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I. INTRODUCTION 

The concept of fuzzy set was introduced by Zadeh in his classic paper [13]. The theory  of fuzzy topological 

spaces was introduced and developed by C.L.Chang [4]. Since Atannasov [2,3] introduced the notion of 

intuitionistic fuzzy sets, Çoker [6] defined the intuitionistic fuzzy topological spaces.Turanlı and Çoker[11,12] 

introduced the investigate fuzzy connectedness in intuitionistic fuzzy topological spaces. In 2014, Yager  [9,10] 

introduced the notion of Pythagorean fuzzy subsets which is a new class of non-standard fuzzy subsets and 

which has many effective applicants natural and social sciences. Some authors [8] studied the concept of 

Pythagorean fuzzy topological space by following the idea of Chang [4]. The aim of  this paper is to extended 

the notions of fuzzy connectedness[1,5] and intuitionistic fuzzy connectedness by introducing the notion of 

Pythagorean fuzzy connectedness. This construction is based on the idea of Pythagorean fuzzy set developed by 

Yager  [9,10]. 

II. PRELIMINARIES 

We give the concept of Pythagorean fuzzy set defined by Yager [9,10] as a generalization of the concept of 

an intuitionistic fuzzy set given by Atannasov [2,3]. 

 

Definition 2.1. [2,3] Let X be a non-empty fixed set and I the closed interval [0,1]. An intuitionistic fuzzy set 

(IFS) A is an object of following form   

where the mappings  and   denote the degree of membership (namely)  and the 

degree of non-membership (namely)  for each element  to the set A respectively, and 

  for each . 

 

Definition 2.2. [2,3] Let A and B be IFS’S of the form    

and . Then  

(i) iff  and  ; 

(ii)  ; 

(iii) A∩B ={ < x,µA(x) ᴧ µB(x), ϑA(x) v ϑB(x)> :xϵX } 

(iv) AᴗB ={ < x,µA(x) v µB(x), ϑA(x) ᴧ ϑB(x)> :xϵX }. 

 

Definition 2.3. [2]  and . 

 

Definition 2.4. [6] An intuitionistic fuzzy topology (IFT for short) in Çoker’s sense on a nonempty set X is a 
family  τ  of intuitionistic fuzzy sets in X satisfying the following axioms: 

(T1) , 

(T2)  for any  , 

(T3)   for any arbitrary family  . 
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In this case the pair (X,τ) is called an intuitionistic fuzzy topological space (IFTS for short) and each IFS in τ is 

known as a intuitionistic fuzzy open set (IFOS for short) in X. 

 

Definition 2.5. [6] The complement A̅ of an IFOS A in an IFTS  (X,τ) is called an intuitionistic fuzzy closed set 

(IFCS for short) in X. 

 

Definition 2.6.[6] Let (X,τ) be an IFTS and  be an IFS in X. Then the 

fuzzy interior and fuzzy closure of A are defined by  

IF is and IFCS in X and  and IF is an IFOS in X  

and .                                                                                                                            

 
Proposition 2.7. [6] Let (X,τ) be an IFTS and A be IFS’S in X. Then the following properties hold: 

(i) 1˷- IFcl (A)= IF int(1˷- A), 

(ii) 1˷- IFint(A)= IF cl(1˷- A). 

Definition 2.8. [9,10] A Pythagorean fuzzy subset A of a non-empty set X is a pair 

 

A=( µA,ϑA) of a membership function  and a non-membership function  with µA
2 

+ϑA
2 = 

rA
2  for each element  where rA :X→[ 0,1]  is a function which is called the strength of commitment at 

point x. 
 

The notion of the Pythagorean fuzzy subsets has a basic geometric mean: (rA, θ A ) be the polar coordinates of 

( µA, ϑA) for a point xϵX. If we define dA (x)=(1-θA(x) )π/2 , then the function dA: X→[ 0,1] can be considered 

the direction of commitment at point x. Therefore, Pythagorean fuzzy subsets are more effective than 

intuitionistic fuzzy subsets as well as fuzzy subsets as shown in Fig. 1. [8,9]. 

 

 
Fig. 1. Comparison of space of Pythagorean and intuitionistic membership grades. 

 
 

Definition 2.9. [8,9] Let A=(µA,ϑA) and B=(µB,ϑB) be two Pythagorean fuzzy subsets of a set X. Then , 
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(a) the complement of A is defined by Ac:= (ϑA,µA), 

(b) the intersection of A and B is defined by  

A∩B=( min{µA,µB},  max{ϑA,ϑB}), 

(c) the  union of A and B is defined by  

                        AᴗB= (max{µA,µB},min{ϑA,ϑB}), 

(d) we say A is a subset of B or B contains A and write A⊆B if µA≤ µB and ϑA≥ ϑB. 

Throughout this paper, we use the notation 1X for the Pythagorean fuzzy subsets (1,0) and 0x for the Pythagorean 

fuzzy subsets (0,1), i.e. µ1x =1 and ϑ1x =0, µ0x =0 and ϑ0x =1 [8,9 ]. 

 

Definition 2.10. [8] Let X be a non-empty fixed set and let τ be a family of Pythagorean fuzzysubsets of X . If 

 

 (T1) 0x ,1xϵ τ 

(T2) for any  A1,A2 ϵ τ , we have A1 ∩A2ϵτ 

(T3)   for any arbitrary family  . 

 

In this case the pair (X,τ) is called a Pythagorean fuzzy topological space (PFTS for short) and each 

Pythagorean fuzzy subsets in τ is known as a Pythagorean fuzzy open set (PFOS for short) in X. The 

complement of an open Pythagorean fuzzy subsets is called a closed Pythagorean fuzzy subsets.As any fuzzy 

subset or intuitionistic fuzzy subset of a set can be considered as a Pythagorean fuzzysubsets, we observe that 

any fuzzy topological space or intuitionistic fuzzy topological space is a Pythagorean fuzzy topological spaceas 

well. On the other hand , it is obvious that a Pythagorean fuzzy topological space needs not to be a fuzzy 

topological space or intuitionistic fuzzy topological space. Even an open Pythagorean fuzzy subsets may be 

neither a fuzzy subset nor an intuitionistic fuzzy subset [8 ]. 
 

Definition 2.11. [8] Let X and Y be two non-empty sets and f :X→Y be a function and let A and B be 

Pythagorean fuzzy subsets of X and Y, respectively. Then, the membership and non-membership functions of 

image of A with respect to f that is denoted by f [A] are defined by 

 

 
and 

 

 
 
respectively. The membership and non-membership functions of pre-image of B with respect to f that is denoted 

by f-1[B] are defined by 

 
                µf

-1
[B](x):=µB(f(x)) 

and  
               ϑf

-1
[B](x):=ϑB(f(x)) 

 
respectively. Note that f [A] and f-1[B]  are Pythagorean fuzzy subsets. 

 
Proposition 2.12. [8] Let X and Y be two non-empty sets and f :X→Y be a function. Then, we have 

(i) f-1[Bc]  =f-1[B]c for any  Pythagorean fuzzy subset B of Y. 

(ii) if f[A]c⊆f[Ac] for any Pythagorean fuzzy subset Aof X. 
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(iii) B1⊆B2 then  f-1[B1]⊆f-1[B2] where B1 and B2 are Pythagorean fuzzy subset of Y. 

(iv) if A1⊆A2 , thenf[A1] ⊆  f[A2] where A1  and A2 are Pythagorean fuzzy subset of X. 

(v) f[f-1[B] ]⊆B for any Pythagorean fuzzy subset B of Y. 

(vi) A⊆f-1[f[A]] for any Pythagorean fuzzy subset Aof X. 

Definition 2.13. [8] Let (X, ) and (Y, ) be two Pythagorean fuzzy topological spaces and let      f :X→Y be 

a function.Then , f is said to be Pythagorean fuzzy continuous if for any Pythagorean fuzzy subset A of X and 

for any neighbourhood  V of f[A] there exists a neighbourhood U of A such that f [U]⊆V. 

 
Theorem 2.14. [8] Let (X, ) and (Y, ) be two Pythagorean fuzzy topological spaces. A function      

f :X→Y is Pythagorean fuzzy continuous iff for each open Pythagorean fuzzy subset B of Y we have  f-1[B] is 

an open Pythagorean fuzzy subset of X. 

 
Definition 2.15. [7] Let (X,τ) be a Pythagorean fuzzy topological space and A=(µA,ϑA) be a Pythagorean fuzzy 

subset in X. Then the fuzzy closure and fuzzy interior of A are defined by  

 

is a Pythagorean fuzzy closed subset in X and  

and 

 is a Pythagorean fuzzy open subset in X and . 

Definition 2.16. [7] A Pythagorean fuzzy subsets A is called a Pythagorean fuzzy regular open set iff 

A=int(cl(A)); A Pythagorean fuzzy subsets B is called a Pythagorean fuzzy regular closed set iff  B=cl(int (B)).    

III. PYTHAGOREAN FUZZY CONNECTEDNESS 

Here we generalize the concept of intuitionistic fuzzy connected  topological space, first initiated by Çoker 

[ 6 ], to the case of Pythagorean fuzzy topological space. 

 

Definition 3.1.Let A be aPythagorean fuzzy subset in  (X,τ). 

(a) If there exist Pythagorean fuzzy open sets U and V in X satisfying the  following properties, then A is 

called Pythagorean fuzzy Ci-disconnected (i=1,2,3,4): 

C1: A⊆UᴗV , U∩V⊆Ac , A∩U≠0x , A∩V≠0x , 

C2: A⊆UᴗV , A∩U∩V=0x ,A∩U≠0x , A∩V≠0x ,  

C3: A⊆UᴗV , U∩V⊆Ac , U⊈Ac , V⊈Ac , 

C4: A⊆UᴗV , A∩U∩V=0x , U⊈Ac , V⊈̸Ac . 

(b) A is said to be Pythagorean fuzzy Ci-connected (i=1,2,3,4) , if A is not Pythagorean fuzzy  

Ci-disconnected (i=1,2,3,4) . 

It is clear that in Pythagorean fuzzy topological spaces  we have the following implications: 

 

                                           C1-connectedness → C2-connectedness 

                                                          ↓                                 ↓ 

                                            C3-connectedness→ C4-connectedness. 

 

Example 3.2. Let  X ={1,2,3} and define the Pythagorean fuzzy subsets  as follows ; 

                       µA(1)=0,5  , µA(2)=0,5 , µA(3)=0,4 , ϑA(1)=0,2 ,   ϑA(2)=0,4 , ϑA(3)=0,4 , 

                       µB(1)=0,4  , µB(2)=0,6 , µB(3)=0,2 , ϑB(1)=0,5 ,   ϑB(2)=0,3 , ϑB(3)=0,3 , 

                       µC(1)=0,5  , µC(2)=0,6 , µC(3)=0,4 , ϑC(1)=0,2 ,   ϑC(2)=0,3, ϑC(3)=0,3 , 

                       µD(1)=0,4  , µD(2)=0,5 , µD(3)=0,2 , ϑD(1)=0,5 ,   ϑD(2)=0,4 , ϑD(3)=0,4 . 

 

Then τ =   is a Pythagorean fuzzy topological space on X , and consider the Pythagorean 

fuzzy set E given below  

 

µE(1)=0,6  , µE(2)=0,5 , µE(3)=0,4 , ϑE(1)=0,2 ,   ϑE(2)=0,2 , ϑE(3)=0,3 

in X. Then E is Pythagorean fuzzy C1-connected , and E is also Pythagorean fuzzy C2-, C3-, C4- connected. 
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Example 3.3. Consider the Pythagorean fuzzy topological space (X,τ) given in the Example 3.2 and consider 

the Pythagorean fuzzy subset F given below  

 
µF(1)=0,2  , µF(2)=0,3 , µF(3)=0,2 , ϑF(1)=0,4 ,   ϑF(2)=0,6 , ϑF(3)=0,4. 

 

Since F∩A∩B≠0x, F∩A∩C≠0x, F∩A∩D≠0x, F∩B∩C≠0x, F∩B∩D≠0x,,and F∩C∩D≠0x,  F is Pythagorean fuzzy 

C1-disconnected, and hence not Pythagorean fuzzy C1-connected. 

 

Definition 3.4. (a) Let (X,τ) be a Pythagorean fuzzy topological space. If there exists a Pythagorean fuzzy 

regular open set A in X such that 0x≠A≠1x, then X is called Pythagorean super  disconnected. 

 

(b)X is called Pythagorean fuzzy super  connected, if X is not Pythagorean fuzzy super  disconnected. 

 

Example 3.5.Let  X ={1,2,3} and define the Pythagorean fuzzy subsets  as follows ; 

                      µA(1)=0,4  , µA(2)=0,6 , µA(3)=0,2 , ϑA(1)=0,5 ,   ϑA(2)=0,3 , ϑA(3)=0,3 , 

                      µB(1)=0,5  , µB(2)=0,6 , µB(3)=0,4 , ϑB(1)=0,2 ,   ϑB(2)=0,3 , ϑB(3)=0,3 , 

                      µC(1)=0,4  , µC(2)=0,5 , µC(3)=0,2 , ϑC(1)=0,5 ,   ϑC(2)=0,4, ϑC(3)=0,4 . 

 

Then τ =   is a Pythagorean fuzzy topological space on X , and (X,τ) is Pythagorean fuzzy 

super  connected. 

 

Proposition 3.6. In a Pythagorean fuzzy topological space (X,τ) the following conditions are equivalent: 

(i) X is Pythagorean fuzzy super  connected. 

(ii) For each Pythagorean fuzzy open set A≠0x in X  we have cl(A)=0x . 

(iii)For each Pythagorean fuzzy closed set A≠1x in X  we have int(A)=0x . 

(iv) There exist no Pythagorean fuzzy open set A and B in X such that A≠0X≠B and A⊆Bc . 

(v) There exist no Pythagorean fuzzy open set A and B in X such that A≠0X≠B,  B=[cl(A)]c , A=[cl(B)]c . 

(vi) There exist no Pythagorean fuzzy closed set A and B in X such that A≠1x≠B,   

B=[intl(A)]c , A= [int (B)]c . 

 
Proof. (i=>ii): Assume that there exists a Pythagorean fuzzy open set A≠0X such that cl(A)≠1x . Since 

B=int(cl(A)) is a Pythagorean fuzzy regular open set in X, and this is a contradiction with the Pythagorean fuzzy 

super connectedness of X. 

 

(ii=>iii): Let A≠1x be a Pythagorean fuzzy closed set in X. If we take B=Ac , then B is a Pythagorean fuzzy open 

set in X and B≠0X . Hence, cl(B)=1x=>[cl(B)]c =0X =>int(Bc)=0x=>int(A)=0x . 

 

(iii=>iv): Let A and B be  Pythagorean fuzzy sets in X such that A≠0X≠B and A⊆Bc. Since Bc is a Pythagorean 

fuzzy closed set in X and B≠0x=> Bc≠1x , we obtain int(Bc)=0x . Now, we have 

0x≠A=int(A)⊆int(Bc)=0x , which is a contradiction. 
 

(iv=>v): Obvious. 

 

(i=>v): Let A and B be Pythagorean fuzzy open sets in X such that A≠0X≠B and B=[cl(A)]c , A=[cl(B)]c . Now, 

we have int(cl(A))=int(Bc)= [cl(B)]c=A and A≠0X , A≠1X. This is a contradiction. 

 

(v=>i): Obvious. 

 

(v=>vi): Let Aand B Pythagorean fuzzy closed set in X such that A≠1X≠B,   

  B=[int (A)]c , A= [int (B)]c . Taking U=Ac and V=Bc, U and V become Pythagorean fuzzy open sets and U≠0x≠ 

V, [cl(U)]c=V and [cl(V)]c=U. This is a contradiction. 

 
(vi=>v): This is similar to (v=>vi). 
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Definition 3.7. Let (X,τ) be a Pythagorean fuzzy topological space.  

(i) X is said to be Pythagorean fuzzy C5-disconnected if there exists a Pythagorean fuzzy open and fuzzy 
closed set G such that G≠1x and G≠0x . 

(ii) X is said to be Pythagorean fuzzy C5-connected if it is not Pythagorean fuzzy C5-disconnected. 

Example 3.8. Let X ={1,2 } and define the Pythagorean fuzzy subsets  as follows ; 

µA(1)=0,4  , µA(2)=0,2 , ϑA(1)=0,3 ,   ϑA(2)=0,7 , 

µB(1)=0,3  , µB(2)=0,7 , ϑB(1)=0,4 ,   ϑB(2)=0,2 , 

µC(1)=0,3  , µC(2)=0,2 , ϑC(1)=0,4 ,   ϑC(2)=0,7,                     
              µD(1)=0,4  , µD(2)=0,7 , ϑD(1)=0,3 ,   ϑD(2)=0,2. 

 

Then the family  τ =   is a Pythagorean fuzzy topology  on X and (X,τ) is a Pythagorean 

fuzzy C5-disconnected, since A is a nonzero Pythagorean fuzzy open and Pythagorean fuzzy closed set in X. 

 
Definition 3.9.Let (X,τ) be a Pythagorean fuzzy topological space.  

(İ) X is called Pythagorean fuzzy disconnected, if there exist Pythagorean fuzzy open sets A≠0x and B≠0x such 

that AUB=1x and A∩B=0x . 

(ii) X is called Pythagorean fuzzy connected, if X is not Pythagorean fuzzy disconnected. 

 

Proposition 3.10. Pythagorean fuzzy C5-connectedness implies Pythagorean fuzzy connectedness. 

 

Proof. Suppose that there exist Pythagorean fuzzy open sets A and B such that AUB=1x and A∩B=0x .  

In this case we have  µA v µB=1, ϑA˄ ϑB=0, µA ˄ µB=0 and ϑAv ϑB=1. Let U={xϵX: µA(x)˃0}, V= {xϵX: 

µA(x)=0}. If xϵU , then µA(x)˃0 => µB(x)=0 => µA(x)=1=>ϑA(x)=0=> ϑB(x)=1. If xϵV, then µB(x)=1=> ϑB(x)=0. 

Hence µA= ϑB and ϑA= µB , that is B=Ac. Therefore A is both Pythagorean fuzzy open and closed set, and since 
B≠0x => A ≠1x , 0x≠ A ≠1x. Thus (X,τ) is Pythagorean fuzzy C5-disconnected. 

 

Proposition 3.11. Let ,  be two Pythagorean fuzzy topological spaces  and let f :X→Y be a 

Pythagorean fuzzy continuous surjection. If is Pythagorean fuzzy connected, , then so is . 

 

Proof. On the contrary, suppose that  is Pythagorean fuzzy disconnected. Then there  exist Pythagorean 

fuzzy open sets A≠0Y ,B≠0Y in Y such that AUB=1y , A∩B=0Y . Now, we see that U=f-1(A), V= f-1(B) are 

Pythagorean fuzzy open sets in X, since f is Pythagorean fuzzy continuous. 

From A≠0Y , we get U=f-1(A)≠0x . Similarly V≠0X . Hence, AUB=1y => f-1(A)Uf-1(B)= f-1(1Y)=1X=> 

 

UᴗV=1X ;  A∩B=0Y  => f-1(A)∩f-1(B)=f-1(0Y)=0X=> U∩V=0X . But this is a contradiction to our hypothesis, i.e. 

Y is Pythagorean fuzzy connected. 

 

Corollary 3.12. Let ,  be two Pythagorean fuzzy topological spaces  and let f :X→Y be a 

Pythagorean fuzzy continuous surjection. If is Pythagorean fuzzy C5- connected, , then so is . 

 

Definition 3.13. A Pythagorean fuzzy topological space  (X,τ) is said to be  Pythagorean fuzzy strongly 

connected , if there exists nonzero Pythagorean fuzzy closed sets A and B such that  µA+ µB≤1 and ϑA+ ϑB≥1. 

 

Example 3.14. Let  X ={1,2 } and define the Pythagorean fuzzy subsets as follows ; 

                      µA(1)=0,3  , µA(2)=0,4 , , ϑA(1)=0,6 ,   ϑA(2)=0,5 ,                      
                       µB(1)=0,4  , µB(2)=0,1, ϑB(1)=0,5 ,   ϑB(2)=0,3 . 

 

Then the family  τ =   is a Pythagorean fuzzy topology on X, and (X,τ) is a 

Pythagorean fuzzy strongly connected. 

 

Proposition 3.15. Let ,  be two Pythagorean fuzzy topological spaces  and let f :X→Y be a 

Pythagorean fuzzy continuous surjection. If is Pythagorean fuzzy strongly connected, then so is 

.  

 
Proof. This is analogous to proof of Proposition 3.11. 
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It is clear that in Pythagorean fuzzy topological spaces, Pythagorean fuzzy strongly connectedness does not 

imply Pythagorean fuzzy C5- connectedness, and the same is true for its converse. 

 

Example 3.16. Let  X ={1,2 } and define the Pythagorean fuzzy subsets  as follows ; 

                      µA(1)=0,4  , µA(2)=0,2 , ϑA(1)=0,3 ,   ϑA(2)=0,7 , 

                      µB(1)=0,3  , µB(2)=0,7 , ϑB(1)=0,4 ,   ϑB(2)=0,2 , 

                      µC(1)=0,3  , µC(2)=0,2 , ϑC(1)=0,4 ,   ϑC(2)=0,7,                     

                      µD(1)=0,4  , µD(2)=0,7 , ϑD(1)=0,3 ,   ϑD(2)=0,2.  

 

Then the family  τ =   is a Pythagorean fuzzy topology  on X and (X,τ) is a Pythagorean 

fuzzy strongly connected, but not  Pythagorean fuzzy C5- connected. 

 

Example 3.17. Let  X ={1,2 } and define the Pythagorean fuzzy subsets as follows ; 

                      µA(1)=0,5  , µA(2)=0,6 , ϑA(1)=0,4 ,   ϑA(2)=0,3 , 

                      µB(1)=0,5  , µB(2)=0,4 , ϑB(1)=0,2 ,   ϑB(2)=0,4 . 

 

Then the family  τ =   is a Pythagorean fuzzy topology  on X, and (X,τ) is 

Pythagorean fuzzy C5- connected, but not Pythagorean fuzzy strongly connected. 

IV. CONCLUSIONS 

In this paper, we introduce the notion of Pythagorean fuzzy connected space which extends the notions of 

both fuzzy topological space and intuitionistic fuzzy topological spaces. The presented concepts in this study are 

fundamental for further researches and will open a way to improve more applications on Pythagorean fuzzy 

topology. 
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