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I. INTRODUCTION

Fuzzy subset concept was introduced by Zadeh in 1965 to represent manipulate data and information possessing
non-statistical uncertainties. It was specifically designed to mathematically represent uncertainty and vagueness
and to provide formalized tools for dealing with the imprecision intrinsic to many problems. The first
publication in fuzzy subset theory by Zadeh (1965) and then by Goguen (1967, 1969 ) show the intention of the
authors to generalize the classical set. In classical set theory, a subset A of a set X can be defined by its
characteristic function A: X — {0, 1} which is defined by A(x) =0, if x A and A(x) = 1, if x A. The mapping
may be represented as a set of ordered pairs{(x, A(x))} with exactly one ordered pair present for each element of
X. The first element of the ordered pair is an element of the set X and the second is its value in {0, 1}. The value
‘0’ is used to represent non-membership and the value ‘1’ is used to represent membership of the element in A.
The truth or falsity of the statement “x is in A” is determined by the ordered pair. The statement is true, if the
second element of the ordered pair is ‘1°, and the statement is false, if it is ‘0’.The following papers have
motivated us to work on this thesis. In 1971 Azriel Rosenfeld had introduced fuzzy subgroups. Antony.J.M and
Sharewood.H. redefined fuzzy groups and investigated some properties of them. Choudhury. F. P, Chakraborty
A.B. and Khare S.S gave a note on fuzzy subgroups and fuzzy homomorphism. Mustafa Akgul has produced
some properties of fuzzy groups. Dixit V.N., Rajeshkumar, Naseem Ajmal have introduced the concept of level
subgroups and union of fuzzy subgroups and obtained some results. Gopalakrishnamoorthy.G defined the
concept of anti-homomorphism in groups and obtained some results. Palaniappan.N and Arjunan.K have
defined the homomorphism and anti-hnomomorphism on a fuzzy and anti-fuzzy ideals. G.Jayanthi, M.Simaringa,
K.Arjunan have introduced and defined notes on (Q, L)-fuzzy ideals of a ring & homomorphism in (Q, L)-
fuzzy normal ideals of a ring.

1. BASIC DEFINITIONS AND EXAMPLES

2.1 Definition:
Let X be a non-empty set and L = (L, <) be a lattice with least element 0 and greatest element 1 and Q
be a non-empty set. A (Q,L)-fuzzy subset A of X is a function A: XxQ—L.

2.2 Definition:
Let (R, +, - ) be aring and Q be a non empty set. A (Q, L)-fuzzy subset A of R is said to be a (Q, L)-
fuzzy ideal (QLFI) of R if thefollowing conditions are satisfied:
(i) A(xty, q)=A(x q) A Ay, ),
(ii) A(-x, q)=A(x, ),
(ii)) A(xy, q) =A(X q) AA(Y, g), for all xand yin Rand q in Q.

2.3 Definition:
Let (R, +, -) and (R', +, -) be any two rings and Q be a non empty set. Let f: R — R' be any function
and A be a (Q, L)-fuzzy ideal in R, V be a (Q, L)-fuzzy ideal in f (R) = R', Defined by
V(y, q) =xef _fﬁ% A(x,q), forall xinRandyin R'and qin Q.
Then A is called a pre-image of V under f and is denoted by f (V).
2.4 Definition:

Let (R, +, -) be a ring and Q be a non empty set. A (Q, L)-fuzzy subset A of R is said to be a (Q, L)-
anti-fuzzy ideal (QLAFI) of R if the following conditions are satisfied:
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(1) A( X+y7 q ) = A(Xa q) A A(y, q)l(“) A( X, q) = A( X, q )9
(i) A(xy, q) <A(x, q) AA(Y, g), for all xand y in Rand g in Q.

2.5 Definition:
Let A be a (Q, L)-fuzzy ideal of a ring (R, +, - ) and a in R.Then the pseudo (Q, L)-fuzzy coset (aA)’ is
defined by ((aA)")(x,q) = p(@)A(X, ), for every x in R and for some pin P and q in Q.

2.6 Definition:
Let A be a (Q, L)-fuzzy ideal of a ring (R, +, - ). For any a in R, atA defined by (a+A)(x, q) = A( x-a,
q), for every x in Rand q in Q, is called a (Q, L)-fuzzy coset of R.

Some Properties:
2.7 Theorem:

Let (R, +, -) and (R', +, -) be any two rings and Q be a non-empty set. The homomorphic image of a (Q,
L)-fuzzy ideal of R is a (Q, L)-fuzzy ideal of R'.

Proof:

Let (R, +, - ) And (R', +, - ) be any two rings and Q be a non-emptyset and f : R—R' be a homomorph-
ism.That is f(x+y) = f(x)+f(y), f(xy) = f(x)f(y),for all xand y in R. Let A be a (Q, L)-Fuzzy Ideal of R. Let V be
the homomorphism image of A under F. We have to prove that V is a (Q, L)-Fuzzy Ideal of F(R) = R".

Now, for f(x) and f(y) in R', We have, V (f(x)+f(y), q) = V(f(x+y), q)
> A(xty, )

> A(x, @) Aa(y, q)
>V (f(x), g) AV (f(y), ). For f(x) in R',
We have, V (-f(x), 9) = V (f (-x), 9)

>A (%, q) AA(X, q)

>V (-f(x), 9) AV (f(x), 0).

And, V (f(x) f(y), a) = V (f (xy), )

> A (xy, )

> A(x, @) AA(Y, )

>V (f(x), q)AV (f(y), q ). Hence V is a (Q, L)-fuzzy ideal of a ring R".

2.8 Theorem:
Let (R, +, - )and (R', +, - ) be any two rings and Q be a non-empty set. The homomorphic pre-image of
a (Q, L)-fuzzy ideal of R' is a (Q, L)-fuzzy ideal of R.
Proof:
Let (R, +, -) and (R, +, -) be any two rings and Q be a non-empty set and f: R—R' be a homomorphism.
That is f(x+y) = f(x) +f(y), f (xy) = f(x) f(y), forall xand y in R.
Let V be a (Q, L)-fuzzy ideal of f(R) = R'and A be the pre-image of V under f. We have to prove that
Aisa (Q, L)-fuzzy ideal of R.
Letxandyin Rand gqin Q. Then, A(xty, q) = V(f(x+y), q) = V(f(x)+f(y). a) A V(f(x), ))AV(f(y), )
=A% ) AA(Y, 9), = A(x+y, Q) > A(x, q) AA(Y, q), for xandyin Rand g in Q.
And, A (-x, 0) =V (f (-x), )=V (-f(x), a) AV (f(x), @)= A(x, a), =A (-x, d) A A(x, g), for xin Rand g in Q.
And, A (xy, q) =V (f(xy), q)
=V (f(x) f(y), ) A V(f(x), a) A V(f(y), 0)
= A a) AA(Y, 9),
=A(xy, Q) = A(x, qQ) A A(y, q), for xand yin Rand g in Q.
Hence A is a (Q, L)-fuzzy ideal of the ring R.

2.9 Theorem:

Let (R, +, - ) and (R', +, -) be any two rings and Q be a non-empty set. The anti-homomorphic image of
a (Q, L)-fuzzy ideal of R is a (Q, L)-fuzzy ideal of R'.
Proof:
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Let (R, +, - ) and (R, +, - ) be any two rings and Q be a non-empty set and f R — R' be a anti-
homomorphism. That is f(x+y) = f(y)+f(x), f(xy) = f(y)f(x), for all xand y in Rand g in Q.
Let A be a (Q, L)-fuzzy ideal of R. Let V be the homomorphic image of A under f. We have to prove
that Vis a (Q, L)-fuzzy ideal of f(R) = R'.
Now, let f(x) and f(y) in R,
We have, V(f(x)+f(y), q) = V(f(y+x), q)
> A(ytx, q)
> Ax, @) AA(Y, ),
= V(flx) + f{y), ) = V(f(x), q) AV(f(y), ). For xinRand qin Q,
V(-f(x), 9) = V(f(-x), 9)
2 A('Xv q) A A(Xv q)r
= V(-f(x), g) A V(f(x), g), for xinRand g in Q.
And, V(f(x)f(y), a) = V(f(yx), a)
> A(yx, q)
> A(x, @) AA(Y, ),
= VIx)f(y), q) > V(f(x), q) A V(f(y), q). Hence V is a (Q, L)-fuzzy ideal of R".

2.10 Theorem:

Let (R, +, -) and (R, +, ) be any two rings and Q be a non-empty set. The anti-homomorphic pre-
image of a (Q, L)-fuzzy ideal of R"is a (Q, L)-fuzzy ideal of R.
Proof:

Let (R, +, - ) and (R', +, - ) be any two rings and Q be a non-empty set and f: R — R' be a anti-
homomorphism.

That is f(x +y) = f(y) + f(x), f(xy) = f(y)f(x), for all xand y in Rand q in Q.

Let V be a (Q, L)-fuzzy ideal of f(R) = R'. Let A be the pre-image of V under f. We have to prove that
Aisa (Q, L)-fuzzy ideal of R.
Letxandyin Randqgin Q.

Now, A(x+y, q) = V(f(x+y), )= V(f(y)+f(x), a) A V(f(x), a)A V(f(Y), a) = A(x, a) A A(Y, a),
= A(xty, qQ) > A(x, QAA(Y, q), forall xand yin Rand g in Q.
And, A(-x, g) = V(f(-x), q)
= V(-f(x), a) A V(f(x), a)
= Ax, a),
= A(-X,q) AA(X, q), forxin Rand g in Q.
Now, A(xy, g) = V(f(xy), 0)
= V(f(y)f(x), a) A V(f(x), a) A V(f(y), a)
=AX, ) AA(Y, 9),
= A(xy, q) = A(x, QAA(Y, q), forall x and in R and g in Q. Hence A is a (Q, L)-fuzzy ideal of the ring R.

In the following Theorem is the composition (°) operation of functions:
2.11 Theorem:
Let A be a (Q, L)-fuzzy ideal of a ring H and f is an isomorphism from a ring R onto H. Then A-fis a
(Q, L)-fuzzy ideal of R.
Proof:
Let x and y in R and A be a (Q,L)-fuzzy ideal of the ring Hand Q be a non-empty set.
Then we have,
(A (x-y, 0) = A(f(x-y), 9)
= A(f(x)-f(y), a)
> A(f(x), q) AA(f(y), 9)
> (Af)(x, q) A (AF)(y, 0),

= (AeF)(x-y, @) = (A=f)(x, a) A (Af) (v, Q).

Then we have,
(Af)(xy, ) = A(f(xy), 9)
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= A(T(x)f(y), a)
> A(fx), @) A A(f(y), 9)
> (A=f)(x, a) A (A=F)(y, a),

= (AD(xy, @) = (Af)(x, q) A (A)(y, 0).
Therefore (A°f) is a (Q, L)-fuzzy ideal of a ring R.

2.12 Theorem:Let A be a (Q, L)-fuzzy ideal of a ring H and f is an anti-isomorphism from a ring R onto H.
Then Acfis a (Q, L)-fuzzy ideal of R.
Proof:
Let x and y in Rand A be a (Q, L)-fuzzy ideal of the ringH and Q be a non-empty set.

Then we have, ( A°f )(x-y, q) = A(f(x-y), q)

=A(f(y)-f(). q)

> A(f(x), q) AA(f(y), )

> (A°f) (x, @) A(AF)(y, 0),
= (AN (X-y, @) = (AF)(x, q) A(AF)(Y, 0).
Then we have,

(Af)(xy, 0) = A(f(xy), 0)
=A(f(y) f(x), a)

> A(f(x), ) ANA(T(Y), q)
> (Af)(x, q) A (A )(y, 0),

= (Acf)(xy, q) = (A )(x, q) A (Af)(y, 0).
Therefore (A°f) is a (Q, L)-fuzzy ideal of a ring R.

2.13 Theorem:

Let (R, +, *) be a ring and Q be a non-empty set. A is a (Q, L)-fuzzy ideal of R ©A° is a (Q, L)-anti-
fuzzy ideal of R.
Proof:

Suppose A is a (Q, L)-fuzzy ideal of R. For all xand y in Rand g in Q, we have, AX—v, q)>A(x, q)

AA(Y, 0),= 1-A(X~y, q) = {1- A"x, O} A {1- A" (y, 9)},
= A'(x-y, @) < 1{1-AX, AL-A° (y, 9)},
= A°(X-Y, q) < Ac(X)AA® (Y).
Also, A (xy, q) = A(x, @) AA(Y, 1),
= 1-A'(xy, @) > {1-A%(x, )} M{1-A%(y, 9) },
= A'(xy, @) < 1-{1-A°(x, ) A 1-A"(y, Q) },

=A° (xy, @) A, ) AA° (Y, Q).
Thus A®is a (Q, L)-anti-fuzzy ideal of R. Converse also can be proved similarly.

2.14 Theorem:

Let A be a (Q, L)-fuzzy ideal of a ring R, then the pseudo (Q, L)-fuzzy coset (aA) is a (Q, L)-fuzzy
ideal of the ring R, for every a in R.
Proof:

Let A be a (Q, L)-fuzzy ideal of the ring R. For every x andy in R and g in Q,

we have, ((@A)°)(x-y, 4) = p(a)A(x-y, q)
>p(a) {A(x, q) AA(Y, 0)}
= p@A(x, ) A p@A(Y, )
= (@A) (X,A (@A)P)(y.a),
Therefore, ((@A)° )(X-y, q) > (@A) )(X, Q)A ((@A)°) (y, q), for X, yin Rand g in Q.
And, ((@A)")(xy, 9) = p(@A(xy, )
> p(a){A(x, @) AA(Y, 0)}
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= p@A(X, a) A p@ACY; a)
= (@A) x.aA (@A))(y.q).

Therefore, (@A)° )(xy, @) = (@A)’ )(%, q) A ((@A)°) (y, q), for x, yin Rand g in Q.
Hence (aA)P is a (Q, L)-fuzzy ideal of the ring R.

2.15 Theorem:

Let (R, +, .) be aring and Q be a non-empty set. If A is a (Q, L)-fuzzy ideal of R, then x+A = y+A
SA(X-Y, q)=A(0, q), where 0 is the identity element. In that case A(X, q) = A(Y, 9).
Proof:

Given Aisa (Q, L)-fuzzy ideal of R.

Suppose that x + A=y + A,

= (x+tA)(X, q) = (y+A)(X, q),

= A(Xx-X, 0) = A(x -y, q),

= A0, q) =A(x-, 0).

Conversely, assume that A(x—Yy, q) = A(0, q),
Then, (X +A)(z, q) = A(z—X, Q)
= A(z—x+y -y, )
> A(z-y, 9)AA(0, )
=A(z-y, )
= (y+A)(z, a),
= (xtA)z @) = (y+tA)z,q) e ).
Now, (y+A)(z, q) = A(z -V, )
= Az -y+X- X, Q)
> A(z— X, Q)AA(Q, q)
=A(zx, Q)
= (x+A)(z, 9),

= (ytA)z, Q)= (x+tA )z, @) e ).
From (1) and (2) we get, x + A =y + A .Hence the theorem proved.

111 (Q, L) -FUZZY NORMAL IDEALS OF ARING.
3.1 Definition:
Let A and B be any two (Q, L) -fuzzy subsets of sets R and H,respectively. The product of A and B,
denoted by AxB, is defined as
AxB={( ((X,¥), 9), AXB (( X, y), q))}orall xinRand yinHand qin Q.
Where AXB ((X, ¥), @) =A (X, q) AB (y, Q).

3.2 Definition:

Let A be a (Q, L) -fuzzy subset in a set S, thestrongest (Q, L) -fuzzy relation on S, that isa (Q, L) -
fuzzy relation V with respect to A given by

V ((x,y), Q) =A(x, q) AA(y, q), for all xand yin Sand q in Q.

3.3 Definition:
Let (R, +, -) be a ring and Q be a non-empty set. A (Q, L) -fuzzy idealA of R is said to be a (Q, L) -
fuzzy normal ideal (QLFNI) of R if A (xy,q) = A (yx, q), forall xandy in Rand g in Q.

3.4 Definition:
A (Q, L) -fuzzy subset A of a set X is said to be normalized if thereexists an element x in X such that
A(x, q) =1.

3.5 Definition: Let A be a (Q, L) -fuzzy subset of X. For%in L, a Q-level subset ofA corresponding to & is the

seta® = {xex:a(x,q) = ar}.
Some properties:

3.6 Theorem:
Let (R, +, -) be aring and Q be a non-empty set. If A and B are two (Q,L) fuzzy normal ideals of R, then their
intersection ANBisa (Q,L) -fuzzy normal ideal of R.

ISSN: 2231-5373 http://www.ijmttjournal.org Page 239




International Journal of Mathematics Trends and Technology (IIMTT) — VVolume 65 Issue 7 - July 2019

Proof:Let C = ANB and C = {{(X, q), C (X, )} x in R and g in Q},where C(x, ) =A(X, q) A B(x, g). Then,
Clearly Cisa (Q, L) -fuzzy ideal of R, since A and B are two (Q, L)-fuzzy ideals of R.
And, C (xy, ) = A(xy, ) A B(xy, q)
= A(yx, 0) A B(yx, g)
= C(yx, q).
Therefore, C(xy, q) = C(yx, q), for all x and y in R and q in Q. Hence ANB is a (Q, L) -fuzzy normal ideal of the
ring R.

3.7 Theorem:
Let (R, +, ) be aring and Q be a non-empty set. The intersection of afamily of (Q, L) -fuzzy normal ideals of R
isa (Q, L) -fuzzy normal ideal of R.

Proof:Let{ A; } il be a family of (Q, L) -fuzzy normal ideals of R and A= n!’Ef A, Then for xand y in R
and g in Q, clearly the intersection of a family of (Q, L) -fuzzy ideals of the ring R is a (Q, L) -fuzzy ideal of a
ring R.

inf inf
Now, A (xy, ) = i€l Ai (xy, q) = iel Ai (yx,q)= A (yx, 0).
Therefore, A (xy, q) = A (yX, q), for all x and yin R and g in QHence the intersection of a family of (Q, L) -
fuzzy normal ideals of aring R is a (Q, L) -fuzzy normal ideal of R.

3.8 Theorem:
A (Q, L) -fuzzy ideal A of aring R isnormalized & A (e, q)= 1, where e is the identity element of R and g in

Proof:

If A is normalized, then there exists x in R such that A (x, q) = 1, but byproperties of a (Q, L) -fuzzy ideal A of
R, A (x,q) <A (e, q), for every x in Rand q in Q.

Since A (x,q)=land A (x,q) <A (e,q), ] <A (e, q).But 1 > A (e, q). Hence A (e, q) = 1. Conversely, if A (e, q)
=1,Then by the definition of normalized (Q, L) -fuzzy subset, A is normalized.

3.9 Theorem:
Let A and B be (Q, L) -fuzzy ideals of the rings R and H, respectively.If A and B are (Q, L) -fuzzy normal
ideals, then AxB is a (Q, L) -fuzzy normal ideal of RxH.
Proof:
Let A and B be (Q, L) -fuzzy normal ideals of the rings R and H respectively.Clearly AxB is a (Q, L) -fuzzy
ideal of RxH, since A and B are (Q, L) -fuzzy ideals R and H. Let x; and X, be in R, y; and y, be in Hand q in Q.
Then (Xg, y1) and (X», Y») are in RxH.
Now, AxB [(X1, Y1) (X2, ¥2), d] = AxB (( XXz, Y1Y2), Q)

= A(X1X2, ) A B(y1y2, 9)

= A(Xz X1, q) A B(Y2 y1, )

= AXB ( (XoX1, Y2Y1), 0)

= AxB [(X2 ¥2) (X1, Y1), q]. Therefore, AxB [(X1, Y1) (X2, Y2), d] = AXB [(X2, Y2) (X1, Y1),
g].Hence AxBisa (Q,L)- fuzzy normal ideal of RxH.

3.10 Theorem:
Let A and B be (Q, L) -fuzzy subsets of the rings R and H, respectivelyand AxB is a (Q, L) -fuzzy normal ideal
of RxH. Then the following are true:

(i) ifA(x Q) =B (¢', q), then Ais a (Q, L) -fuzzy normal ideal of R.

(i) ifB(x Q) = A (e, g), then Bis a (Q, L) -fuzzy normal ideal of H.either A is a (Q, L) -fuzzy normal
ideal of R or Bisa (Q, L) -fuzzy normal ideal of H.
Proof:
Let AxB be a (Q, L) -fuzzy normal ideal of RxH and X, y in R and €'in H. Then (x, €') and (y, €') are in
RxH. Clearly AxB is a (Q, L) -fuzzy ideal of RxH.

Now, using the property that A (X, Q) = B (e, q), forall xin R, clearly Aisa (Q, L) —fuzzy ideal of R.
Now, A(xy, q) = A(xy, Q) A us (€€, Q)

AxB (((xy), (e'€)), )

AxB [(x, e)(y, &), q]

= AxB [(y, €)(x, &) ,q]

= AxB [((yx), (€'¢)), d]

= A(yx, q) A B(e'¢', q)
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= A(yx, q) .
Therefore, A(xy, q) = A(yx, q), forallxandyin Rand gin Q. Hence Aisa  (Q, L) -fuzzy normal ideal of R.
Thus (i) is proved.

Now, using the property that B (X, q) = A (e, q), for all xin H, let xand y in Hand e in R. Then (e, x) and (e, y)
are in RxH. Clearly B is a (Q, L) -fuzzy ideal of H.
Now, B(xy, q) = B(xy, q) A A(ee, q)
Alee, g) A B(xy, q)
AxB (((ee), (xy)), )
=AxB (e, x) (e, y), d]
=AxB[(ey) (e, x), d]
AxB [((ee), (yx)), d]
= Alee, q) AB(yx, 0)
= B(yx, q).
Therefore, B(xy, q) = B(yx, q), for all xand y in H and q in Q. Hence B is a (Q, L) -fuzzy normal ideal of H.
Thus (ii) is proved. (iii) is clear.

3.11 Theorem:
Let A be a (Q, L) -fuzzy subset of a ring R and V be the strongest (Q,L) -fuzzy relation of R with respect to A.
Then Aisa (Q, L) -fuzzy normal ideal of R ©V isa (Q, L) -fuzzy normal ideal of RxR.
Proof:
Suppose that A is a (Q, L) -fuzzy normal ideal of R. Then for any X = (X1, Xp)and y = (y1, ¥») are in RxR and g
in Q. Clearly V isa (Q, L) -fuzzy ideal of RxR.
We have, V (xy, 0) = V[(X4, X2) (Y1, Y2), d]
= V(( xay1, X2Y2), 9)
= A((xay1), @) A A((X2Y2), 0)
= A((yixa), @) A A((Y2x%2), 9)
= V((y1X1, Y2X2), Q)
= V[(y1, ¥2) (X1, X2), d]
= V(yx, Q).
Therefore, V(xy, q) = V(yx, q), for all xand y in RxR and q in Q. This proves that V is a (Q, L) -fuzzy
normal ideal of RxR.
Conversely, assume that V is a (Q, L) -fuzzy normal ideal of RxR, then for any X = (X1, Xo) and y = (yi, Y») are
in RXR,we have,
Ay, 0) A A (XaY2, 0) = V((Xoy1, X2Y2), 0)
= V[(X1, X2) (Y1, ¥2), d]
=V(xy, q)
= V(yx, q)
= V[(y1, Y2)(X1, X2), q]
= V((y1X1, Y2X2), Q)
= AyiX1, 9) A A(Y2x2, 0).
If we put X, =y, = e, where e is the identity element of R. We get, A(X1y1,q) = A (YiXy, q), for all x; and y; in R
and g in Q. Hence Alisa (Q, L) -fuzzy normal ideal of R.

3.12 Theorem:
Let (R, +, -) and (R', +, -) be any two rings and Q be a non- empty set.The homomorphic image of a (Q, L) -
fuzzy normal ideal of Ris a (Q, L) -fuzzy normal ideal of R'.
Proof:
Let f: R—R'be a homomorphism. Let A be a (Q, L) -fuzzy normal ideal ofR.

We have to prove that Vis a (Q, L) -fuzzy normal ideal of f(R) = R".

Now, for f(x) and f(y) in R', we have clearly V is a (Q, L) -fuzzy ideal of a ring f(R) = R', since Aisa (Q, L) -
fuzzy ideal of aring R.

Now, V(E(x)f(y), o) = V(E(xy), @) = A(xy, )
= A (yx, @) =0V (F (1).9)

=V (f(y) f(x), q),
=V (f(x) f(y), q) = V(f(y)f(x), ). Hence Visa (Q, L) -fuzzy normal ideal of the ring R'.
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3.13 Theorem:
Let (R, +, -) and (R', +, -) be any two rings and Q be a non-empty set. The homomorphic pre-image of a (Q, L) -
fuzzy normal ideal of R' is a (Q, L) -fuzzy normal ideal of R.
Proof:
Let f: R—R'be a homomorphism. Let V be a (Q, L) -fuzzy normal ideal of f(R)= R'. We have to prove that A is
a (Q, L) -fuzzy normal ideal of R.
Let x and y in Rand g in Q. Then, clearly A is a (Q, L) -fuzzy ideal of the ring R, since V is a (Q, L) -fuzzy
ideal of the ring R'.
Now, A(xy, q) = V(f(xy), q)
= V(f()f(y). a)
= V(f(y)f(x), a)
= V(f(yx), q)
=A(yx, q),
= A Xy, q) =A(yx q), for xand y in Rand q in Q.Hence A isa (Q, L) -fuzzy normal ideal of the ring R.

3.14 Theorem:

Let (R, +, -) and (R, +, -) be any two rings and Q be a non-empty set. The anti-homomorphic image of a (Q, L) -
fuzzy normal ideal of R is a (Q, L) -fuzzy normal ideal of R'.

Proof:

Let f R—R'be an anti-homomorphism. Let A be a (Q, L) -fuzzy normalideal of R. We have to prove that V is a
(Q, L) -fuzzy normal ideal of f(R) = R'.

For f(x) and f(y) in R', clearly V is a (Q, L) -fuzzy ideal of R', since Aisa (Q, L) -fuzzy ideal of R.

Now,  V(f(x)f(y). a) = V(f(yx), 0)

= A(yx, q)
= A(xy, 9)

= V(f(xy), 0)
= V(f(y)f(x), a),
= V(f)f(y), a) = V(f(y)f(x), a).
Hence Visa (Q, L) -fuzzy normal ideal of the ring R'.

3.15 Theorem:
Let (R, +, -) and (R, +, -) be any two rings and Q be a non- empty set. The anti-homomorphic pre-image of a (Q,
L) -fuzzy normal ideal of R' is a (Q, L) - fuzzy normal ideal of R.
Proof:
Let f: R—R'be anti-homomorphism. Let V be a (Q, L) -fuzzy normal idealof f(R) = R' . We have to prove that A
isa (Q, L) -fuzzy normal ideal of R.
Let xand y in R and g in Q, we have clearly A is a (Q, L) - fuzzy ideal of R, since V is a (Q, L) - fuzzy ideal of
R'.
Now, A(xy, q) = V(f(xy), q)
= V(f(y)f(x), a)
= V(f()f(y), a)
= V(f(yx), )
= A(yx, 9),
= AKXy, q)=A(yx q), forxandyin Rand qin Q.
Hence A isa (Q, L) -fuzzy normal ideal of the ring R.

3.16 Theorem:
Let A be a (Q, L) -fuzzy normal ideal of a ring H and f is aisomorphism from a ring R onto H. Then A-fis a (Q,
L) -fuzzy normal ideal of R.
Proof:
Let xand y in Rand A be a (Q, L) -fuzzy normal ideal of a ring H. Thenclearly (A°f) is a (Q, L) -fuzzy ideal of
the ring R.
Then we have, (A°f) (xy, q) = A(f(xy), q)
= A(f()f(y), a)
= A(f(y)f(x), a)
= A(f(yx). a)
= (A°D) (yx, q),
= (A°f) (xy, q) = (A~f) (yx, q), for x and y in R and q in Q.
Hence A-fis a (Q, L) -fuzzy normal ideal of the ring R.
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3.17 Theorem:
Let A be a (Q, L) -fuzzy normal ideal of a ring H and f is an anti-isomorphism from a ring R onto H. Then A°f'is
a (Q, L) -fuzzy normal ideal of R.
Proof:
Let x and y in Rand A be a (Q, L) -fuzzy normal ideal of a ring H. Thenclearly (A°f) is a (Q, L) -fuzzy ideal of
the ring R.
Then we have, (A°f) (xy, q) = A(f (xy), q)

= A(f(y)f(x), a)

= A(f()f(y), a)

= A(f(yx), )

= (A°f) (yx, q), = (A°f) (xy, q) = (A°f) (yx, q), for x and y in R and q in Q.Hence
A-fis (Q, L) -fuzzy normal ideal of the ring R.

3.18 Theorem:
Let A be a (Q, L) -fuzzy normal ideal of a ring R, then the pseudo(Q,L) -fuzzy coset (aA) * is a (Q, L) -fuzzy
normal ideal of the ring R, for ain R.
Proof:
Let A be a (Q, L) -fuzzy normal ideal of a ring R. For every x and y in R and gin Q, we have, clearly (aA) Pis a
(Q, L) -fuzzy ideal of the ring R
And, ((aA)")(xy g) = p(2)A(xy, q)
= p(a)A(yx, )
= ((@A) P)(yx q).
Therefore, (@A) ) (xy q) = ((@A) P) (yx q), for xand y in Rand g in Q.
Hence (aA) " is a (Q, L) -fuzzy normal ideal of the ring R.

3.19 Theorem: Let A be a (Q, L) -fuzzy ideal of a ring R. Then for%in L such thatﬂrs A(e, q), A% is a ideal of
R.

Proof:For all xand y in Aﬂr,we have, A(X, q)zﬂrand Ay, q)Zﬂ'r
Now, A(X-y,q) = A(x, q) A A(Y, 0)

S0
= ar,
=, Axy. 9> &
And,  A(xy, q) = A(x, q) V A(Y, q)
> o, o _ ﬂ’l
=, Ay, 9= @
Therefore, A(X-y, q) > "T, A(xy, q) > ar, we get x-y and xy in A% Hence AY s a ideal of R.

3.20 Theorem:

Let A be a (Q, L) -fuzzy ideal of a ring R. Then two Q-level ideals A'-Tl, Aarz and ﬂ’l and {1’2 in L and {1’1 <A
(e, 9), "Tz <A (e, q) with a2<a1 of A are equal <there is no x in R such that ar1> A (X, Q) >a2.

Proof:Assume that Aﬂrlz Aaz.Suppose there exists an XxeR such thatﬂr1> A(X, q) >ﬂ'2_ Then AﬂrlgAaz, =X
belongs to A'-Tz, but not in Aal. This is a contradiction to Aﬂrl = Aarz. Therefore, there is no XxeR such that {1’1>
A (X Q) >'-T2. Conversely, if there is no x€R such that ar1> A(x, q) >ar2, then A arl = A'-Tz.

3.21 Theorem:

Let A be a (Q, L) -fuzzy ideal of a ring R. The intersection of two Q-level ideals of A in R is also a Q-level ideal
of AinR.

Proof:

Forﬂ'rlandﬂrzin L,ﬂrl <A(e, q) andﬂrzsA(e, q).
Case (I):1f%, < A(x, g) < &, then AD ,c AT,
Therefore, Acrlﬂ Aaz = A'—TZ, but Aﬂrz is a Q-level ideal of A.
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Case (ii):If% > A(x, g) >&,, then A%, cAX,
Therefore, AﬂrlnAazz Aarlvbut A'-Tlis a Q- level ideal of A.

Case (iii): If &, = &, then A%, = AT,
In all cases, intersection of any two Q-level ideals is also a Q-level ideal of A.

3.22 Theorem:

Let A be a (Q, L) -fuzzy ideal of a ring R. The union of two Q-level ideals of A in R is also a Q-level ideal of A
in R.

Proof:

Letalandarzbe in L,arl <A(e, q) andarng(e, q).
Case (i): %< A(x, q)< &, then A% ,c AT .

Therefore, A'-Tlu Aarz = A'-Tl, but A'-Tl is a Q-level ideal of A.
Case (ii):1f% 1> A (x, g) >%,, then A% AT,

Therefore, Aﬂrl U Aarz: Aarz‘but Aarzis a Q-level ideal of A.

Case (iii): If '-Tl = '-Tz, then Aﬂ'rl = A'—TZ, In all cases, union of any two Q-level ideal is also a Q-level ideal of
3.23 Theorem:
The homomorphic image of a Q-level ideal of a (Q, L) -fuzzy ideal ofthe ring R is a Q-level ideal of a (Q, L) -
fuzzy ideal of the ring R'.
Proof:
Let f: R—R'be a homomorphism. Let V = f (A), where Aisa (Q, L) -fuzzyideal of the ring R. Clearly V is a
(Q, L) -fuzzy ideal of the ring R'.

Let xand y in R and q in Q, implies f(x) and f(y) in R'. Let A% js o Q-level ideal of A. That is, A(x, q) > & and

AW @)= % Ay, @2 %, Alxy, @)= % We have to prove that f(A) is a Q-level ideal of V.
Now, V(f(x), q) = A(x, q)

>

= V(f(x), q) > % and
V({(y), @) = A(y, q)
>

= V(f(y), ) > % and,
V(f(x)-f(y), 9) = V(f(x-y), a)
> A(x-Y, 0)
>
= V(f(x)-f(y), ) > L.
Also, V(f (X)f(y), a) = V(f(xy), q)
> A (xy, q)
=
= Vx)f(y), q) = %, Therefore, VF(X)-f(y), q) > % and pu(fx)fy), q) > % Hence F(AX) is a Q-level ideal
of a (Q, L) -fuzzy ideal V of the ring R'.

3.24 Theorem:
The homomorphic pre- image of a Q-level ideal of a (Q, L) -fuzzyideal of the ring R' is a Q-level ideal of a (Q,
L) -fuzzy ideal of the ring R.
Proof:

Let f: R—R'be a homomorphism. Let V = f(A), where V is a (Q, L) -fuzzyideal of the ring R". Clearly A is
a (Q, L) -fuzzy ideal of the ring R.
Let f(x) and f(y) in R, implies x and y in Rand g in Q.

Let f(A'-T) is a Q-level ideal of V. That is, V(f(x), q) > & and V(f(y), q) > ar,
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V(E(x)-fy). 9) = F, V(o). 9 > E.
We have to prove that A% jsa Q-level ideal of A.
Now, A(x, q) = V(f(x), q)

/4

= AKX q)> ar,
A(y, 9) = V(f(y), )
>

= A, q= @
And, A(x-y, q) = V(f(x-y), q)
= V((x)-f(y). q
> ar,

= A(xy, )= &,

Also, A(xy, q) = V(f(xy), q)
= V(f()f(y), )
> ﬂ"

= A Xy, q > a Therefore, A(X-y, q) > ar, A(xy, q) > @ Hence, A% s a Q-level ideal of a  (Q, L) -
fuzzy ideal A of R.

3.25 Theorem:
The anti-homomorphic image of a Q-level ideal of a (Q, L) -fuzzyideal of a ring R is a Q-level ideal of a (Q, L)
-fuzzy ideal of aring R'.
Proof:
Let f: R—R'be an anti- homomorphism. Let V=Ff(A), where A is a (Q, L) -fuzzy ideal of R.
Clearly Vis a (Q, L) -fuzzy ideal of R'.
Let x and yin Rand qin Q, implies f (x) and f (y) in R".

Let A% isa Q-level ideal of A.

That is, A(x, q) > & and Ay, q) = @ A(y-x, q) > a, A (yx, q) > & \We have to prove that f (A'-T) is a Q-level
ideal of V.
Now, V (f(x), ) = A(x, q)

>

= V(f(x),q =%
V(f(y), 9) = Ay, 9)
>
= V(f(y). q) > %.
Now, V(f(x)-f(y), a) = V(f(x)-(y), q)
= V(f(y-x), a)
= A(Y'X, q)
=
= V(f(x)-(y). 9 > L.
Also,  V(f(x)f (y), q) = V(f(yx), )
> A (yx, q)
>
= V(f0)f (y), q) > % Therefore, V(f(x)-f(y), q) > & and VX)), q) > F. Hence FAX) is a Q-level ideal
of a (Q, L) -fuzzy ideal V of R'.
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3.26 Theorem:

The anti-homomorphism pre-image of a Q-level ideal of a (Q, L) -fuzzyideal of a ring R' is a Q-level
ideal of a (Q, L) -fuzzy ideal of aring R.
Proof:
Let f: R—R'be an anti-homomorphism. Let V= f(A), where V is a (Q, L) -fuzzy ideal of the ring R'. Clearly A is
a (Q, L) -fuzzy ideal of the ring R.

Let f(x) and f(y) in R', implies xand y in R and q in Q. Let f(Aar) is a Q-level ideal of V.

That is, V(f (x), q) = & and V(fly), q) > F; V(f(y)-fix), @) = %, VE)x), q) = . We have to prove that AX
is a Q-level ideal of A.
Now, A(x, q) =V(f(x), )

= Ax q > &

Ay, q) = V(f(y), q)
>0

= Ay, 9> %,
Now, A(x-y, q) = V(f(x-y), q)
= V(f(y)-f (x), )
> ar,

= A(xy, 9> %,
Also, A(xy, q) = V(f(xy), q)
= V(f(y)f(x), q)
> ar,

= Axy, q) > a Therefore, A(X-y, q) > & and A(xy, q) > @ Hence A% isa Q-level ideal of a (Q, L) -fuzzy
ideal A of R.

3.27 Theorem: Let A be a (Q, L) -fuzzy ideal of a ring R. Thena+A,=(a+A),,for every a in R, & in L.
Proof:
Let A be a (Q, L) -fuzzy ideal of aring R and let x in R.
Now, X €(a+A),

= (@A) (x, 9 2 a

& A(X-a,q)>a

& xX-a €A,

S XxXeatA,.

Therefore, a+ A, = (a+ A),, for every x in R.

IV. CONCLUSIONS

This dissertation provides various types of results on (Q, L) fuzzy ideals of ring , & (Q, L) fuzzy normal ideals
of ring so that it will be easier to understand the concepts in the material, we have given the list of references
from where we have collected the details for this dissertation. | hope that whatever the things that are discussed
in the dissertation will give be clear to the reader.
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