
International Journal of Mathematics Trends and Technology (IJMTT) – Volume 65 Issue 7 - July 2019 
 

ISSN: 2231-5373                               http://www.ijmttjournal.org                            Page 73 
 

On Fuzzy Soft Infra Semi open Set 
Shakila.K

#1
, Selvi.R

*2
 

#1Research Scholar, Department of Mathematics, Sri Parasakthi College for Women, Courtallam, 

Affiliated to Manonmaniam Sundaranar University, Tirunelveli. 

#2Assistant Professor, Department of Mathematics, Sri Parasakthi College for Women, Courtallam, 

Affiliated to Manonmaniam Sundaranar University, Tirunelveli. 

 

Abstract: In this paper we introduce the concept of fuzzy soft generalized closed set (𝑐𝑙∗), fuzzy soft generalized 

open set (𝑖𝑛𝑡∗), fuzzy soft Infra Semi open sets. We extensively apply these concepts and introduce fuzzy soft infra 

semi continuous, fuzzy soft infra irresolute, fuzzy soft infra semi connected. A detailed study on their properties and 
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I. INTRODUCTION 

                  Fuzzy soft set is a combination of fuzzy sets and soft sets, in which soft set is defined over fuzzy set and 

are useful in solving the various uncertainties arising in the fields of engineering, social sciences, economics, 

environment, medical science etc. In 2011, Tanay et al[4] introduced fuzzy soft topological spaces. In fuzzy soft 

topology, fuzzy soft open sets and fuzzy soft continuity and different types of fuzzy soft sets and fuzzy soft 

functions which are stronger or weaker than fuzzy soft open sets and fuzzy soft continuity are found to be an 

important investigating area. So many investigators introduced various types of fuzzy soft open sets and fuzzy soft 

continuous function and many researchers extensively investigated such as fuzzy soft characterization, relation 
between various fuzzy soft open sets and fuzzy soft applications to the study of various fuzzy soft topological 

concepts.  

                In 2016, Hakeem A.Othman[8] introduced the concept of fuzzy Infra-semiopen sets and extensively 

applied this concept in fuzzy continuous functions. In this paper we introduce fuzzy soft infra semiopen set and 

related fuzzy soft sets in the fuzzy soft topological spaces. Further we investigate and characterize the relation 

between various types of fuzzy soft open sets and fuzzy soft continuity and also we introduce the concept of fuzzy 

soft infra-semi connected space and related results are investigated.  

II. PRELIMINARIES 

Definition 2.1[5]: Let 𝐴 ⊂ 𝐸 and ℱ(𝑋) be the set of all fuzzy sets in 𝑋. Then a pair (𝑓,𝐴) is called a fuzzy soft set 

over 𝑋, denoted by 𝑓𝐴, where 𝑓: 𝐴 → ℱ(𝑋) is a function. 

                         From the definition, it is clear that 𝑓(𝑎) is a fuzzy set in 𝑈, for each 𝑎 ∈ 𝐴, and we will denote the 

membership function of 𝑓(𝑎) by 𝑓𝑎 : 𝑋 → [0,1]. 

Definition 2.2[5]: The complement of a fuzzy soft set  𝑓, 𝐴  is the fuzzy soft set (𝑓𝑐 ,𝐴), which is denoted by 

 𝑓, 𝐴 𝑐  and where 𝑓𝑐 :𝐴 → 𝐹(𝑋) is a fuzzy set valued function i.e., for each 𝑎 ∈ 𝐴, 𝑓′(𝑎) is a fuzzy set in 𝑋, whose 

membership function 𝑓𝑎
′ 𝑥 = 1 − 𝑓𝑎(𝑥) for all 𝑥 ∈ 𝑋. Here 𝑓𝑎

′  is the membership function of 𝑓′(𝑎). 

Definition 2.3[9]: Let 𝜏 be a collection of fuzzy soft sets over a universe 𝑋 with a fixed parameter set 𝐸, then  𝑓𝐸 , 𝜏  
is called fuzzy soft topology if  

i) 0 𝐸 , 1 𝐸 ∈ 𝜏 
ii) Union of any members of 𝜏 is a member of 𝜏. 

iii) Intersection of any two members of 𝜏 is a member of 𝜏. 

Each member of 𝜏 is called fuzzy soft open set i.e. A fuzzy soft set 𝑓𝐴 over 𝑋 is fuzzy soft open if and only if 𝑓𝐴 ∈ 𝜏. 

A fuzzy soft set 𝑓𝐴 over 𝑋 is called fuzzy soft closed set if the complement of 𝑓𝐴 is fuzzy soft open set. 
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Definition 2.4[9]: Let 𝑔𝐶 be a fuzzy soft set in a fuzzy soft topological space (𝑓𝐸 , 𝜏). Then 

i) The fuzzy soft closure of 𝑔𝐶 is a fuzzy soft set defined as                                                                          

𝐹𝑠 𝑐𝑙 𝑔𝐶 = ⋂{𝐴\𝑔𝐶 ⊆ 𝐴  𝑎𝑛𝑑 𝐴 𝑖𝑠 𝑎 𝑓𝑢𝑧𝑧𝑦 𝑠𝑜𝑓𝑡 𝑐𝑙𝑜𝑠𝑒𝑑 𝑠𝑒𝑡} 

ii) The fuzzy soft interior of 𝑔𝐶 is a fuzzy soft set defined as                                                                          

𝐹𝑠 𝑖𝑛𝑡 𝑔𝐶 = ⋃{𝑘𝐵\𝑘𝐵 ⊆ 𝑔𝐶 𝑎𝑛𝑑 𝑘𝐵  𝑖𝑠 𝑎 𝑓𝑢𝑧𝑧𝑦 𝑠𝑜𝑓𝑡 𝑜𝑝𝑒𝑛 𝑠𝑒𝑡} 

Definition 2.5[10]: Let (𝑋, 𝜏 , 𝐸) and (𝑌,𝜎 ,𝐾) be fuzzy soft topological spaces. Let 𝜌: 𝑋 → 𝑌 and ψ: E → K be the 

two mappings and g = (𝜌, ψ) is said to be fuzzy soft continuous if the inverse image of every fuzzy soft open set in 

(𝑌, 𝜎 ,𝐾) is fuzzy soft open in (𝑋, 𝜏 ,𝐸) that is g−1 μ  ∈ 𝜏  for all μ ∈ 𝜎  

Definition 2.6[17]: A fuzzy soft set 𝑓𝐴 in fuzzy soft topological space (𝑋, 𝜏, 𝐸) is called fuzzy soft semi open if 

𝑓𝐴 ≤ 𝐹𝑠𝑐𝑙 𝐹𝑠𝑖𝑛𝑡 𝑓𝐴 , fuzzy soft semi closed if 𝐹𝑠𝑖𝑛𝑡 𝐹𝑠𝑐𝑙(𝑓𝐴) ≤ 𝑓𝐴.  

Definition 2.7[18]: Let (𝑋, 𝜏 , 𝐸) and (𝑌,𝜎 ,𝐾) be two fuzzy soft topological spaces. A fuzzy soft mapping 

g:  𝑋, 𝜏 , 𝐸 → (𝑌, 𝜎 ,𝐾) is said to be fuzzy soft semi continuous if for each fuzzy soft open set 𝜇  in (𝑌, 𝜎 ,𝐾), the 

inverse image g−1( 𝜇 ) is fuzzy soft semi open set in(𝑋, 𝜏 ,𝐸). 

Definition 2.8[18]: Let (𝑋, 𝜏 , 𝐸) and (𝑌,𝜎 ,𝐾)  be two fuzzy soft topological spaces. A fuzzy soft mapping 

g:  𝑋, 𝜏 , 𝐸 → (𝑌, 𝜎 ,𝐾)is said to be fuzzy soft semi open if for each fuzzy soft open set 𝜆  in (𝑋, 𝜏 ,𝐸), the image g(𝜆 ) 

is fuzzy soft semi open set in  𝑌,𝜎 ,𝐾 . 

Lemma 2.9[14]: Let 𝜂 be any fuzzy set. Then  

i) 𝜂 ≤ 𝑐𝑙∗(𝜂) ≤ 𝑐𝑙(𝜂). 

ii) 𝑖𝑛𝑡 𝜂 ≤ 𝑖𝑛𝑡∗ 𝜂 ≤ (𝜂). 

Definition 2.10[17]: A fuzzy soft set 𝑓𝐴 in fuzzy soft topological space (𝑋, 𝜏, 𝐸) is called fuzzy soft generalized 

closed set (Fs g-closed) if 𝐹𝑠𝑐𝑙  𝑓𝐴 ≤ 𝐻, ∀𝑓𝐴 ≤ 𝐻 and 𝐻 is fuzzy soft open in 𝑋. 

III. FUZZY SOFT INFRA SEMI OPEN SET 

Definition 3.1: Let (𝑓, 𝐴) be any fuzzy soft set. The Fuzzy soft Generalized closure of (𝑓,𝐴) is defined as the 

intersection of all Fuzzy soft g-closed sets containing (𝑓, 𝐴) and it is denoted by 𝑐𝑙∗(𝑓, 𝐴). 

𝑐𝑙∗ 𝑓, 𝐴 =⊼   𝑓,𝐵 :  𝑓,𝐵 ≥  𝑓,𝐴 ,  𝑓, 𝐵 𝑖𝑠 𝑎 𝑓𝑢𝑧𝑧𝑦 𝑠𝑜𝑓𝑡 𝑔𝑒𝑛𝑒𝑟𝑎𝑙𝑖𝑧𝑒𝑑 − 𝑐𝑙𝑜𝑠𝑒𝑑 𝑠𝑒𝑡 𝑜𝑓  𝑋, 𝜏,𝐸  . 

Definition 3.2: Let (𝑓, 𝐴) be any fuzzy soft set. The Fuzzy soft Generalized interior of (𝑓, 𝐴) is defined as the union 

of all Fuzzy soft g-open sets contained in (𝑓, 𝐴) and it is denoted by 𝑖𝑛𝑡∗(𝑓,𝐴). 

𝑖𝑛𝑡∗ 𝑓,𝐴 =⊻   𝑓, 𝐵 :  𝑓,𝐵 ≤  𝑓, 𝐴 ,  𝑓,𝐵 𝑖𝑠 𝑎 𝑓𝑢𝑧𝑧𝑦 𝑠𝑜𝑓𝑡 𝑔𝑒𝑛𝑒𝑟𝑎𝑙𝑖𝑧𝑒𝑑 − 𝑜𝑝𝑒𝑛 𝑠𝑒𝑡 𝑜𝑓  𝑋, 𝜏,𝐸  . 

Lemma 3.3: Let (𝑓,𝐴) be any fuzzy soft set. Then, 

i)  𝑓, 𝐴 ≤ 𝑐𝑙∗ 𝑓,𝐴 ≤ 𝑐𝑙(𝑓,𝐴) 

ii) (𝑓, 𝐴) ≥ 𝑖𝑛𝑡∗ 𝑓, 𝐴 ≥ 𝑖𝑛𝑡  𝑓, 𝐴  

Definition 3.4: A fuzzy soft set (𝑓,𝐴) in a fuzzy soft topological space (𝑋, 𝜏,𝐸) is called fuzzy soft infra-semiopen 

if  𝑓, 𝐵 ≤ (𝑓, 𝐴) ≤ 𝑐𝑙∗(𝑓, 𝐵), where (𝑓, 𝐵) is a fuzzy soft open set. The family of all fuzzy soft infra-semi open 

sets in (𝑋, 𝜏, 𝐸) will be denoted by 𝐹𝑆𝐼𝑠𝑜(𝑋, 𝜏,𝐸). 

Definition 3.5: A fuzzy soft set (𝑓,𝐴) in a fuzzy soft topological space (𝑋, 𝜏,𝐸) is called fuzzy soft infra-

semiclosed if 𝑖𝑛𝑡∗ 𝑓, 𝐵 ≤ (𝑓, 𝐴) ≤ (𝑓,𝐵), where (𝑓, 𝐵) is a fuzzy soft closed set. The family of all fuzzy soft 

infra-semiclosed sets in (𝑋, 𝜏,𝐸) will be denoted by 𝐹𝑆𝐼𝑠𝑐(𝑋, 𝜏, 𝐸). 
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Theorem 3.6: Let (𝑓, 𝐴) be any fuzzy soft subset of a fuzzy soft topological space(𝑋, 𝜏,𝐸), then the following 

properties are equivalent: 

i)  𝑓, 𝐴 ∈ 𝐹𝑆𝐼𝑠𝑜 𝑋, 𝜏, 𝐸 . 
ii)  𝑓, 𝐴 ≤ 𝑐𝑙∗𝑖𝑛𝑡 𝑓, 𝐴 . 

iii) 𝑐𝑙∗ 𝑓, 𝐴 = 𝑐𝑙∗ 𝑖𝑛𝑡  𝑓,𝐴  . 

iv)  𝑓, 𝐴 𝐶  is a fuzzy soft infra-semiclosed set. 

v) 𝑖𝑛𝑡∗𝑐𝑙  𝑓,𝐴 𝐶 ≤  𝑓,𝐴 𝐶 . 
vi) 𝑖𝑛𝑡∗ 𝑐𝑙  𝑓,𝐴 𝐶 = 𝑖𝑛𝑡∗ 𝑓,𝐴 𝐶 . 

Proof: 

 𝑖 ⇒ (𝑖𝑖): Assume that  𝑓,𝐴 ∈ 𝐹𝑆𝐼𝑠𝑜(𝑋, 𝜏,𝐸), then by definition there exists  𝑓, 𝐵 ∈ 𝐹𝑆𝑜(𝑋, 𝜏,𝐸) such that 
 𝑓, 𝐵 ≤  𝑓, 𝐴 ≤ 𝑐𝑙∗(𝑓,𝐵). Since,  𝑓, 𝐵 ≤ (𝑓,𝐴) and by the lemma 3.7,  𝑓,𝐵 ≤ 𝑖𝑛𝑡 𝑓, 𝐴 ⇒ 𝑐𝑙∗(𝑓, 𝐵) ≤

𝑐𝑙∗ 𝑖𝑛𝑡 𝑓, 𝐴   but  𝑓, 𝐴 ≤ 𝑐𝑙∗(𝑓, 𝐵) therefore  𝑓, 𝐴 ≤ 𝑐𝑙∗ 𝑖𝑛𝑡  𝑓,𝐴  . 

 𝑖𝑖 ⇒  𝑖𝑖𝑖 : We have  𝑓, 𝐴 ≤ 𝑐𝑙∗𝑖𝑛𝑡 𝑓,𝐴 ⇒ 𝑐𝑙∗(𝑓,𝐴) ≤ 𝑐𝑙∗ 𝑖𝑛𝑡 𝑓, 𝐴  . And we know that 𝑖𝑛𝑡 𝑓,𝐴 ≤  𝑓,𝐴 ⇒

𝑐𝑙∗𝑖𝑛𝑡(𝑓,𝐴) ≤ 𝑐𝑙∗(𝑓,𝐴), thus we have 𝑐𝑙∗ 𝑓, 𝐴 = 𝑐𝑙∗ 𝑖𝑛𝑡  𝑓,𝐴  . 

 𝑖𝑖𝑖 ⇒  𝑖𝑣 : By (𝑖𝑖) we have  𝑓, 𝐴 ≤ 𝑐𝑙∗𝑖𝑛𝑡(𝑓,𝐴), then 𝑖𝑛𝑡  𝑓,𝐴 ≤  𝑓,𝐴 ≤ 𝑐𝑙∗𝑖𝑛𝑡(𝑓,𝐴). Put  𝑓, 𝐵 =
𝑖𝑛𝑡(𝑓,𝐴), then  𝑓,𝐵 ≤ (𝑓,𝐴) ≤ 𝑐𝑙∗(𝑓, 𝐵), where (𝑓,𝐴) is a fuzzy soft infra semi open set. 

Therefore 𝑖𝑛𝑡∗  𝑓, 𝐵 𝐶 ≤  𝑓, 𝐴 𝐶 ≤  𝑓, 𝐵 𝐶, where  𝑓,𝐵 𝐶 ∈ 𝐹𝑆𝑐(𝑋, 𝜏, 𝐸) . Thus,  𝑓,𝐴 𝐶 ∈ 𝐹𝑆𝐼𝑠𝑐(𝑋, 𝜏,𝐸). 

 𝑖𝑣 ⇒  𝑣 : We have 𝑖𝑛𝑡∗  𝑓, 𝐵 𝐶 ≤  𝑓,𝐴 𝐶 ≤  𝑓,𝐵 𝐶 , where  𝑓, 𝐵 𝐶 ∈ 𝐹𝑆𝑐(𝑋, 𝜏,𝐸). Therefore, 𝑐𝑙  𝑓,𝐴 𝐶 ≤
 𝑓, 𝐵 𝐶 and 𝑖𝑛𝑡∗ 𝑐𝑙  𝑓, 𝐴 𝐶 ≤ 𝑖𝑛𝑡∗ 𝑓, 𝐵 𝐶 ≤  𝑓,𝐴 𝐶 . Hence, 𝑖𝑛𝑡∗𝑐𝑙  𝑓,𝐴 𝐶 ≤  𝑓,𝐴 𝐶 . 

 𝑣 ⇒  𝑣𝑖 : Assume that 𝑖𝑛𝑡∗ 𝑐𝑙  𝑓, 𝐴 𝐶 ≤  𝑓,𝐴 𝐶 , which implies 𝑖𝑛𝑡∗ 𝑐𝑙  𝑓, 𝐴 𝐶 ≤ 𝑖𝑛𝑡∗ 𝑓,𝐴 𝐶  and we also 

know that 𝑖𝑛𝑡∗  𝑓,𝐴 𝐶 ≤ 𝑖𝑛𝑡∗ 𝑐𝑙  𝑓,𝐴 𝐶 . Thus, we get 𝑖𝑛𝑡∗ 𝑐𝑙 (𝑓, 𝐴) = 𝑖𝑛𝑡∗(𝑓, 𝐴). 

 𝑣𝑖 ⇒  𝑖 : Let 𝑖𝑛𝑡∗ 𝑐𝑙  𝑓, 𝐴 𝐶 ≤  𝑓,𝐴 𝐶 , then  𝑖𝑛𝑡∗ 𝑐𝑙  𝑓,𝐴 𝐶  
𝐶
≤   𝑓,𝐴 𝑐 𝑐 . Implies that  𝑓,𝐴 ≤

𝑐𝑙∗ 𝑖𝑛𝑡 𝑓, 𝐴  . Hence, 𝑖𝑛𝑡  𝑓, 𝐴 ≤  𝑓, 𝐴 ≤ 𝑐𝑙∗ 𝑖𝑛𝑡  𝑓,𝐴  . Put,  𝑓,𝐵 = 𝑖𝑛𝑡 (𝑓,𝐴). Then,  𝑓,𝐵 ≤  𝑓,𝐴 ≤
𝑐𝑙∗(𝑓, 𝐵) and  𝑓,𝐴 ∈ 𝐹𝑆𝐼𝑠𝑜(𝑋, 𝜏,𝐸). 

Definition 3.7: Let (𝑓, 𝐴) be any fuzzy soft set in a fuzzy soft topological space (𝑋, 𝜏, 𝐸). The Fuzzy soft infra-semi 

closure is defined as the intersection of all Fuzzy soft infra semi closed sets containing(𝑓, 𝐴). 

                     𝐼𝑠𝑐𝑙  𝑓, 𝐴 = ⋀  𝑓, 𝐵 :  𝑓,𝐵 ≥  𝑓,𝐴 ,  𝑓, 𝐵 ∈ 𝐹𝑆𝐼𝑠𝑐 𝑋, 𝜏, 𝐸  . 

Definition 3.8: Let (𝑓, 𝐴) be any fuzzy soft set in a fuzzy soft topological space (𝑋, 𝜏, 𝐸). The Fuzzy soft infra-semi 

interior is defined as the union of all Fuzzy soft infra semi open sets contained in (𝑓,𝐴). 

                   𝐼𝑠𝑖𝑛𝑡  𝑓, 𝐴 = ⋁  𝑓, 𝐵 :  𝑓,𝐵 ≤  𝑓,𝐴 ,  𝑓, 𝐵 ∈ 𝐹𝑆𝐼𝑠𝑜 𝑋, 𝜏,𝐸  . 

Proposition 3.9: Let (𝑓, 𝐴) and (𝑓, 𝐵) be any fuzzy soft subsets in (𝑋, 𝜏, 𝐸) and  𝑓, 𝐴 ≤  𝑓,𝐵 , then the following 

are true. 

(i) 𝐼𝑠 𝑖𝑛𝑡  𝑓, 𝐴  is the largest fuzzy soft infra semiopen set contained in (𝑓,𝐴). 

(ii) 𝐼𝑠 𝑖𝑛𝑡  𝑓, 𝐴 ≤ (𝑓,𝐴). 

(iii) 𝐼𝑠 𝑖𝑛𝑡  𝑓, 𝐴 ≤ 𝐼𝑠 𝑖𝑛𝑡  𝑓, 𝐵 . 
(iv) 𝐼𝑠 𝑖𝑛𝑡  𝐼𝑠 𝑖𝑛𝑡 (𝑓, 𝐴 ) =  𝐼𝑠 𝑖𝑛𝑡  𝑓,𝐴 . 
(v)  𝑓, 𝐴 ∈ 𝐹𝑆𝐼𝑠𝑜 𝑋, 𝜏, 𝐸  ⇔ 𝐼𝑠 𝑖𝑛𝑡  𝑓,𝐴 = (𝑓,𝐴). 

(vi) 𝐼𝑠 𝑖𝑛𝑡  𝑓, 𝐴  ⋁  𝐼𝑠 𝑖𝑛𝑡  𝑓, 𝐵 ≤ 𝐼𝑠 𝑖𝑛𝑡   𝑓,𝐴 ⋁ 𝑓,𝐵  . 

(vii) 𝐼𝑠 𝑖𝑛𝑡  𝑓, 𝐴  ⋀  𝐼𝑠 𝑖𝑛𝑡  𝑓, 𝐵 ≥ 𝐼𝑠 𝑖𝑛𝑡   𝑓,𝐴 ⋀ 𝑓,𝐵  . 

Proposition 3.10: Let (𝑓, 𝐴) and (𝑓, 𝐵) be any fuzzy soft subsets in (𝑋, 𝜏, 𝐸) and  𝑓,𝐴 ≤  𝑓, 𝐵 , then the 

following are true. 
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(i) 𝐼𝑠 𝑐𝑙  𝑓, 𝐴  is the smallest fuzzy soft infra-semiclosed set containing (𝑓, 𝐴). 

(ii)  𝑓, 𝐴 ≤ 𝐼𝑠 𝑐𝑙 (𝑓,𝐴). 

(iii) 𝐼𝑠 𝑐𝑙  𝑓, 𝐴 ≤ 𝐼𝑠 𝑐𝑙  𝑓,𝐵 . 
(iv) 𝐼𝑠 𝑐𝑙  𝐼𝑠 𝑐𝑙 (𝑓, 𝐴 ) =  𝐼𝑠 𝑐𝑙  𝑓, 𝐴 . 
(v)  𝑓, 𝐴 ∈ 𝐹𝑆𝐼𝑠𝑐 𝑋, 𝜏,𝐸  ⇔ 𝐼𝑠 𝑐𝑙  𝑓, 𝐴 = (𝑓, 𝐴). 

(vi) 𝐼𝑠 𝑐𝑙  𝑓, 𝐴  ⋁  𝐼𝑠 𝑐𝑙  𝑓, 𝐵 ≤ 𝐼𝑠 𝑐𝑙   𝑓,𝐴 ⋁ 𝑓, 𝐵  . 

(vii) 𝐼𝑠 𝑐𝑙  𝑓, 𝐴  ⋀  𝐼𝑠 𝑐𝑙  𝑓, 𝐵 ≥ 𝐼𝑠 𝑐𝑙   𝑓,𝐴 ⋀ 𝑓, 𝐵  . 

Theorem 3.11: Let (𝑓,𝐴) be any fuzzy soft subset of a fuzzy soft topological space (𝑋, 𝜏, 𝐸). Then the following 

are true 

i)  𝐼𝑠 𝑖𝑛𝑡  𝑓,𝐴  
𝐶

= 𝐼𝑠 𝑐𝑙 (𝑓,𝐴). 

ii)  𝐼𝑠 𝑐𝑙  𝑓, 𝐴  
𝐶

= 𝐼𝑠 𝑖𝑛𝑡 (𝑓,𝐴). 

iii) 𝐼𝑠 𝑖𝑛𝑡  𝑓, 𝐴 =  𝑓,𝐴 ⋀ 𝑐𝑙∗   𝑖𝑛𝑡  𝑓, 𝐴  . 

iv) 𝐼𝑠 𝑐𝑙  𝑓, 𝐴 =  𝑓,𝐴  ⋁ 𝑖𝑛𝑡∗ 𝑐𝑙  𝑓, 𝐴  . 

Proof: 

i)  𝐼𝑠 𝑖𝑛𝑡  𝑓,𝐴  
𝐶

=    ⋁  𝑓, 𝐵 :  𝑓,𝐵 ≤  𝑓,𝐴 ,  𝑓, 𝐵 ∈ 𝐹𝑆𝐼𝑠𝑜 𝑋, 𝜏,𝐸   𝐶   

                         =    ⋀  𝑓,𝐵 𝐶 :  𝑓, 𝐵 𝐶 ≥  𝑓,𝐴 𝑐 ,  𝑓,𝐵 𝐶 ∈ 𝐹𝑆𝐼𝑠𝑐(𝑋, 𝜏,𝐸)   
                         =    𝐼𝑠 𝑐𝑙 (𝑓,𝐴).  

ii) Similar to (i). 

iii) 𝐼𝑠 𝑖𝑛𝑡 is fuzzy soft infra semi open, then we have                                  

𝐼𝑠 𝑖𝑛𝑡 (𝑓, 𝐴) ≤ 𝑐𝑙∗  𝑖𝑛𝑡 𝐼𝑠 𝑖𝑛𝑡  𝑓,𝐴   ≤ 𝑐𝑙∗ 𝑖𝑛𝑡  𝑓,𝐴   

So,       𝐼𝑠 𝑖𝑛𝑡  𝑓,𝐴 ≤  𝑓,𝐴 ⋀ 𝑐𝑙∗ 𝑖𝑛𝑡  𝑓, 𝐴                                                       (1) 

We have 𝑖𝑛𝑡  𝑓, 𝐴 ≤  𝑓,𝐴 ⋀𝑐𝑙∗ 𝑖𝑛𝑡  𝑓,𝐴  ≤ 𝑐𝑙∗ 𝑖𝑛𝑡  𝑓, 𝐴  . 

By definition 3.4   𝑓,𝐴 ⋀𝑐𝑙∗ 𝑖𝑛𝑡  𝑓,𝐴   ∈ 𝐹𝑆𝐼𝑠𝑜(𝑋, 𝜏,𝐸) and  𝑓,𝐴 ⋀𝑐𝑙∗ 𝑖𝑛𝑡  𝑓,𝐴  ≤ (𝑓,𝐴), then 

 𝑓, 𝐴 ⋀𝑐𝑙∗ 𝑖𝑛𝑡  𝑓, 𝐴  ≤ 𝐼𝑠 𝑖𝑛𝑡  𝑓, 𝐴       (2) 

From (1) and (2), we have, 𝐼𝑠 𝑖𝑛𝑡  𝑓, 𝐴 =  𝑓,𝐴 ⋀ 𝑐𝑙∗   𝑖𝑛𝑡  𝑓,𝐴  . 
iv) Similar to (iii). 

Theorem 3.12: 

i) The union of any number of a fuzzy soft infra-semi open set is a fuzzy soft infra-semi open set. 

ii) The intersection of any number of a fuzzy soft infra-semi closed set is a fuzzy soft infra-semi closed 
set. 

Proof: 

i) Let { 𝑓, 𝐴 𝜌 } be a family of fuzzy soft infra-semi open set. Then by theorem 3.6, for each 𝜌,  𝑓, 𝐴 𝜌 ≤

𝑐𝑙∗ 𝑖𝑛𝑡  𝑓,𝐴 𝜌  and ⋁ 𝑓, 𝐴 𝜌 ≤ ⋁ 𝑐𝑙∗ 𝑖𝑛𝑡  𝑓,𝐴 𝜌  ≤ 𝑐𝑙∗ 𝑖𝑛𝑡(⋁ 𝑓, 𝐴 𝜌 ) . Hence,  𝑓, 𝐴 𝜌  is a 

fuzzy soft infra-semi open set. 

ii) It is obvious. 

Theorem 3.13: If  𝑓, 𝐴 ∈ 𝐹𝑆𝐼𝑠𝑜(𝑋, 𝜏, 𝐸), then 𝐼𝑠 𝑐𝑙 𝑓,𝐴 ∈ 𝐹𝑆𝐼𝑠𝑜(𝑋, 𝜏,𝐸). 

Proof: 

If  𝑓,𝐴 ∈ 𝐹𝑆𝐼𝑠𝑜(𝑋, 𝜏,𝐸), then by theorem 3.6 (𝑓,𝐴) ≤ 𝑐𝑙∗ 𝑖𝑛𝑡  𝑓,𝐴  .In general,  𝑓, 𝐴 ≤ 𝐼𝑠 𝑐𝑙 𝑓, 𝐴 ⇒

𝑐𝑙∗ 𝑖𝑛𝑡  𝑓,𝐴  ≤ 𝑐𝑙∗(𝑖𝑛𝑡 𝐼𝑠 𝑐𝑙  𝑓,𝐴  . Thus, (𝑓,𝐴) ≤ 𝑐𝑙∗ 𝑖𝑛𝑡  𝑓, 𝐴  ≤ 𝑐𝑙∗(𝑖𝑛𝑡 𝐼𝑠 𝑐𝑙  𝑓,𝐴  .This implies that 
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(𝑓, 𝐴) ≤ 𝑐𝑙∗(𝑖𝑛𝑡 𝐼𝑠 𝑐𝑙  𝑓, 𝐴  ⇒ 𝐼𝑠 𝑐𝑙 𝑓,𝐴 ≤ 𝐼𝑠 𝑐𝑙  𝑐𝑙∗  𝑖𝑛𝑡 𝐼𝑠 𝑐𝑙  𝑓,𝐴    . 

⇒ 𝐼𝑠 𝑐𝑙 𝑓,𝐴 ≤ 𝑐𝑙∗  𝑖𝑛𝑡 𝐼𝑠 𝑐𝑙  𝑓, 𝐴   . Hence,  𝐼𝑠 𝑐𝑙 𝑓,𝐴 ∈ 𝐹𝑆𝐼𝑠𝑜(𝑋, 𝜏,𝐸). 

Theorem 3.14: Let (𝑓,𝐴) and (𝑓,𝐵) be fuzzy soft subsets of a fuzzy soft topological space (𝑋, 𝜏, 𝐸) and 

i) If  𝑓,𝐵 ∈ 𝐹𝑆𝐼𝑠𝑜(𝑋, 𝜏, 𝐸) with  𝑓, 𝐵 ≤  𝑓, 𝐴 ≤ 𝑐𝑙∗(𝑓, 𝐵), then  𝑓,𝐴 ∈ 𝐹𝑆𝐼𝑠𝑜(𝑋, 𝜏,𝐸). 

ii) If  𝑓,𝐵 ∈ 𝐹𝑆𝐼𝑠𝑐(𝑋, 𝜏,𝐸) with 𝑖𝑛𝑡∗ 𝑓,𝐵 ≤  𝑓,𝐴 ≤ (𝑓, 𝐵), then  𝑓,𝐴 ∈ 𝐹𝑆𝐼𝑠𝑐(𝑋, 𝜏, 𝐸). 

Proof: 

i) Let (𝑓, 𝐴) and (𝑓, 𝐵) be fuzzy soft subsets of a fuzzy soft topological space (𝑋, 𝜏,𝐸). Consider 

(𝑓, 𝐵) ∈ 𝐹𝑆𝐼𝑠𝑜(𝑋, 𝜏, 𝐸) with  𝑓,𝐵 ≤  𝑓,𝐴 ≤ 𝑐𝑙∗(𝑓, 𝐵). Since (𝑓,𝐵) ∈ 𝐹𝑆𝐼𝑠𝑜(𝑋, 𝜏, 𝐸) by definition 

3.4 we have  𝑓,𝐶 ≤ (𝑓, 𝐵) ≤ 𝑐𝑙∗(𝑓, 𝐶). Here,  𝑓,𝐶 ≤  𝑓,𝐵 ≤ (𝑓,𝐴) thus  𝑓, 𝐶 ≤ (𝑓, 𝐴) and 

(𝑓, 𝐵) ≤ 𝑐𝑙∗(𝑓, 𝐶) implies that 𝑐𝑙∗(𝑓, 𝐵) ≤ 𝑐𝑙∗(𝑓, 𝐶). Therefore,  𝑓,𝐶 ≤  𝑓, 𝐴 ≤ 𝑐𝑙∗(𝑓, 𝐶). Thus, 
 𝑓, 𝐴 ∈ 𝐹𝑆𝐼𝑠𝑜(𝑋, 𝜏, 𝐸). 

ii) Similar to (i)  

Theorem 3.15: A fuzzy soft set  𝑓, 𝐴 ∈ 𝐹𝑆𝐼𝑠𝑜(𝑋, 𝜏, 𝐸) if and only if for every fuzzy soft singleton  𝑓,𝑝 ≤ (𝑓, 𝐴), 

there exists a fuzzy soft set  𝑓,𝐷 ∈ 𝐹𝑆𝐼𝑠𝑜(𝑋, 𝜏, 𝐸) such that  𝑓, 𝑝 ≤  𝑓, 𝐷 ≤ (𝑓, 𝐴). 

Theorem 3.16: Let (𝑓,𝐴) be any fuzzy soft subset of (𝑋, 𝜏,𝐸), then the following holds, 

i) If (𝑓,𝐴) is a fuzzy soft infra-semi open (fuzzy soft infra-semi closed) set, then (𝑓, 𝐴) is a fuzzy soft 

semi open (fuzzy soft semi closed) set. 

ii) If (𝑓,𝐴) is a fuzzy soft open (fuzzy soft closed) set, then (𝑓, 𝐴) is a fuzzy soft infra-semi open (fuzzy 

soft infra-semi closed) set. 

Example 3.17: 

Let 𝑋 = {𝑥1 ,𝑥2}, 𝐸 = {𝑒1 ,𝑒2} and  𝐹1 ,𝐴 ,  𝐹2 ,𝐴 &(𝐹3 ,𝐴) be the fuzzy soft sets defined as follows 

  𝐹1 ,𝐴 =   𝑒1 ,  
𝑥1

0.3
,
𝑥2

0.5
  ,  𝑒2 ,  

𝑥1

0.2
,
𝑥2

0.4
    

  𝐹2 ,𝐴 =   𝑒1 ,  
𝑥1

0.6
,
𝑥2

0.7
  ,  𝑒2 ,  

𝑥1

0.5
,
𝑥2

0.6
    

  𝐹3 ,𝐴 =   𝑒1 ,  
𝑥1

0.7
,
𝑥2

0.5
  ,  𝑒2 ,  

𝑥1

0.6
,
𝑥2

0.4
    

If 𝜏 =  0𝑥 ,  𝐹1 ,𝐴 , 1𝑥 . Then, (𝐹2 ,𝐴) is not a fuzzy soft infra-semi open (fuzzy soft 𝑜𝑝𝑒𝑛) set. 

Example 3.18: 

Let 𝑋 = {𝑥1 ,𝑥2}, 𝐸 = {𝑒1 ,𝑒2} and  𝐹1 ,𝐴 ,  𝐹2 ,𝐴 &(𝐹3 ,𝐴) be the fuzzy soft sets defined as follows 

  𝐹1 ,𝐴 =   𝑒1 ,  
𝑥1

0.4
,
𝑥2

0.7
  ,  𝑒2 ,  

𝑥1

0.3
,
𝑥2

0.8
    

  𝐹2 ,𝐴 =   𝑒1 ,  
𝑥1

0.4
,
𝑥2

0.5
  ,  𝑒2 ,  

𝑥1

0.3
,
𝑥2

0.4
    

  𝐹3 ,𝐴 =   𝑒1 ,  
𝑥1

0.5
,
𝑥2

0.5
  ,  𝑒2 ,  

𝑥1

0.5
,
𝑥2

0.6
    

If 𝜏 =  0𝑥 ,  𝐹1 ,𝐴 ,  𝐹2 ,𝐴 , 1𝑥 . Then, (𝐹3 ,𝐴) is a fuzzy soft infra-semi open set and it is also fuzzy soft semi open 

set. 
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Example 3.19: 

Let 𝑋 = {𝑥1 ,𝑥2}, 𝐸 = {𝑒1 ,𝑒2} and  𝐹1 ,𝐴 ,  𝐹2 ,𝐴 &(𝐹3 ,𝐴) be the fuzzy soft sets defined as follows 

  𝐹1 ,𝐴 =   𝑒1 ,  
𝑥1

0.4
,
𝑥2

0.5
  ,  𝑒2 ,  

𝑥1

0.5
,
𝑥2

0.4
    

  𝐹2 ,𝐴 =   𝑒1 ,  
𝑥1

0.5
,
𝑥2

0.7
  ,  𝑒2 ,  

𝑥1

0.4
,
𝑥2

0.6
    

  𝐹3 ,𝐴 =   𝑒1 ,  
𝑥1

0.5
,
𝑥2

0.5
  ,  𝑒2 ,  

𝑥1

0.4
,
𝑥2

0.4
    

If 𝜏 =  0𝑥 ,  𝐹1 ,𝐴 ,  𝐹2 ,𝐴 , 1𝑥 . Then, (𝐹3 ,𝐴) is a fuzzy soft infra-semi open set. 

IV. FUZZY SOFT INFRA SEMI CNTINUOUS FUNCTION 

Definition 4.1: A function :  𝑋, 𝜏, 𝐸 → (𝑌, 𝜇,𝐸) is said to be fuzzy soft infra-semi continuous if −1 𝑓, 𝐴 ∈
𝐹𝑆𝐼𝑠𝑜 𝑋, 𝜏, 𝐸 ,  𝐹𝑆𝐼𝑠𝑐 𝑋, 𝜏,𝐸   for every fuzzy soft open [fuzzy soft closed]set  𝑓,𝐴 ∈ (𝑌,𝜇, 𝐸). 

Definition 4.2: A function :  𝑋, 𝜏, 𝐸 → (𝑌, 𝜇,𝐸) is said to be fuzzy soft infra-irresolute if −1 𝑓,𝐴 ∈
𝐹𝑆𝐼𝑠𝑜 𝑋, 𝜏, 𝐸 , [𝐹𝑆𝐼𝑠𝑐 𝑋, 𝜏,𝐸 ] for every fuzzy soft infra-semi open [fuzzy soft infra-semi closed] set  𝑓, 𝐴 ∈
(𝑌, 𝜇,𝐸). 

Theorem 4.3: Let (𝑋, 𝜏, 𝐸) and (𝑌, 𝜇,𝐸) be a fuzzy soft topological space and :  𝑋, 𝜏,𝐸 → (𝑌,𝜇, 𝐸), then the 
following properties are equivalent 

i)  is fuzzy soft infra-semi continuous. 

ii) For every fuzzy soft singleton set  𝑓, 𝑡 ∈ (𝑋, 𝜏, 𝐸) and every fuzzy soft open set  𝑓, 𝐵 ∈ (𝑌,𝜇, 𝐸) 

with  𝑓, 𝑡 ≤ (𝑓,𝐵), then there exists a fuzzy soft infra-semi open set,  𝑓, 𝐴 ∈ (𝑋, 𝜏,𝐸) such that 
 𝑓, 𝑡 ≤ (𝑓, 𝐴) and (𝑓, 𝐴) ≤ −1(𝑓, 𝐵). 

iii)  For each fuzzy soft singleton set  𝑓, 𝑡 ∈ (𝑋, 𝜏,𝐸) and each fuzzy soft open set  𝑓, 𝐵 ∈ (𝑌,𝜇, 𝐸) with 

 𝑓, 𝑡 ≤ (𝑓, 𝐵), then there exists a fuzzy soft infra-semi open set,  𝑓,𝐴 ∈ (𝑋, 𝜏, 𝐸) such that 
 𝑓, 𝑡 ≤ (𝑓, 𝐴) and (𝑓, 𝐴) ≤ (𝑓,𝐵). 

iv) −1 𝑓, 𝐵 ∈ 𝐹𝑆𝐼𝑠𝑐 𝑋, 𝜏, 𝐸 ,∀ 𝑓,𝐵 ∈ 𝐹𝑆𝑐(𝑌, 𝜇,𝐸). 

v)  𝐼𝑠 𝑐𝑙  𝑓,𝐴  ≤ 𝑐𝑙  𝑓, 𝐴  ,∀  𝑓,𝐴 ∈ (𝑋, 𝜏, 𝐸). 

vi) 𝐼𝑠 𝑐𝑙  −1 𝑓,𝐵  ≤ −1 𝑐𝑙  𝑓,𝐵  ,∀  𝑓,𝐵 ∈ (𝑌,𝜇, 𝐸). 

vii) −1 𝑖𝑛𝑡  𝑓,𝐵  ≤ 𝐼𝑠 𝑖𝑛𝑡  −1 𝑓, 𝐵  ,∀  𝑓,𝐵 ∈ (𝑌, 𝜇,𝐸). 

Proof: 

 𝑖 ⇒  𝑖𝑖 : Let  𝑓,𝐵 ∈ 𝐹𝑆𝑜(𝑌, 𝜇,𝐸) and a fuzzy soft singleton set  𝑓, 𝑡 ∈ (𝑋, 𝜏, 𝐸) such that  𝑓, 𝑡 ⊆ (𝑓,𝐵), then 

there exists  𝑓, 𝐴 ∈ 𝐹𝑆𝑜(𝑌, 𝜇,𝐸) such that  𝑓, 𝑡 ≤  𝑓, 𝐴 ≤ (𝑓,𝐵). Since,  is a fuzzy soft infra-semi continuous, 
 𝑓, 𝐴 = −1(𝑓, 𝐴) is a fuzzy soft infra-semi open set and  𝑓, 𝑡 ≤ (𝑓, 𝐴) = −1(𝑓, 𝐴) ≤ −1(𝑓, 𝐵). 

  𝑖𝑖 ⇒  𝑖𝑖𝑖 : Let  𝑓,𝐵 ∈ 𝐹𝑆𝑜(𝑌, 𝜇,𝐸) and  𝑓, 𝑡  be a fuzzy soft singleton in (𝑋, 𝜏, 𝐸) such that  𝑓, 𝑡 ⊆ (𝑓,𝐵), 

then there exists a fuzzy soft infra-semi open set, (𝑓,𝐴) such that  𝑓, 𝑡 ≤ (𝑓,𝐴) and (𝑓,𝐴) ≤ −1(𝑓,𝐵). Hence, 

 𝑓, 𝑡 ≤ (𝑓, 𝐴) and (𝑓, 𝐴) ≤ −1  𝑓,𝐵  ≤ (𝑓, 𝐵). 

 𝑖𝑖𝑖 ⇒  𝑖 : Consider,  𝑓, 𝑡 ≤ −1(𝑓, 𝐵) and  𝑓,𝐵 ∈ 𝐹𝑆𝑜(𝑌, 𝜇,𝐸). Thus, (𝑓, 𝑡) ≤  −1 𝑓,𝐵  ≤ (𝑓, 𝐵). Then 

there exists a fuzzy soft infra-semi open set (𝑓,𝐴) such that  𝑓, 𝑡 ≤ (𝑓, 𝐴) and  𝑓,𝐴 ≤ (𝑓, 𝐵). Thus,  𝑓, 𝑡 ≤

(𝑓, 𝐴) ≤ −1 𝑘 𝑓, 𝐴  ≤ −1(𝑓, 𝐵). Therefore by theorem 3.19, −1 𝑓,𝐵 ∈ (𝑋, 𝜏,𝐸) is a fuzzy soft infra-semi 

open set. Hence,  is a fuzzy soft infra-semi continuous. 

 𝑖 ⇒  𝑖𝑣  : Let  𝑓,𝐵 ∈ 𝐹𝑆𝑐(𝑌, 𝜇,𝐸). Then,  𝑓,𝐵 𝑐 ∈ 𝐹𝑆𝑜(𝑌,𝜇, 𝐸) that implies, −1  𝑓,𝐵 𝑐 ∈ 𝐹𝑆𝐼𝑠𝑜(𝑋, 𝜏, 𝐸). 

Hence, −1 𝑓, 𝐵 ∈ 𝐹𝑆𝐼𝑠𝑐 𝑋, 𝜏, 𝐸 . 
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 𝑖𝑣 ⇒ (𝑣): Consider  𝑓,𝐴 ∈ (𝑋, 𝜏, 𝐸) and  𝑓,𝐴 ≤ −1  𝑓, 𝐴  ≤ −1 𝑐𝑙  𝑓,𝐵  . Then, we get 𝐼𝑠 𝑐𝑙  𝑓, 𝐴 ≤

−1 𝑐𝑙 𝔾 𝑓, 𝐵  = 𝐼𝑠 𝑐𝑙  −1 𝑐𝑙  𝑓,𝐵   . Therefore,  𝐼𝑠 𝑐𝑙  𝑓, 𝐴  ≤ 𝑐𝑙  𝑓, 𝐴  . 

 𝑣 ⇒  𝑣𝑖 : Let  𝑓,𝐵 ∈ (𝑌,𝜇, 𝐸), then −1 𝑓,𝐵 ∈ (𝑋, 𝜏,𝐸). By (𝑖𝑣), we get   𝐼𝑠 𝑐𝑙 −1 𝑓, 𝐵   ≤

𝑐𝑙   −1 𝑓,𝐵   ≤ 𝑐𝑙 (𝑓,𝐵), implies 𝐼𝑠 𝑐𝑙  −1 𝑓, 𝐵  ≤ −1 𝑐𝑙  𝑓, 𝐵  . 

 𝑣𝑖 ⇒  𝑣𝑖𝑖 : Let  𝑓, 𝐵 ∈ (𝑌, 𝜇,𝐸), then  𝑓, 𝐵 𝑐 ∈ (𝑌,𝜇,𝐸). By (𝑣𝑖), we get 𝐼𝑠 𝑐𝑙 −1 𝑓,𝐵  ≤ −1 𝑐𝑙  𝑓, 𝐵 𝑐 , 

which implies −1 𝑖𝑛𝑡  𝑓,𝐵  ≤ 𝐼𝑠 𝑖𝑛𝑡  −1 𝑓,𝐵  . 

 𝑣𝑖𝑖 ⇒  𝑖 : Consider,  𝑓, 𝐵 ∈ (𝑌,𝜇, 𝐸). By (𝑣𝑖), we have −1 𝑓, 𝐵 = −1 𝑖𝑛𝑡  𝑓, 𝐵  ≤ 𝐼𝑠 𝑖𝑛𝑡  −1 𝑓, 𝐵   

which implies  −1 𝑓,𝐵 ∈ 𝐹𝑆𝐼𝑠𝑜(𝑋, 𝜏,𝐸). Hence,  is a fuzzy soft infra-semi continuous function. 

Theorem 4.4: Let :  𝑋, 𝜏,𝐸 → (𝑌,𝜇, 𝐸), then the following properties are equivalent 

i)  is fuzzy soft infra-semi continuous 

ii) −1 𝑓, 𝐵 ∈ 𝐹𝑆𝐼𝑠𝑐 𝑋, 𝜏, 𝐸 ,∀  𝑓,𝐵 ∈ 𝐹𝑆𝑐(𝑌,𝜇, 𝐸). 

iii) 𝑖𝑛𝑡∗ 𝑐𝑙  𝑓,𝐵 ≤  −1 𝑐𝑙  𝑓, 𝐵   ,∀  𝑓, 𝐵 ∈ (𝑌,𝜇, 𝐸). 

iv)  𝑐𝑙∗ 𝑖𝑛𝑡  𝑓,𝐴  ≤ 𝑐𝑙   𝑓, 𝐴  ,∀ 𝑓,𝐴 ∈ (𝑋, 𝜇,𝐸). 

Remark: The composition of two fuzzy soft infra-semi continuous functions may not be a fuzzy soft infra-semi 

continuous. 

Theorem 4.5: Let 𝑘:  𝑋, 𝜏,𝐸 → (𝑌, 𝜇,𝐸) be a fuzzy soft infra-semi continuous and :  𝑌,𝜇, 𝐸 → (𝑍,ѵ, 𝐸) be a 

fuzzy soft continuous function, then  ∘ 𝑘:  𝑋, 𝜏,𝐸 → (𝑍, ѵ,𝐸) is a fuzzy soft infra-semi continuous function. 

Proof: Let  𝑓, 𝐵 ∈ (𝑍, 𝜈, 𝐸) be a fuzzy soft open set. Thus,    ∘  𝑘 −1 𝑓, 𝐵  =   𝑘−1 −1 𝑓,𝐵   . Then, 

−1  𝑘−1 𝑓,𝐶  ∈ (𝑋, 𝜏,𝐸) is a fuzzy soft infra-semi open set.  

Example 4.6: 

Let 𝑋 = 𝑌 = 𝑍 = {𝑥1 ,𝑥2}, 𝐸 = {𝑒1 , 𝑒2} and  𝐹1 ,𝐴 ,  𝐹2 ,𝐴 &(𝐹3 ,𝐴) be the fuzzy soft sets defined as follows 

  𝐹1 ,𝐴 =   𝑒1 ,  
𝑥1

0.4
,
𝑥2

0.5
  ,  𝑒2 ,  

𝑥1

0.3
,
𝑥2

0.5
    

  𝐹2 ,𝐴 =   𝑒1 ,  
𝑥1

0.3
,
𝑥2

0.6
  ,  𝑒2 ,  

𝑥1

0.4
,
𝑥2

0.7
    

  𝐹3 ,𝐴 =   𝑒1 ,  
𝑥1

0.5
,
𝑥2

0.5
  ,  𝑒2 ,  

𝑥1

0.5
,
𝑥2

0.5
    

If 𝜏𝑥 =  0𝑥 ,  𝐹1 ,𝐴 ,  𝐹2 ,𝐴 , 1𝑥  and 𝜏𝑦 = {0𝑥 ,3 , 1𝑥} and the function 𝑔:  𝑋, 𝜏𝑥 → (𝑌, 𝜏𝑦) be the fuzzy soft 

identity functions. Then, 𝑔 is not a fuzzy soft infra semi continuous function. 

Example 4.7: 

Let 𝑋 = 𝑌 = 𝑍 = {𝑥1 ,𝑥2}, 𝐸 = {𝑒1 , 𝑒2} and  𝐹1 ,𝐴 ,  𝐹2 ,𝐴 &(𝐹3 ,𝐴) be the fuzzy soft sets defined as follows 

  𝐹1 ,𝐴 =   𝑒1 ,  
𝑥1

0.4
,
𝑥2

0.5
  ,  𝑒2 ,  

𝑥1

0.3
,
𝑥2

0.5
    

  𝐹2 ,𝐴 =   𝑒1 ,  
𝑥1

0.5
,
𝑥2

0.7
  ,  𝑒2 ,  

𝑥1

0.5
,
𝑥2

0.7
    

  𝐹3 ,𝐴 =   𝑒1 ,  
𝑥1

0.5
,
𝑥2

0.5
  ,  𝑒2 ,  

𝑥1

0.5
,
𝑥2

0.5
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If 𝜏𝑥 =  0𝑥 ,  𝐹1 ,𝐴 ,  𝐹2 ,𝐴 , 1𝑥 , 𝜏𝑦 = {0𝑥 ,3 , 1𝑥} and the function :  𝑋, 𝜏𝑥 → (𝑌, 𝜏𝑦) be the fuzzy soft identity 

functions. Then,  is a fuzzy soft infra- semi continuous function. 

Definition 4.8: A fuzzy soft function :  𝑋, 𝜏, 𝐸 → (𝑌, 𝜇, 𝐸) is called a fuzzy soft infra-semi open if  𝑓, 𝐴 ∈
𝐹𝑆𝐼𝑠𝑜 𝑌, 𝜇,𝐸 ,∀  𝑓, 𝐴 ∈ 𝐹𝑆𝑜(𝑋, 𝜏, 𝐸). 

Definition 4.9: A fuzzy soft function :  𝑋, 𝜏, 𝐸 → (𝑌, 𝜇, 𝐸) is called a fuzzy soft infra-semi closed if  𝑓,𝐴 ∈
𝐹𝑆𝐼𝑠𝑐 𝑌, 𝜇,𝐸 , ∀  𝑓,𝐴 ∈ 𝐹𝑆𝑐(𝑋, 𝜏,𝐸). 

Example 4.10: 

Let 𝑋 = 𝑌 = 𝑍 = {𝑥1 ,𝑥2}, 𝐸 = {𝑒1 , 𝑒2} and  𝐹1 ,𝐴 ,  𝐹2 ,𝐴 &(𝐹3 ,𝐴) be the fuzzy soft sets defined as follows 

  𝐹1 ,𝐴 =   𝑒1 ,  
𝑥1

0.4
,
𝑥2

0.5
  ,  𝑒2 ,  

𝑥1

0.3
,
𝑥2

0.5
    

  𝐹2 ,𝐴 =   𝑒1 ,  
𝑥1

0.3
,
𝑥2

0.6
  ,  𝑒2 ,  

𝑥1

0.4
,
𝑥2

0.7
    

  𝐹3 ,𝐴 =   𝑒1 ,  
𝑥1

0.5
,
𝑥2

0.5
  ,  𝑒2 ,  

𝑥1

0.5
,
𝑥2

0.5
    

If 𝜏𝑥 = {0𝑥 , 3 , 1𝑥} and  𝜏𝑦 =  0𝑥 ,  𝐹1 , 𝐴 ,  𝐹2 ,𝐴 , 1𝑥  and the function 𝑔:  𝑋, 𝜏𝑥 → (𝑌, 𝜏𝑦) be the fuzzy soft 

identity functions. Then, 𝑔 is not a fuzzy soft infra semi open (infra-semiclosed) function. 

Theorem 4.11: Let (𝑋, 𝜏, 𝐸) and (𝑌, 𝜇,𝐸) be two fuzzy soft topological space and :  𝑋, 𝜏,𝐸 → (𝑌,𝜇, 𝐸), then the 

following properties are equivalent 

i)  is a fuzzy soft infra-semi open. 

ii)  𝑖𝑛𝑡  𝑓,𝐴  ≤ 𝐼𝑠 𝑖𝑛𝑡   𝑓, 𝐴  ,∀ 𝑓,𝐴 ∈ (𝑋, 𝜏,𝐸). 

iii) 𝑖𝑛𝑡  −1 𝑓,𝐵  ≤ −1 𝐼𝑠 𝑖𝑛𝑡 𝑓, 𝐵  ,∀ 𝑓, 𝐵 ∈ (𝑌, 𝜇,𝐸). 

iv) −1 𝐼𝑠 𝑐𝑙  𝑓,𝐵  ≤ 𝑐𝑙  −1 𝑓,𝐵  ,∀ 𝑓,𝐵 ∈  𝑌, 𝜇,𝐸 . 

v)  𝑖𝑛𝑡  𝑓,𝐴  ≤ 𝑖𝑛𝑡∗𝑐𝑙   𝑓,𝐴  ,∀ 𝑓,𝐴 ∈ (𝑋, 𝜏, 𝐸). 

Proof: 

 𝑖 ⇒ (𝑖𝑖): Let  be a fuzzy soft infra-semi open function and  𝑓,𝐴 ∈  𝑋, 𝜏, 𝐸 , 𝑖𝑛𝑡  𝑓,𝐴  ≤ (𝑓,𝐴). We know 

that 𝐼𝑠 𝑖𝑛𝑡   𝑖𝑛𝑡  𝑓,𝐴   ≤ 𝐼𝑠 𝑖𝑛𝑡  𝑓, 𝐴  . Hence,  𝑖𝑛𝑡  𝑓, 𝐴  ≤ 𝐼𝑠 𝑖𝑛𝑡   𝑓,𝐴  . 

 𝑖𝑖 ⇒ (𝑖𝑖𝑖): Consider  𝑓, 𝐵 ∈ (𝑌, 𝜇,𝐸), then −1 𝑓, 𝐵 ∈ (𝑋, 𝜏, 𝐸). Put −1 𝑓, 𝐵 = (𝑓, 𝐴) in (𝑖𝑖), we get 

  𝑖𝑛𝑡  −1 𝑓,𝐵   ≤ 𝐼𝑠 𝑖𝑛𝑡   −1 𝑓, 𝐵   ≤ 𝐼𝑠 𝑖𝑛𝑡 (𝑓, 𝐵). Hence, 𝑖𝑛𝑡  −1 𝑓, 𝐵  ≤ −1 𝐼𝑠 𝑖𝑛𝑡 𝑓,𝐵  . 

 𝑖𝑖𝑖 ⇒  𝑖𝑣 : Consider  𝑓,𝐵 ∈  𝑌, 𝜇,𝐸  and  𝑓,𝐵 𝑐 ∈  𝑌,𝜇, 𝐸 . Put  𝑓, 𝐵 𝐶 =  𝑓,𝐵  in  𝑖𝑖𝑖 , then we get 

𝑖𝑛𝑡  −1  𝑓,𝐵 𝑐  ≤ −1 𝐼𝑠 𝑖𝑛𝑡  𝑓,𝐵 𝑐  , implies  𝑐𝑙  −1 𝑓, 𝐵   
𝑐

≤  −1 𝐼𝑠 𝑐𝑙 𝑓, 𝐵   
𝑐

. Hence, 

−1 𝐼𝑠 𝑐𝑙  𝑓,𝐵  ≤ 𝑐𝑙  −1 𝑓,𝐵  . 

 𝑖𝑣 ⇒ (𝑣): Let  𝑓,𝐴 ∈  𝑋, 𝜏, 𝐸 , then   𝑓, 𝐴  
𝑐
∈ (𝑌,𝜇, 𝐸).  

Using (𝑖𝑣), we have, −1 𝐼𝑠 𝑐𝑙   𝑓,𝐴  
𝑐
 ≤ 𝑐𝑙  −1  𝑓,𝐴  

𝑐
  

⇒  −1  𝐼𝑠 𝑖𝑛𝑡   𝑓, 𝐴    
𝑐

≤  𝑖𝑛𝑡  −1  𝑓,𝐴    
𝑐

 

Then, 𝑖𝑛𝑡(𝑓, 𝐴) ≤ −1  𝐼𝑠 𝑖𝑛𝑡   𝑓, 𝐴    and  𝑖𝑛𝑡 𝑓, 𝐴  ≤  𝐼𝑠 𝑖𝑛𝑡   𝑓, 𝐴   ≤ 𝑖𝑛𝑡∗𝑐𝑙  𝐼𝑠 𝑖𝑛𝑡   𝑓,𝐴   . 

Hence,  𝑖𝑛𝑡  𝑓,𝐴  ≤ 𝑖𝑛𝑡∗𝑐𝑙   𝑓,𝐴  . 
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 𝑣 ⇒ (𝑖): Let  𝑓, 𝐴 ∈ (𝑋, 𝜏,𝐸). Using (𝑣), we have  𝑓, 𝐴 ≤ 𝑖𝑛𝑡∗𝑐𝑙   𝑓,𝐴  , which implies  is a fuzzy soft 

infra-semi open function. 

Corollary 4.12: Let (𝑋, 𝜏,𝐸) and (𝑌,𝜇, 𝐸) be two fuzzy soft topological space and :  𝑋, 𝜏, 𝐸 → (𝑌, 𝜇,𝐸), then the 

following properties are equivalent 

i)  is a fuzzy soft infra-semi closed. 

ii)  𝐼𝑠 𝑐𝑙  𝑓,𝐵  ≤ 𝑐𝑙   𝑓,𝐵  ,∀ 𝑓, 𝐵 ∈ (𝑌,𝜇, 𝐸). 

iii) 𝑖𝑛𝑡  −1 𝑓,𝐵  ≤ −1 𝐼𝑠 𝑖𝑛𝑡  𝑓, 𝐵  ,∀ 𝑓,𝐵 ∈ (𝑌, 𝜇,𝐸). 

iv) 𝑖𝑛𝑡   𝑓,𝐵  ≤ −1 𝑖𝑛𝑡∗ 𝑐𝑙  𝑓, 𝐵  ,∀ 𝑓, 𝐵 ∈ (𝑌, 𝜇,𝐸). 

Definition 4.13: A fuzzy soft set  𝑓, 𝐴 ∈ (𝑋, 𝜏,𝐸) is said to be fuzzy soft infra-semi connected if and only if (𝑓,𝐴) 

cannot be expressed as the union of two fuzzy soft infra-semi separated sets. 

Theorem 4.14: Let :  𝑋, 𝜏,𝐸 → (𝑌,𝜇, 𝐸) be a surjective fuzzy soft infra-semi continuous function. If (𝑓, 𝐴) is a 

fuzzy soft infra-semi connected subset in (𝑋, 𝜏,𝐸) then, (𝑓,𝐴) is a fuzzy soft infra-semi connected space in 

(𝑌, 𝜇,𝐸). 

Proof: Assume that   𝑓,𝐴 ∈ (𝑌,𝜇, 𝐸)  is not a fuzzy soft infra-semi connected. Then, there exists a fuzzy soft 

infra-semi separated subsets (𝑓,𝐵) and (𝑓, 𝐶) in (𝑌, 𝜇,𝐸) such that (𝑓,𝐴) = 𝑓, 𝐵 ∪ (𝑓,𝐶). Since,  is a surjective 

fuzzy soft infra-semi continuous function −1 𝑓, 𝐵  & −1 𝑓, 𝐶 ∈ FSIso(X, τ, E) and  𝑓, 𝐴 = −1  𝑓,𝐴  =

−1  𝑓,𝐵 ∪ (𝑓, 𝐶) = −1 𝑓,𝐵 ∪ −1(𝑓, 𝐶). Thus, it is clear that −1 𝑓,𝐵  & −1(𝑓,𝐶) are the fuzzy soft infra-

semi separated in (𝑋, 𝜏, 𝐸), then (𝑓, 𝐴) is not fuzzy soft infra-semi connected in (𝑋, 𝜏, 𝐸), which is a contradiction. 

Hence, (𝑓,𝐴) is a fuzzy soft infra-semi connected space. 
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