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Abstract

The paper studies stability analysis for (3+1) Dimensional Advection-Diffusion equation with a mixed derivative
using the method of Von-Neuman. Taylor series expansion has been used to generate the Alternating Direction
Explicit scheme (ADE) and Alternating Direction Implicit scheme (ADI) and the schemes have been found to be
unconditionally stable.
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Introduction

Use of Advection — Diffusion equation in various fields of science like transport of heat, sediment, ground water and
surface flow pollutants are fully sufficient for researchers to show interest in solving this equation. Many researchers
like Elder [2] tried to propose analytical solutions for these type of equations, but in recent years researchers like
Gunn [10] have shown more interest thereby introducing numerical solutions to these kind of equations. As noted
earlier, most of the researchers showed interest to present numerical solutions for Advection — Diffusion Equation
instead of analytical solutions.The combination of hydrodynamic dispersion and molecular diffusion coefficients is
considered to describe the solute transport — Essa [4]. The dominant process of solute transport is advection moving
aqueous chemical species along with fluid flow. Most of the solute transport modelling begins with advection
transport. The advection — dispersion equation describes the spatial and temporal variation in solute concentration
with specific initial and boundary conditions. The governing equation known as the constant parameter advection —
dispersion equation may be derived for the case of steady and unsteady flows.The traditional advection — dispersion
equation represents a standard model to predict the solute concentration in an aquifer which is based on conservation
of mass and Fick’s law of diffusion. Gunn [10] explored the dispersion theory based on a relationship between two
parameters namely dispersion co-efficient and seepage velocity and proposed two possible relationships:

(i) The dispersion coefficient is proportional to seepage velocity
(i) The dispersion co efficient is proportional to the square of seepage velocity.

A general theory of dispersion in porous media was explored by Ebach [1]. Later, the dispersion theory was
generalized as dispersion coefficients proportional to the power of seepage velocity where power ranges from 1 to 2
as demonstrated by Griths [9]. Ghosh [7] also experimentally observed that the dispersion coefficient is directly
proportional to the seepage velocity with a power ranging from 1 to 1.2. Gottlieb [8] described the time-dependent
input concentration for longitudinal dispersion flow.

Brief review of work done by attention to the data was done by Ebach [1] who developed an algorithm to solve fully
conservative, high resolution Advection — Diffusion Equation in irregular geometries. In this algorithm they
developed Finite Volume Method to solve this equation. Elder [2] in order to numerically integrate the semi —
discrete equation arising arising after the spatial discretization of Advection — Reaction — Diffusion Equation applied
two variable step linearly implicit Runge-Kutta methods of order 3 and 4 equations.Parabolic partial differential
equations in three space dimensions with over-specified boundary data feature in the mathematical modeling of
many importantphenomena. While a significant body of knowledge about the theory and numerical methods for
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parabolic partial differential equations with classical boundary conditions has been accumulated, not much has been
extended to parabolic partial differential equations with over-specified boundary data [4]. We often meet the
problem of solving equation of parabolic type in many fields such as seepage, diffusion, heat conductionand so
on[9].Lapidus, L.[12] and Sharma,K.D [7] used ADI to solve the two dimensional time dependentheat equations
subject to a constant coefficient Fischer H.B [5]used ADI methods for solving elliptic problems.

Johnson, S.[11] used the Euclerian-Lagrangian localized adjoin method on non — uniform time steps and
unstructured meshes to solve the Advection — Diffusion Equation. Griths [9] tried to develop an algorithm by second
and third order accuracy with finite with finite — difference method to solve the convection — diffusion equation. In
this algorithm they used the counter error mechanism to reduce numerical dispersion. One of the researchers that
tried to solve Advection — Diffusion Equation in implicit condition is Gottlieb [8]. He solved the equation with
Finite Difference Method by using the upwind and Crank — Nicolson schemes.In this paperwe derive the finite
difference forms of ADE and ADI methods for the given model equation and then analyse the algorithm for each
method.

The model equation

The research examines the consistency of the Alternating Direction Explicit (ADE) scheme and Alternating
Direction Implicit (ADI) scheme for solving the (3+1) Dimensional Advection-Diffusion.

ac a2c a2c ac ac
ﬂ(x,y,z,t)wc—z+f2(x,y,z,t)ay—2+f3(x,y,z, t)§+f4(x,y,z,t)% + fi(x,y,2,t) + fo(x,v,2, t)E = C,
1)

Which is used to model physical process of advection diffusion in a (3+1) Dimensional system such as one
involving contaminant concentration in aquifer. The coefficients f; (x, v, z,t), f,(x,v,z,t), f3(x,y, z, t) represent the
diffusion parameters (diffusivity) and f,(x,y,z t)andfs;(x,y, z,t) are the advection parameters (velocity). The
equation is parabolic and is derived from the principle of conservation of mass using Fick’s law of conservation in
fluid flow problems as presented by (Morton 1971).The Alternating Direction Explicit (ADE) scheme developed for
the equation is given by:-

4qCIN = ACT i — 24CT ) +4CT jj +ACT 1y +4CT o +ACT g ACT g+ Cly e — Clajoip —
Cilijere T Cliaj1ge +2qCh 1)k +29C] 41 2

and the Alternating Direction Implicit (ADI) scheme developed for the equation is given by:-

4qCIH + 4C!,  — 8CIH —4Cl | = 4qCTy ) — 16C], ) +4CT 1) + 4C] 1y +ACT |y +4CT 4 +
Clitjrie — Cliajoie — Clajoine + Clajoine + 2901 ) —2qC1 1 + 2qCT5 15 — 2qCT5 1 1 (3)

Properties of numerical schemes

Many techniques are available for numerical simulation work and in order to quantify how well a particular
numerical technique performs in generating a solution to a problem, there are four fundamental criteria that can be
applied to compare and contrast different methods. The concepts are accuracy, consistency, stability and
convergence. The method of Finite Difference Method is one of the most valuable methods of approximating
numerical solution of Partial Differential Equations (PDESs). Before numerical computations are made, these four
important properties of finite difference equations must be considered.

(@) Accuracy: Is a measure of how well the discrete solution represents the exact solution of the problem. Two
quantities exist to measure this, the local or truncation error, which measures how well the difference
equations match the differential equations, and the global error which reacts to the overall error in the
solution. This is not possible to find unless the exact solution is known.

(b) Stability: A finite difference scheme is stable if the error made at one time step of the calculation do not
cause the errors to be magnified as the computations are continued. A neutrally stable scheme is one in
which errors remain constant as the computation are carried forward. If the errors decay are eventually
damp out, the numerical scheme is said to be stable. If on the contrary, the errors grow with time the
numerical scheme is said to be unstable.
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(c) Consistency: When a truncation error goes to zero, a finite difference equation is said to be consistent or
compatible with a partial differential equation. Consistency requires that the original equations can be
recovered from the algebraic equations. Obviously this is a minimum requirement for any discretization.

(d) Convergence: A solution of a set of algebraic equations is convergent if the approximate solution
approaches the exact solution of the Partial Differential Equations (PDESs) for each value of the independent
variable. For example, as the mesh sizes approaches zero, the grid spacing and time step also goes to zero.

Lax had proved that under appropriate conditions a consistent scheme is convergent if and only if it is stable.
According to Lax — RichtmyerEquivalenceTheorem which states that “given a properly posed linear initial
value problem and a finite difference approximation to it that satisfies the consistency condition, stability is the
necessary and sufficient condition for convergence”

Stability of numerical schemes

Stability considerations are very important in getting the numerical solution of a differential equation using finite
difference methods. The solution of the finite difference equation is said to be stable, if the error do not
growexponentially as we progress from one step to another. We analyse stability for two numerical schemes
developed for equation (1) namely Alternating Direction Explicit (ADE) and Alternating Direction Implicit (ADI)
numerical schemes using the method attributed to John Von Neuman and Jean Baptiste Joseph Fourier. The primary
observation in the Fourier(\Von Neuman) method is that the Numerical scheme is linear and therefore it will have a
solution in the form C(x, t) =xt e!**. Thus the numerical scheme is stable provided | » | < 1 and unstable provides
| | = 1 where X is referred to as the Amplification factor.

Stability analysis of the ADE scheme

VVon Neumanmethod is used to investigate stability of parabolic methods in three dimensions. We shall apply this

method by substituting the solution in Finite Difference method at the time ¢ by C}; , = P(t)e™™*e™Py emr* where
e, and y = 0 and m = v—1,[4,10]. To apply Von Neuman to the ADE scheme, we will have to linearlize the
scheme as explained by Gunn[27]

4qCIH = 4CT i +ACT jj — 24C] ) +4CT ) +4CT 1y +ACT g +ACT 1+ Cly g — Cliy oy —
Clajor + Clajoq +2qCH ) + 29C5 14 ()

2
Whereq =1 = AALX and we assume that Cj, = P(t)e™xe™by g™z Substituting in equation (4) will yield

4q(t + At)e™*emby gmrz =

4¢(t)emo<(x+Ax)em[3y emrz _ 24lp(t)emo<(x+Ax)emﬁy ez 4 4.¢)(t)emo((x—Ax)emﬁy ez 4
p(t)em=xemB M) gmyz 4 mfy(t)e™m X emB V-AY) oMYz 4 4afy(t)em X gmb Y—AY)gmyz 4
4¢(t)emo<xemﬁy emy (z+hz) 4lp(t)emo<xem/2y emy (z—4z2) | 1p(t)emoc(x+Ax)em/? G+ay) gmyz _
lp(t)emoc(x+Ax)em[3 (y—Ay)emyz + lp(t)emoc(x—Ax)emB (y +Ay)emyz + .Lp(t)emo((x—Ax)em/? (y—Ay)emyz +
qup(t)emoc(x+Ax)em[3y emz | qup(t)emocxemﬁ (y+Ay)emyz (5)

Dividing equation (5) by y(t)e™**e™f ™ will reduce it to

4q1p$t+m) == 4emo<Ax — 24 + 4e—mo<Ax + 4€m/3Ay + 4e—mﬁAy + 4emyAz + 4e—myAz + emochemﬁAy _

emoche—m/? Ay __ e—mochem/? Ay + e—moche—mBAy + qumoch + qumﬁy Ay (6)

By using Euler’s formulae,

(i) e™*Ax = Cos(ox Ax) + mSin(«x Ax)
(i) e MY = (Cos(x Ax) — mSin(x Ax)
(iii) e™% = Cos(BAy) + mSin(BAy)
(iv) e ™Y = Cos(BAy) — mSin(BAy)
v) e™ 4% = Cos(yAz) + mSin(yAz)
(vi) e ™A% = Cos(yAz) — mSin(yAz)
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And also by applying trigonometry double angle formulae

< Ax

(i) Sin(ec Ax) = 2 Sin ("‘A ) 0s ()
(i) Cos(ec Ax) =1 —2Sin*(=F)
Substituting in the equation (6) will now yield

4qip (t+At) _
o

8 Cos( Ax) + 8 Cos(BAY) + 8 Cos(yAz) + 4mSin (22) cos (222) — 4msin (£22) cos (£22) sin? () -

8 Sin (aT) Cos (T) Sin (ﬁ%) Cos (ﬁ%) — 2+ 2Sin? ( - ) 2Sin? (ﬁzy) + Sin (ﬁ%) Sin? (%) -
2mSin (azﬂ) Cos (azﬂ) + 4mSin (azﬂ) Cos (aﬁx) Cos ( ) + 2q — 4qSin? ( ) +

4qmSin (azﬂ) Cos (azﬂ) + 2q — 4qSin? ( ) + 4qmSin (BAy) (My) 24(7)

Equation (7) further reduces to

8-165in 2(%3%)+8-165in 2(@)%—1651‘71 (L5%)+4msin (ﬂéy)Cas(BzL”—

b (¢+AD) 4mSin (M)Cas (M)Sin (“A") 8 Sin (“A")c (“A")Sin (M)ms (%Z) 2+
oy 25in (“Ax) 25in 2(“3’)+5 2(“3’)5 2(““) —2mSin (DCAX)CO (“AX) +
4mSin (“—A")Cos (“AX)Cos (L?l)nq 4q Sin ( 25 ) +4qm Sin (“—A" Cos (“Ax)+2q—4q5m (Léx)+4qm5in (%1)605 (%l)—ﬂ
4q

(8)

And for stability requirement

8—16Sin 2(“2Ax)+8 16Sin (“y)+8 165in 2 (y32)+4m5m (ﬂgy)ct)s @—

| W (t+08) = 4mSin (p—éz)(]as (p—AZ)Sin 2 (“Ax ) 8 Sin (“Ax )COS (“Ax )Sm (ﬂl)a}s (ﬂl)—u

2 2 2 2 2 2

<
Pt 2Sin Z(O(ZAX) 2Sin (ﬁAy)+Sm (ﬂAy)S' Z(MZAX) 2mSin (D(TAX)COS (KTAX)+ | -
4mSin (O(TAX)COS (O(ZAX)COS Z(L?l)+2q,4q Sin Z(O(ZAX)JAqm Sin (“éx)(]os (KZAX)Jqu —4qSin Z(L?-Z)Jr‘lqmsin (L?-Z)Cus (LSZ>,24
4q
1(9)

We analyse the algorithm of (9). This is done for the maximum and minimum

Amplification Factor (x\)

(a) For maximum value of » we take (“Ax) (ﬁAX) (VA") to be equal to zero, hence

|| = [we+at)] |8+8+8—2+2q+2q—24|

o 1= e <1 (10)

Equation (10) further reduces to

|4q 2| < 1, (Denominator is greater than the Numerator).(11)

(b) For minimum value of  we take (“Ax), (ﬁAx) (VA") to be equal t090°, hence

[ (+A0)| _ [8=16+8—16+8-16-2+2—2+1—4q—24|
v |~ | 4q |

NE <1(12)
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Equation (12) in this case reduces to| X | = |$q+4q)| < 1,(Denominator is greater than theNumerator). Therefore

the explicit scheme is stable. Obviously | % | will always be less than one in equations (11) and (12). All these
conditions are satisfied as the left hand side of the inequalities required. Thus the ADE scheme is stable for all the
values of g ie Unconditionally Stable.

Stability Analysis of the ADI Scheme
The ADIscheme generated can be written as

ACTHY  +ACI, | — 8CIH +4CT L, + 4C1nj—1,k FAC) ka1 T AC o1+ Cly s — Gl T Clajoip —
Cl—l,]+1,k + 2qu+1,],k Zq(Cln—l,],k) + 2qC}, Lj+1k ZinT,S'—Lk - anH - 4‘qu1 k 16inT,Lj,k = 0(13)

Where g = and we assume thatC};, = P(t)em*e™PY e™Z Substituting in the equation (13), we’ll get

(A )Z

Aqp(t + At)e™<xe™BY ez — mfy(t 4 At)eMm* T A emBY oMYz 4 iy (t + At)e™ "X e™BY e™VZ — 4af(t +

AtemX x-Axempfyemyz=4ytemxxempfy+Ayemyz+4 ytemxempfy-Ayemyz+4 ytem xempfyemyz+Az+4
l/)(t)emocxemﬁy e™r (z—Az) + 1/)(t)emo((x+Ax) emﬁ (y+4y) ez _ 1p(t)emo((x+Ax)emﬁ (y—Ay)emyz +

l/)(t)emoc(x—Ax)emﬂ (y—Ay)emyz _ 1/)(t)emtx(x—Ax) e™mB (y+4Ay) ez 4 qup(t)emo((x+Ax)emﬁy ez _

qup(t)emoc(x—Ax)emﬂy ez 4 qup(t)emo(xemﬁ +dy) gmyz _ qup(t)emtxxemﬁ r-2y)gmyz _
Aqup(t)e™<Fe™BY oMz — 161p(t)e™m ¥ eMBY g7 ), (14)

Dividing equation (14) by y(t)e™**e™Y e™* and factorizing will yield

ENE w(;‘*;At) (4q — 4emebx 4 g _ 4e—mo<Ax) —

4eMBLY + 4eMBLY 4 4™V A7 + 4o~V A2 4 4 Sin (ﬁ%) Cos ([SAy) 8m Sln( )COS(BAY)SULZ (qu) + 2qeme —
qu—moch + qumﬁ by _ qu—mﬁ by _ 4q — 16(15)

Equation (15) further simplifies to

x| = "’(;“” [8+ 49 — (4e™% + 4e™™¥)] = 8 Cos(BAy) + 8 Cos(yAz) + 8mSin (E)Cos(EH)sin? () +
4gmSin(oc Ax) + 4gmSin(BAy) + 4q — 16(16)

Equation (16) reduces further to

NE "’(f:“) [8 + 4q — 8 Cos(x Ax)] =

8 Cos(BAy) + 8 Cos(yAz) + 4mSin (BTY) Cos (B%) — 8mSin (W%)COS(B%)SL'HZ (%) + 4qmSin(x Ax) +
4gmSin(BAy) — 4q — 16 (17)

We can write equation (17) as

8Cos (B Ay)+8 Cos (yAz)+4mSin (BA_y)

x| =

Ilp(t+At)| _ | —8mSin (BATY)CUS(MTY)SMZ(&%X)+4quL n(alAx)+4gmSin (BAy)—4q—16

[ vo 8+4q—8Cos («<Ax) | <1(18)

Equation (18) can now be written as

8—16 Sin (My)+8—15 Sin Z(VSZ)HmSm (B Yycos (BT)J'
| | W’ (t+At) —8mSin (BATY)CHS (BATY)Sin 2 (agx)+8qm3m (agx)c'us (uéx)+8qm5m (’BA )Cos (’8#)—411—16
| = =
[yt |

<
8+4q-8+16 sin?(*2%) =1 (19)

We analyse the algorithm of (19). This is done for the maximum and minimum amplification factor x

(a) For maximum value of » we take (“Ax) ) (BA") (VAX) to be equal to zero, hence

ISSN: 2231-5373 http://www.ijmttjournal.org Page 204




I 1=

International Journal of Mathematics Trends and Technology (IIMTT) — VVolume 65 Issue 7 - July 2019

|1/)(t+At) _ |8+8—4q—16
[ wey | 7 | 4q+16

< 1(20)

Equation (20) further reduces to

x| = | :4‘:;6| 1, (Denominator is greater than the Numerator).(21)
(b) For minimum value of  we take( Ax) ) (ﬁﬁx) (VAX) to be equal to 90°, hence
B |¢(t+At)| _ |8-16+8-16-4q~ 16| <1(22)
Y (t) 8+4q—8+16
N = |q L2 < 1, (Denominator is greater than the Numerator).(23)
Conclusion

It can be seen clearly that | % | will always be less than one for both (3) and (13) respectively. All the values in
(a) and (b) are less than one since the denominator is greater than the numerator. Thus theADEandADI schemes
are stable for all values of p ie unconditionally stable.
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