𝑥3 + 2 𝑚𝑜𝑑 3 

which is 𝑥𝑛 + 𝑎. So the identity holds and we conclude that 𝑛 = 3 is prime.  
 

Take 𝑛 = 7and 𝑎 = 1. Then  
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 𝑥 + 1 7  𝑚𝑜𝑑 7 ≡ 𝑥7 + 7𝑥6 + 21𝑥5 + 35𝑥4 + 35𝑥3 + 21𝑥2 + 7𝑥 + 1 𝑚𝑜𝑑 7 

  ≡ 𝑥7 + 1 𝑚𝑜𝑑 7 

Since the identity holds, 𝑛 = 7 is prime.  
 

We can verify that 𝑛 = 6 is composite.  

 

 𝑥 + 1 6  𝑚𝑜𝑑 6 ≡ 𝑥6 + 6𝑥5 + 15𝑥4 + 20𝑥3 + 15𝑥2 + 6𝑥 + 1 𝑚𝑜𝑑 6 

  ≡ 𝑥6 + 3𝑥4 + 2𝑥3 + 3𝑥2 + 1 𝑚𝑜𝑑 6 
 

Since the congruence (7) is not satisfied, 𝑛 = 6 is composite.  

 

But there are too many coefficients in binomial expansion of  𝑥 + 𝑎 𝑛  and this way of testing may not be 
practical.  

 

AKS test is for ensuring faster result to test whether 𝑛is  prime or composite [3]. Their method works not only 

with 𝑚𝑜𝑑 𝑛, but also mod a polynomial 𝑥𝑟 − 1, where 𝑟  is a reasonably smaller prime. Instead of computing 
 𝑥 + 𝑎 𝑛 , AKS test computes the remainder when  𝑥 + 𝑎 𝑛  is divided by 𝑥𝑟 − 1. It has only 𝑟 + 1 terms. AKS 

test provides restriction, which guarantees that the congruence  𝑥 + 𝑎 𝑛 ≡ 𝑥𝑛 + 𝑎  𝑚𝑜𝑑 𝑥𝑟 − 1, 𝑛  cannot hold 

for composite 𝑛. Their algorithm is given below [1,2] : 

 

Input: integer 𝑛 > 1. 
1. If 𝑛 = 𝑎𝑏  for 𝑎 ∈ 𝑁and 𝑏 > 1, output COMPOSITE. 

2. Find the smallest 𝑟 such that 𝑂𝑟 𝑛 > 𝑙𝑜𝑔2𝑛. 

3. If 1 <  𝑎, 𝑛 < 𝑛 for some 𝑎 ≤ 𝑟, output COMPOSITE. 

4. If 𝑛 ≤ 𝑟, output PRIME. 

5. For 𝑎 = 1 to   𝜙(𝑟) log𝑛  do 

If  𝑥 + 𝑎 𝑛 ≠ 𝑥𝑛 + 𝑎  𝑚𝑜𝑑 𝑥𝑟 − 1, 𝑛 , output COMPOSITE; 

6. Output PRIME.  

 

where 

 𝑂𝑟 (𝑛)is the order of 𝑛 modulo 𝑟, that is, the smallest value 𝑘 such that 𝑛𝑘 = 1 𝑚𝑜𝑑 𝑟. 

 𝜙is Euler phi function. 

 log denotes a base 2 logarithm. 

  𝑚𝑜𝑑 𝑥𝑟 − 1, 𝑛 means divide by the polynomial 𝑥𝑟 − 1 and take the remainder. 

 

Let us an example. Take 𝑛 = 77. 

1. 𝑛 = 77cannot be expressed in the form 𝑎𝑏 , where 𝑎 is an integer and 𝑏 is another integer. A conclusion 

cannot be drawn at this point. 

2. Find the smallest 𝑟 such that 𝑂𝑟 𝑛 > 𝑙𝑜𝑔2𝑛 =  log 77 2 ≈ 39.27. 
 

The order of 𝑛 = 77 modulo 𝑟 should be 40 or higher. The order of an element divides the order of the group, 

so we need a group with 40 or more elements. We can start with 𝑟 = 41, since the multiplicative group of 

integers modulo 41 has 40 elements. The order of 77 mod 41 is 41.   

3. Next check if 1 <  𝑎, 77 < 77 for some 𝑎 ≤ 𝑟 = 41. 

This happens for 𝑎 = 7 (and other values), so we stop and declare that 77 is composite.  

Take another example, 𝑛 = 29. 

1. 𝑛cannot be expressed in the form 𝑎𝑏 , so a conclusion cannot be drawn here.  

2. Find the smallest 𝑟 such that 𝑂𝑟 𝑛 > 𝑙𝑜𝑔2𝑛 =  log 29 2 = 23.6. 

 

We need the order of 29 modulo 𝑟 to be 24 or higher. We find that 𝑟 = 31 is the smallest possibility. The order 

of 29 mod 31 is 31.  

 

3. Next check if 1 <  𝑎, 29 < 29 for some 𝑎 ≤ 𝑟 = 31. It is not there. 

4. Because 𝑛 < 𝑟, we conclude 𝑛 is prime.   
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IV. Conclusions 

 

There are different methods to decide whether an integer is prime. Fermat’s little theorem is the generalization 

of 2𝑛−1  ≡ 1 𝑚𝑜𝑑 𝑛, while AKS test is the generalization of Fermat’s little theorem. Fermat’s little theorem is a 

probabilistic method and AKS test deterministic one. 
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