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ABSTRACT: 

Homogeneous ternary quadratic equation 
222 55976 zyx 

 is analysed for its integral points on it. 
Employing the integral solutions of the above equation, a few interesting relations between the solutions and the 

special numbers are also exhibited. 
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I. INTRODUCTION 

The Diophantine equation offer an unlimited field for research due to their variety  31 . In particular, one 

may refer  134   for quadratic equation with three unknowns. The communication concerns with yet another 

interesting equation 
222 55976 zyx   representing non-homogeneous quadratic equation with three 

unknowns for determining its infinitely many non-zero integral points. Also, a few interesting relations among 

the solutions are presented. 

II. NOTATIONS 

 

1.  Polygonal number of rank n with side m 
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21
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mn
nt nm

 
2. Pronic number of rank n

  

 1Pr  nnn  
 

3. Star number of rank n 

 

.1)1(6  nnSn  
 

III. METHOD OF ANALYSIS 

 

The ternary quadratic Diophantine equation to be solved for its non- zero distinct integral solution is  

25592726 zyx 
        (1)                                                 

 

Introduction of the linear transformations  0TX  

TXyTXx 6,7 
        (2)                                                           

 

in (1) leads to  

2432422 zTX          (3) 

Different patterns of solutions of (1) are presented below: 
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Pattern-1: 

 

Write 43 as  

  )421(42143 ii 
        (4)

 

Assume 

2422 baz           (5) 
 

where a and b are non- zero distinct integers 

 

using (4) and (5) in (3), we get 

  2)2422)(421(4212422 baiiTX   

 

Employing the method of factorization the above equation is written as  

 TiX 42   TiX 42  421 i  421 i  242bia   242bia 
 

 

Equating the positive and negative factors, the resulting equations are,  

 TiX 42  421 i  242bia 
      (6)                                                                              

 

 TiX 42  421 i  242bia
      (7)                                                                              

 

Equating real and imaginary parts in (6), we get  

abbaX 842422   

abbaT 22422   

substituting the values of X and T in (2), we get  

  abbabaxx 98225226,        (8) 

  abbabayy 72229427,        (9) 

Thus (8), (9) and (5) represents non- zero distinct integral solutions of (1) in two parameters.  

 

Properties: 
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Pattern-2: 

 

The equation (3) can also be written as 

 2222 42 TzzX 
        (10)

 

     TzTzzXzX  42
     

 

Equation (10) is written in the form of ratio as,  
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21
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zX

Tz

Tz

zX

       (11)

 

 

From the first and third factors of (11), we have  

  








Tz

zX

2
 

0)2(2  zTX 
        (12)

 

From the second and third factors of (12), we have  

 









zX

Tz21
 

 

(13) 

 

Applying the method of cross multiplication for solving (12) and (13)
 

22 21842  X  

22 2122  T  

22 212  z  

substituting the values of X and T in (2), we get  

 

 

  













22

22

22

212,

1059610,

1689812,







zz

yy

xx

       (14) 

Thus (14) represents the non-zero distinct integral solutions to (1)  

 

Properties:  

 )2(mod0266Pr98),1( ,4   tx  

 )5(mod09Pr96),1( ,4   ty  

 0109),(),( ,4   tyx  

 0214),(),( ,4   tzy  

 )9(mod064Pr64)1,1( ,4   tSx  

 )2(mod063Pr63)1,1( ,4   tSz  

 

Pattern-3: 

 

One may write (10)  in the form of ratio as 

 
 

0,
2

21
















zX

TZ

Tz

zX

       (15)

 

From the first and third factors of (15), we have  

 
  








Tz

zX

21
 

021)21(  TzX 
        (16)

 
 

From the second and third factors of (15), we have  

0)21(21  zTX 
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zX

Tz2
 

  022  XzT 
        (17)

 

Applying the method of cross multiplication for solving (16) and (17)  
22 28421  X  

22 2122  T  

22 221  z  

substituting the values of X and T in (2), we get  

 

 

  













22

22

22

221,

1059610,

1687016,







zz

yy

xx

       (18) 

Thus (18) represents the non-zero distinct integral solutions to (1)  

 

Properties:  

 )2(mod086Pr70),1( ,4   tx  

 )5(mod086Pr96),1( ,4   ty  

 0223),(),( ,4   tyx  

 024),(),( ,4   tzy  

 )2(mod086Pr86)1,1( ,4   tSx  

 )2(mod06Pr6)1,1( ,4   tSz  

Pattern-4: 

 

One may write (10) in the form of ratio as 

 
 

0,
2

21
















zX

TZ

Tz

zX

       (19)

 

From the first and third factors of (19), we have  

 
  








Tz

zX

21
 

021)21(  TzX 
        (20)

 

From the second and third factors of (19), we have  

 









zX

Tz2
 

  022  XzT 
        (21)

 

Applying the method of cross multiplication for solving (20) and (21)  
22 28421  X  

22 2122  T  

22 221  z  

substituting the values of X and T in (2), we get  

 

 

  













22

22

22

212,

1477214,

1269812,







zz

yy

xx

       (22) 



International Journal of Mathematics Trends and Technology (IJMTT) – Volume 65 Issue 7 - July 2019 

 

ISSN: 2231-5373                             http://www.ijmttjournal.org                             Page 210 

Thus (22) represents the non-zero distinct integral solutions to (1)  

 

Properties:  

 )3(mod086Pr98),1( ,4   tx  

 )7(mod086Pr72),1( ,4   ty  

 0189),(),( ,4   tyx  

 0228),(),( ,4   tzy  

 )5(mod0280Pr280)1,1( ,4   tSx  

 )2(mod06Pr6)1,1( ,4   tSz  

 

Pattern-5: 

 

One may write (10)  in the form of ratio as 

 
 

0,
3

14
















zX

TZ

Tz

zX

       (23)

 

From the first and third factors of (23), we have  

 
  








Tz

zX

14
 

014)14(  TzX 
        (24)

 

From the second and third factors of (24), we have  

 









zX

Tz3
 

  033  XzT 
        (25)

 

Applying the method of cross multiplication for solving (24) and (25)  
22 38414  X  

22 1423  T  

22 314  z  

substituting the values of X and T in (2), we get  

 

 

  













22

22

22

314,

709615,

1127024,







zz

yy

xx

       (26) 

Thus (26) represents the non-zero distinct integral solutions to (1)  

 

Properties:  

 )2(mod094Pr70),1( ,4   tx  

 )2(mod081Pr96),1( ,4   ty  

 0199),(),( ,4   tyx  

 058),(),( ,4   tzy  

 )2(mod1406Pr406)1,1( ,4   tSx  

 )2(mod09Pr9)1,1( ,4   tSz  
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Pattern-6: 

 

One may write (10)  in the form of ratio as 

 
 

0,
14

3
















zX

TZ

Tz

zX

       (27)

 

From the first and third factors of (27), we have  

 
  








Tz

zX

3
 

03)3(  TzX 
        (28)

 

From the second and third factors of (27), we have  

 









zX

Tz14
 

  01414  XzT 
      (29) 

 

Applying the method of cross multiplication for solving (28) and (29)  
22 38414  X  

22 3214  T  

22 143  z  

substituting the values of X and T in (2), we get  

 

 

  













22

22

22

143,

159670,

2470112,







zz

yy

xx

       (30) 

Thus (30) represents the non-zero distinct integral solutions to (1)  

 

Properties:  

 

 )2(mod0182Pr70),1( ,4   tx  

 )5(mod026Pr96),1( ,4   ty  

 0133),(),( ,4   tyx  

 0168),(),( ,4   tzy  

 )2(mod1406Pr406)1,1( ,4   tSx  

 )2(mod042Pr42)1,1( ,4   tSz  

 

Pattern-7: 

 

(10)  may be written in the form of ratio as 

 
 

0,
14

3
















zX

TZ

Tz

zX

       (31)

 

From the first and third factors of (31), we have  

 
  








Tz

zX

3
 

03)3(  TzX 
        (32)

 

From the second and third factors of (32), we have  
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zX

Tz14
 

  01414  XzT 
        (33) 

 

Applying the method of cross multiplication for solving (32) and (33)  
22 14843  X  

22 3214  T  

22 143  z  

substituting the values of X and T in (2), we get  

 

 

  













22

22

22

143,

217298,

189884,







zz

yy

xx

        (34) 

Thus (34) represents the non-zero distinct integral solutions to (1)  

 

Properties:  

 

 )2(mod014Pr98),1( ,4   tx  

 )3(mod0170Pr72),1( ,4   ty  

 0159),(),( ,4   tyx  

 012),(),( ,4   tzy  

 )5(mod044Pr44)1,1( ,4   tSx  

 )2(mod042Pr42)1,1( ,4   tSz  

 

Pattern-8: 

 

One may write (10)in the form of ratio as 

 
 

0,
7

6
















zX

TZ

Tz

zX

       (35)

 

From the first and third factors of (35), we have  

 
  








Tz

zX

6
 

06)6(  TzX 
        (36)

 

From the second and third factors of (35), we have  

 









zX

Tz7
 

  077  XzT 
        (37)

 

Applying the method of cross multiplication for solving (36) and (37)  

 
22 7846  X  

22 627  T  

22 76  z  

 

substituting the values of X and T in (2), we get  
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487056,
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yy

xx

       (38) 

Thus (38) represents the non-zero distinct integral solutions to (1)  

Properties:  

 

 )2(mod0126Pr70),1( ,4   tx  

 )5(mod061Pr96),1( ,4   ty  

 0163),(),( ,4   tyx  

 0114),(),( ,4   tzy  

 )2(mod0214Pr214)1,1( ,4   tSx  

 )2(mod121Pr21)1,1( ,4   tSz  

 

Pattern-9: 

 

One may write (10) in the form of ratio as 
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6
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zX

TZ

Tz

zX

       (39)

 

From the first and third factors of (38), we have  

 
  








Tz

zX

7
 

07)7(  TzX 
        (40)

 

From the second and third factors of (40), we have  

 









zX

Tz6
 

  066  XzT 
        (41)

 

Applying the method of cross multiplication for solving (40) and (41)  
22 6847  X  

22 726  T  

22 67  z  

substituting the values of X and T in (2), we get  

 

 

  













22

22

22

67,

359630,

567048,







zz

yy

xx

       (42) 

Thus (42) represents the non-zero distinct integral solutions to (1)  

 

Properties:  

 

 )2(mod0118Pr70),1( ,4   tx  

 )5(mod066Pr96),1( ,4   ty  

 0169),(),( ,4   tyx  
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 0104),(),( ,4   tzy  

 )2(mod0238Pr238)1,1( ,4   tSx  

 )2(mod118Pr18)1,1( ,4   tSz  

 

 

Pattern-10: 

 

One may write (10) in the form of ratio as 
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6

7
















zX

Tz

Tz

zX

       (43)

 

From the first and third factors of (43), we have  

 
  








Tz

zX

7
 

07)7(  TzX 
        (44)

 

From the second and third factors of (43), we have  

 









zX

Tz6
 

  066  XzT 
        (45)

 

Applying the method of cross multiplication for solving (44) and (45)  
22 6847  X  

22 726  T  

22 67  z  

substituting the values of X and T in (2), we get  

 

 

  













22

22

22

67,

497242,

429836,







zz

yy

xx

        (46) 

Thus (46) represents the non-zero distinct integral solutions to (1)  

 

Properties:  

 

 )2(mod062Pr98),1( ,4   tx  

 )2(mod1114Pr72),1( ,4   ty  

 0171),(),( ,4   tyx  

 092),(),( ,4   tzy  

 )2(mod028Pr28)1,1( ,4   tSx  

 )2(mod118Pr18)1,1( ,4   tSz  

 

Pattern-11: 

 

One may write (10)  in the form of ratio as 

 
 

0,
2

21
















zX

Tz

Tz

zX

       (47)

 

From the first and third factors of (47), we have  
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Tz

zX

21
 

021)21(  TzX 
        (48)

 

From the second and third factors of (47), we have  

 









zX

Tz2
 

  022  XzT 
        (49)

 

Applying the method of cross multiplication for solving (48) and (49)  
22 28421  X  

22 2122  T  

22 221  z  

substituting the values of X and T in (2), we get  

 

 

  













22

22

22

221,

1477214,

1269812,







zz

yy

xx

       (50) 

Thus (50) represents the non-zero distinct integral solutions to (1)  

 

Properties:  

 

 )2(mod0110Pr98),1( ,4   tx  

 )7(mod058Pr72),1( ,4   ty  

 0151),(),( ,4   tyx  

 038),(),( ,4   tzy  

 )2(mod0476Pr476)1,1( ,4   tSx  

 )2(mod16Pr6)1,1( ,4   tSz  

 

Pattern-12: 

 

One may write (10)  in the form of ratio as 

 
 

0,
14

3
















zX

Tz

Tz

zX

       (51)

 

From the first and third factors of (51), we have  

 
  








Tz

zX

3
 

03)3(  TzX 
        (52)

 

From the second and third factors of (50), we have  

 









zX

Tz14
 

  01414  XzT 
        (53)

 

Applying the method of cross multiplication for solving (52) and (53)  
22 14843  X  

22 3214  T  
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22 143  z  

substituting the values of X and T in (2), we get  

 

 

  













22

22

22

143,

217298,

189884,







zz

yy

xx

        (54) 

Thus (54) represents the non-zero distinct integral solutions to (1)  

 

Properties:  

 

 )2(mod0182Pr98),1( ,4   tx  

 )3(mod0170Pr72),1( ,4   ty  

 0181),(),( ,4   tyx  

 0166),(),( ,4   tzy  

 )2(mod0152Pr152)1,1( ,4   tSx  

 )2(mod142Pr42)1,1( ,4   tSz  

 

Pattern-13: 

 

One may write (10)  in the form of ratio as 

 
 

0,
6

7
















zX

Tz

Tz

zX

       (55)

 

From the first and third factors of (55), we have  

 
  








Tz

zX

7
 

07)7(  TzX 
        (56)

 

From the second and third factors of (56), we have  

 









zX

Tz6
 

  066  XzT 
        (57)

 

Applying the method of cross multiplication for solving (56) and (57)  
22 6847  X  

22 726  T  

22 67  z  

substituting the values of X and T in (2), we get  

 

 

  













22

22

22

67,

497242,

429836,







zz

yy

xx

        (58) 

Thus (58) represents the non-zero distinct integral solutions to (1)  
 

Properties:  

 

 )2(mod0134Pr98),1( ,4   tx  
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 )7(mod030Pr72),1( ,4   ty  

 0169),(),( ,4   tyx  

 078),(),( ,4   tzy  

 )2(mod0224Pr224)1,1( ,4   tSx  

 )2(mod118Pr18)1,1( ,4   tSz  

 

IV. CONCLUSION 

 
In this paper, we have made an attempt to obtain all integer solutions to ternary quadratic equation 

222 55976 zyx  .One may search for other patterns of solutions and their corresponding properties. 
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