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I. INTRODUCTION

LetZ(R) be center of ring R. Aring R is prime ring if rRy = (0) thenr =0ory =0foranyr,y € R. If L is
an additive subgroup of R such that [L, R] € L, then L is a Lie ideal of R. Also, if r? € L for all v € L, then L is
square closed.

Thenotation[r,y] is used for commutator ry — yr and r o y is used for anti-commutator ry + yr for any
T,y € R. Also, following equalities hold for commutator and anti-commutator.

s[rp,t] =rlp,t] + [ tlp

s [r,pt] = [r,p]t + p[r, ]

s(p) et =r(pot) —[rtlp = t)p +rp,t]
sro(pt) = (reop)t—plrt]=pleot)+[rplt

From [5], an additivemappingd from R into R is called derivation if d(rp) = d(r)p + rd(p) for all r,p € R.
In [3], Bresar introduced definition of generalized derivation. An additive mapping F from R into R is called
generalized derivation associated with derivation d if F(rp) = F(r)p + rd(p) for all r,p € R. From [1] and
[4], definition of @ —derivation and generalized @ —derivation is given as follows: Let d from R into R be an
additive mapping and « be an automorphism of R. If d(rp) = d(r)p + a(r)d(p) holds for all r,p € R, then d
is called a —derivation. Let F from R into R be an additive mapping. If F(rp) = F(r)p + a(r)d(p) holds for
all r,p € R, then F is called generalized @ —derivation associated with a —derivation d. In many years, authors
have proved commutative theorems for prime rings with @ — derivation and generalized « — derivation. Also
many researchershavegeneralizedresultstoidealsandLieideals of ring.

Inthispaper, westudy on prime ringswithgeneralizeda — derivation. Let R be a prime ring and charR # 2, L
be a square closed Lie ideal of R and 0 # F: R — R be a generalized a — derivation associated with a —
derivation d such that d(Z(L)) NZ(L) # (0) and a(L) c L. We study following conditions and prove L €
Z(R).(D)[F(r),r] € Z(R) for all r € L.(i))F(r)er € Z(R) for all r € L. (iii) [F(r),F(p)] — [r, p] for all
rp EL () F(r)eF(p)—rop€Z(R) for all r,p € L.(w) [F(r),F(p)] —rep for all r,p € L. (Wi) F(r) o
F(p) —[r,p] € Z(R) for all r,p € L. (vii) F[r,p] —rep € Z(R) for all r,p € L. (viii) F(rep) — [r,p] €
Z(R) for all r,p € L.(ix) [F(r),a(p)] — [r,p] € Z(R) for all r,p €EL.(x) F(r)ca(y) —reop € Z(R) for
allr,p € L.

Inaddition, weinvestigatecommutativeproperty on squareclosedLie ideal of prime ring R for two generalized
a — derivations 0 # F, G: R — R associated with a« — derivations d, g: R — R respectively. We study following
conditions and prove L <€ Z(R).(i) [F(r),G(p)] —[r.p] € Z(R) for all r,p € L.(ii) F[r,p] — [p,G(r)] €
Z(R) for all r,p € L.(iii) F(roep) —poG(r) € Z(R) for all r,p € L. (iv) [F(r),r] — [r,G(r)] € Z(R) for all
r€EL(W)F()er—roG(r) € Z(R)forallr € L.

I1. PRELIMINARIES
Remark 1 Let R be ring anda be an automorphism of ring R. If a(r) € Z(R), thenr € Z(R).

Remark 2 LetR be a prime ring. For an elements r € Z(R) and s € R, ifrs € Z(R), thens € Z(R) or r = 0.
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Lemma 2.1 LetR be a prime ring with charR # 2 and L be a square closed Lie ideal of R. Then 2rs € L for
allr,s € L.

Lemma 2.2 [6]Lemma 2.5 LetR be a 2 —torsion free semiprime ring and L be a nonzero Lie ideal of R. Then
Z(L) € Z(R).

Lemma 2.3 [2]Lemma 3.1 LetR be a prime ring with char(R) # 2 and L be a nonzero square closed Lie
ideal of R. If [x,y] € Z(R) for all x,y € L, then L < Z(R).

Lemma 2.4 [2] Lemma 3.2 LetR be a prime ring with char(R) # 2 and L be a nonzero square closed Lie
ideal of R. If xoy € Z(R) forall x,y € L, then L € Z(R).

Il. RESULTS

Theorem 3.1 Let ring R be prime withchar(R) # 2, (0) # L be a square closed Lie ideal of R and 0 #
F:R - R be a generalized a — derivation associatedwitha — derivation d such that Z(L) n d(Z(L)) # (0) and
a(L) c L.If[F(r),r] € Z(R) for all r € L, then R is commutative.

Proof.Let[F(r),r] € Z(R) for all r € L. Replacing r by r + p, we get
[F(r),p]l + [F(y),p] € Z(R) forallr,p € L. (3.1)

FromZ(L) nd(Z(L)) # (0), we take fixed element 0 # s € Z(L) which 0 = d(s) € Z(L). Also, s,d(s) €
Z(R) from the Lemma 2.2. Replacing p by 2ps in Equation (3.1) and using char(R) # 2, we get

[F(), pls + p[F(r), s+ F(P)[s,r] + [F(0),r]s + a(@)[d(s),r] + [a(p),r]d(s) € Z(R).
Inthisexpression, usings, d(s) € Z(R) and Equation (3.1), we have
[a(p),r]d(s) € Z(R) forallr,p € L.
Hence, using0 # d(s) € Z(R) and Remark 2, we obtain
[a(p),r] € Z(R) forallr,p € L.

Replacingr by a(r) in above relation, we have [a(p), a(r)] € Z(R) for all r,p € L. Using the fact that « is
automorphism, we get

a([r,p]) € Z(R) forallr,p € L.
FromtheRemark 1, weobtain
[r,p] € Z(R) forallr,p € L.
Hence, fromtheLemma 2.3 wegetL € Z(R).

Theorem 3.2Let ring R be prime withchar(R) # 2, (0) # L be a square closed Lie ideal of R and 0 #
F:R — R be a generalized a« — derivation associated with « — derivation d such that Z(L) n d(Z(L)) # (0)
and a(L) c L. If F(r) or € Z(R) for all r € L, then R is commutative.

Proof.LetF(r) o r € Z(R) for all x € I. Replacing r by r + p, we get
F(r)ep+ F(p)er € Z(R) forallr,p € L. (3.2)
FromZ(L) nd(Z(L)) # (0), we take fixed element 0 # s € Z(L) which 0 # d(s) € Z(L). Also, s,d(s) €

Z(R) from the Lemma 2.2. Replacing p by 2ps in Equation (3.2) and using char(R) # 2, we have

(F(r)ep)s —plF (), sl + (F®) e r)s + F®)[s,r] + (a(p) e r)d(s) + a(p)[d(s),7] € Z(R)
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Inthisexpression, usings, d(s) € Z(R) and Equation (3.2), we get
(a(p) er)d(s) € Z(R) forallr,p € L.
Hence, using0 # d(s) € Z(R) and Remark 2, we have
a(p) er € Z(R) forallr,p € L.

Replacingr by a(r) in above relation, we have a(p) o a(r) € Z(R) for all r,p € L. Using the fact that « is
automorphism, we obtain

a(rop) € Z(R) forallr,p € L.

FromtheRemark 1, wehave

rop € Z(R) forallr,p € L.

Hence, fromtheLemma 2.4 wegetL < Z(R).

Lemma 3.3 Let ring R be prime withchar(R) # 2, (0) # L be a square closedLie ideal of R and 0 #
F:R —> R be a generalized @ — derivation associated with @ — derivation d such that Z(L) n d(Z(L)) # (0)
and a(L) c L. If one of the following conditions is satisfy, then L € Z(R).

i. [F(r),a(p)] € Z(R) forall r,p € L.
ii. F(r) o a(p) € Z(R) forall r,p € L.
Proof.i. Let

[F(r),a(p)] € Z(R) forallr,p € L. (3.3)

FromZ(L) nd(Z(L)) # (0), we take fixed element 0 # s € Z(L) which 0 # d(s) € Z(L). Replacing r by
2rs in Equation (3.3) and using char(R) # 2, we have

[F(r), a@)]s + F(r)[s, a()] + a(®)[d(s), a(p)] + [a(r), a(p)]d(s) € Z(R).
Inthisexpression, usings, d(s) € Z(R) from the Lemma 2.2 and Equation (3.3), we get
[a(r), a(p)]d(s) € Z(R) forallr,p € L.
Hence, using0 # d(s) € Z(R) and Remark 2, we obtain
[a(r), a(p)] € Z(R) forallr,p € L.

Using thefactthata is automorphism, we get a([r, p]) € Z(R) for all x,y € L. From the Remark 1, we obtain
[r,p] € Z(R) for all r,p € L. Hence, from the Lemma 2.3 we get L < Z(R).

ii. Let
F(r)eca(p) € Z(R) forallr,p € L. (3.4)

FromZ(L) nd(Z(L)) # (0), we take fixed element 0 # s € Z(L) which 0 # d(s) € Z(L). Replacing r by
2rs in Equation (3.4) and using char(R) # 2, we have

(F(r) o a®))s + F()[s, a()] + a@)[d(s), a(p)] + (a () e a(p))d(s) € Z(R).

Inthisexpression, usings, d(s) € Z(R) from the Lemma 2.2 and Equation (3.4), we have

(a(r) ° a(p))d(s) € Z(R) forallr,p € L.
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Hence, using0 # d(s) € Z(R) and Remark 2, we obtain
a(r)oa(p) € Z(R) forallr,p € L.

Using thefactthata is automorphism, we get a(r o p) € Z(R) for all r, y € L. From the Remark 1, we obtain
rop € Z(R) for all r,p € L. Hence, from the Lemma 2.3 we get L < Z(R).

Theorem 3.4 Let ring R be prime withchar(R) # 2, (0) # L be a square closed Lie ideal of R and 0 #
F:R - R be a generalized & — derivation associated with a — derivation d such that Z(L) n d(Z(L)) # (0)
and a(L) c L. If one of the following conditions is satisfy, then L € Z(R).

i. [F(r), F()] = [r,p] € Z(R) for all r,p € L.
ii. F(r) o F(p) —r o p € Z(R) for all r,p € L.
iii. [F(r), Fp)] —rop € Z(R) forall r,p € L.
iv. F(r) o F(p) — [r,p] € Z(R) for all r,p € L.
Proof.i. By assumption,
[F(r), F()] — [r,p] € Z(R) forall r,p € L. (3.5)

FromZ(L) nd(Z(L)) # (0), we take fixed element 0 # s € Z(L) which 0 = d(s) € Z(L). Also, s,d(s) €
Z(R) from the Lemma 2.2. Replacing p by 2ps in Equation (3.5) and using char(R) # 2, we have

[F(r), F(p)]s + [F(r), a()]d(s) — [r,p]s € Z(R).
Using Equation (3.5), weobtain
[F(r),a(p)]d(s) € Z(R) forallr,p € L.
FromRemark 2, weget
[F(r),a(p)] € Z(R) forallr,p € L.
So, L € Z(R) from Lemma 3.3.
ii. By assumption,
F(r)eF(p)—rep e Z(R)forallr,p € L. (3.6)

Since Z(L) n d(Z(L)) # (0), we take fixed element 0 # s € Z(L) which 0 # d(s) € Z(L). Also, s,d(s) €
Z(R) from the Lemma 2.2. Replacing p by 2ps in Equation (3.6) and using char(R) # 2, we obtain

(F() o F@))s + (F(r) o a(p))d(s) = (r o p)s € Z(R).
Using Equation (3.6), weget

(F(r) o a(p))d(s) € Z(R) forallr,p € L.
FromRemark 2, wehave

F(r)ca(p) € Z(R) forallr,p € L.
So, L € Z(R) from Lemma 3.3.

iii. By assumption,
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[F(r),F(p)]—rop € Z(R) forallr,p € L. 3.7

FromZ(L) nd(Z(L)) # (0), we take fixed element 0 # s € Z(L) which 0 # d(s) € Z(L). Also, s,d(s) €
Z(R) from the Lemma 2.2. Replacing p by 2ps in Equation (3.7) and using char(R) # 2, we have

[F(r), F(p)ls + [F(r), a(p)ld(s) — (r o p)s € Z(R).
Using Equation (3.7), weobtain
[F(r),a(p)]d(s) € Z(R) forallr,p € L.
FromRemark 2, weget
[F(r),a(p)] € Z(R) forallr,p € L.
So, L € Z(R) from Lemma 3.3.
iv. By assumption,
F(r)oF(p) —[r,p] € Z(R) forallr,p € L. (3.8)

FromZ(L) nd(Z(L)) # (0), we take fixed element 0 # s € Z(L) which 0 = d(s) € Z(L). Also, s,d(s) €
Z(R) from the Lemma 2.2. Replacing p by 2ps in Equation (3.8) and using char(R) # 2, we obtain

(F@r) o Fp))s + (F(r) o a(p))d(s) — [, pls € Z(R).
Using Equation (3.8), weget

(F(r) o a(p))d(s) € Z(R) forallr,p € L.
FromRemark 2, wehave

F(r)oa(p) € Z(R) forallr,p € L.
So, L € Z(R) from Lemma 3.3.

Theorem 3.5Let ring R be prime withchar(R) # 2, (0) # L be a square closed Lie ideal of R and 0 #
F:R — R be a generalized @ — derivation associated with « — derivation d such that Z(L) n d(Z(L)) # (0)
and a(L) c L. If one of the following conditions is satisfy, then L € Z(R).

i. Flr,p] —rop € Z(R) forall r,p € L.
ii. Froep)—[r,pl € Z(R) forall r,p € L.
iii. [F(r),a(p)] — [r,p] € Z(R) forall r,p € L.
iv. F(r)oa(p) —rop € Z(R) forallr,p € L.
Proof.i. Let
Flr,p] —rop € Z(R) forallr,p € L. (3.9)

FromZ(L) nd(Z(L)) # (0), we take fixed element 0 # s € Z(L) which 0 # d(s) € Z(L). Also, s,d(s) €
Z(R) from the Lemma 2.2. Replacing p by 2ps in Equation (3.9) and using char(R) # 2, we have

F([r,pDs + a([r,pDd(s) — (r e p)s + plr,s] € Z(R).

Inthisexpression, usings € Z(R) and Equation (3.9), we have
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a([r,p]d(s) € Z(R) forallr,p € L.
Hence, using0 # d(s) € Z(R) and Remark 2, we get

a([r,p]) € Z(R) forallr,p € L.
FromtheRemark 1, weobtain[r, p] € Z(R) for all v, p € L. Hence, from the Lemma 2.3 we get L € Z(R).
ii. Let

F(rop)—[r,pl € Z(R) forallr,p € L. (3.10)

FromZ(L) nd(Z(L)) # (0), we take fixed element 0 # s € Z(L) which 0 = d(s) € Z(L). Also, s,d(s) €
Z(R) from the Lemma 2.2. Replacing p by 2ps in Equation (3.10) and using char(R) # 2, we get

F(rep)s+ a(rep)d(s) —[r,pls € Z(R).
Using Equation (3.4), we obtain
a(rep)d(s) € Z(R) forallr,p € L.
Hence, using0 # d(s) € Z(R) and Remark 2, we obtain
a(rop) € Z(R) forallr,p € L.
FromtheRemark 1, wehaver o p € Z(R) for all r, y € L. Hence, from the Lemma 2.3 we get L < Z(R).
iii. Let
[F(r),a(p)] —[r,p] € Z(R) forallr,p € L. (3.11)

FromZ(L) nd(Z(L)) # (0), we take fixed element 0 # s € Z(L) which 0 =# d(s) € Z(L). Also, s,d(s) €
Z(R) from the Lemma 2.2. Replacing r by 2rs in Equation (3.11) and using char(R) # 2, we have

[F(r), a@)]s + [a(r), a()]d(s) — [r,pls € Z(R).
FromEquation (3.11), we obtain

[a(r), a(p)]d(s) € Z(R) forallr,p € L.
Hence, using0 # d(s) € Z(R) and Remark 2, we get

[a(), a(®)] € Z(R) forall 7, p € L.

Using thefactthata is automorphism, we have a([r, p]) € Z(R).From the Remark 1, we obtain [r,p] € Z(R)
for all r,p € L. Hence, from the Lemma 2.3 we get L < Z(R).

iv. Let
F(r)ea(p) —rep € Z(R) forallr,p € L. (3.12)

FromZ(L) nd(Z(L)) # (0), we take fixed element 0 # s € Z(L) which 0 # d(s) € Z(L). Also, s,d(s) €
Z(R) from the Lemma 2.2. Replacing r by 2rs in Equation (3.12) and using char(R) # 2, we obtain

(F() e a@)s + (a) e a(p))d(s) = (r > p)s € Z(R).
Using Equation (3.12), we have

(a(r) ° a(p))d(s) € Z(R) forallr,p € L.
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Hence, using0 # d(s) € Z(R) and Remark 2, we get
a(r)oa(p) € Z(R) forallr,p € L.
Using thefactthatar is automorphism, we get a(r o p) € Z(R).From the Remark 1, we obtain r o p € Z(R) for
all r,p € L. Hence, from the Lemma 2.3 we get L < Z(R).

Theorem 3.6 Let ring R be prime withchar(R) # 2, (0) # L be a square closed Lie ideal of R and 0 #
F,G:R — R are generalized a — derivations associated with a« — derivations d and g respectively such that
Z(L) nd(zL)) # (0),Z(L) n g(Z(L)) # (0) and a(L) < L. If one of the following conditions is satisfy, then
L < Z(R).

i. [F(r),Gp)] —[r,pl € Z(R) forall r,p € L.
ii. Flr,p] —[p,G(r)] € Z(R) forall r,p € L.
iii. F(rep) —peG(r) € Z(R) forallr,p € L.
Proof.i) For all r,p € L, let
[F(r),G()] - [r,p] € Z(R). (3.13)

Byhypothesis, Z(L) n g(Z(L)) # (0). Then, we take fixed element 0 # s € Z(L) which 0 = g(s) € Z(L).
Also, s, g(s) € Z(R) from the Lemma 2.2. Replacing p by 2ps in Equation (3.13) and using char(R) # 2, we
get

[F(r),G()]s + [F(r), a(p)]g(s) — [r,pls € Z(R) forallr,p € L.

FromEquation (3.13), we obtain

[F(r),a(p)lg(s) € Z(R) forallr,p € L.
Inthisexpression, using0 # g(s) € Z(R) and Remark 2, we have
[F(r),a(p)] € Z(R) forallr,p € L.
FromtheLemma 3.3, wegetL € Z(R).
ii) Forall r,p € L, let
Flr,p] - [p,G(r)] € Z(R). (3.14)

Byhypothesis, Z(L) N d(Z(L)) # (0). Then, we take fixed element 0 # s € Z(L) which 0 # d(s) € Z(L).
Also,s, d(s) € Z(R) from the Lemma 2.2. Replacing p by 2ps in Equation (3.14) and using char(R) # 2, we
get

F([r,pDs + a([r,p])d(s) — [p,G(r)]s € Z(R) forallr,p € L.

FromEquation (3.14), we obtain

a([r,pDd(s) € Z(R) forallr,p € L.

Inthisexpression, using0 # d(s) € Z(R) and Remark 2, we get

a([r,p]) € Z(R) forallr,p € L.
FromtheRemark 1, weobtain[r, p] € Z(R) for all r, p € L. Hence, from the Lemma 2.3 we get L € Z(R).

iii) Forallr,y €1, let
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F(roep)—poG(r) € Z(R). (3.15)
Byhypothesis, Z(L) n d(Z(L)) # (0). Then, we take fixed element 0 # s € Z(L) which 0 # d(s) € Z(L).
ﬁ\;;slg, s,d(s) € Z(R) from the Lemma 2.2. Replacing p by 2ps in Equation (3.15) and using char(R) + 2, we
F(rop)s+ a(reop)d(s) — (p o G(r))s € Z(R) forallr,p € L.
FromEquation (3.15), we get
a(r ep)d(s) € Z(R) forallr,p € L.
Inthisexpression, using0 # d(s) € Z(R) and Remark 2, we have
a(rep) € Z(R) forallr,p € L.
FromtheRemark 1, weobtainr o p € Z(R) for all r,p € L. Hence, from the Lemma 2.3 we get L < Z(R).
Theorem 3.7 Let ring R be prime withchar(R) # 2, (0) # L be a square closed Lie ideal of R and 0 #
F,G:R — R are generalized a — derivations associated with a — derivations d and g respectively such that
{seZ(L)|0#d(s),0=+g(s) € Z(L),d(s) # ¥g(s)} # @ and a(L) c L. If one of the following conditions is
satisfy, then L < Z(R).
i. [F(r),r]—=[r,G(r)] € Z(R) for all r € L.
ii. Fr)er —roG(r) € Z(R) forall r € L.
Proof.i. Let [F(r),r] — [r,G(r)] € Z(R) for all r € I. Replacing r by r + p for any p € L, we get
[F(r),p]l + [F(p),r] = [r,G®)] — [p,G(r)] € Z(R) forallr,p € L (3.16)

From{s € Z(L)|0 # d(s),0 # g(s) € Z(L)} # @, we take fixed element0 # s € Z(L) which 0 # d(s),0 #
g(s) € Z(L) c Z(R). Replacing p by 2ps in Equation (3.16) and using char(R) # 2, we get

[F(r),pls + [F(p),r]s + [a(p), rld(s) — s — [r,a(p)]g(s) — [p, G(r)]s € Z(R)
FromEquation (3.16), we have
[a(p),r]d(s) — [r, a(p)]g(s) € Z(R) forallr,p € L
Using equation—[r, a(p)] = [a(p), ], we get
[a(p), r](d(s) + g(s)) € Z(R) forallr,p € L
Hence, using0 # d(s), 0 # g(s) € Z(R) and Remark 2, we obtain
[a(p),r] € Z(R) forallr,p € L.
Using sameprocess in Theorem 3.1, wegetR is commutative.
ii. Let F(r)er —ro G(r) € Z(R) for all r € L. Replacing r by r + p for any p € L, we get
F(r)ep+F(@)or—roG(p) —poG(r) € Z(R) forallr,p € L (3.17)

From{s € Z(L)|0 # d(s),0 # g(s) € Z(L)} # @, we take fixed element 0 = s € Z(L) which 0 # d(s),0 #
g(s) € Z(L) c Z(R). Replacing p by 2ps in Equation (3.17) and using char(R) # 2, we get

(F(r) ep)s + (F() o r)s + (a(p) e r)d(s) — (ro G(p))s — (rea(®))g(s) — (p° G(r))s € Z(R)
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FromEquation (3.17), we have
(a(p) o r)d(s) — (r ° a(p))g(s) € Z(R) forallr,p €L
Using equationr o a(p) = a(p) o r, we get
(a(p) - r)(d(s) - g(s)) € Z(R) forallr,p € L
Hence, using0 # d(s), 0 = g(s) € Z(R) and Remark 2, we obtain
a(p) er € Z(R) forallr,p € L.

Using sameprocess in Theorem 3.1, wegetR is commutative.
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