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ABSTRACT:

2 2 _ 2
Homogeneous ternary quadratic equation 5x* +4y” =189z is analysed for its integral points on it.
Employing the integral solutions of the above equation, a few interesting relations between the solutions and the
special numbers are also exhibited.
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I. INTRODUCTION:
The Diophantine equation offer an unlimited field for research due to their variety [1—3]. In particular, one

may refer [4 —13] for quadratic equation with three unknowns. The communication concerns with yet another

interesting equation 5X° +4y? =189z representing non-homogeneous quadratic equation with three

unknowns for determining its infinitely many non-zero integral points. Also, a few interesting relations among
the solutions are presented.

Il. NOTATIONS:

1. Polygonal number of rank n with side m

t, =nf1 002

m,n

2. Pronic number of rank n

Pr, =n(n+1)
3. Star number of rank n

S, =6n(n—1)+1.
I11. METHOD OF ANALYSIS:

The ternary quadratic Diophantine equation to be solved for its non- zero distinct integral solution is
5x2 + 4y2 =18972

Introduction of the linear transformations (X =T # O)
X=X—-4T,y=X+5T

in (1) leads to
X2 +20T2 =212 o

Different patterns of solutions of (1) are presented below:

)

@

Pattern-1:

write 20 as
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21:(;L+i@)tl—i\/2_0) @
Assume

VA :8.2 +20b2 (5)

where a and b are non- zero distinct integers

using (4) and (5) in (3), we get
2
X2+207 2 = f1+iv20)-iv20) a2 + 2002 |

Employing the method of factorization the above equation is written as

(X +iv20T ) (X ~iv20T )= L+ iv20) . —i~/20) 2 + iv20b) (a—iv20b)

Equating the positive and negative factors, the resulting equations are,

X+i@T:(;+i\/2_0)(a+i\/_b)2 )
X —i20T = 1-iv20)(a —h/_b) @)

Equating real and imaginary parts in (6), we get
X =a2 —20b2 —40ab

T =a? —20b2 +2ab
substituting the values of X and T in (2), we get

x = x(a,b)=—3a2 +60b2 —48ab @®)
y = y(a,b)=6a2 ~120b2 —30ab ©

Thus (8), (9) and (5) represents non- zero distinct integral solutions of (1) in two parameters.

Properties:

« X(@,b)-60 Prb = 0(mod3)

« Y(al)—6Prg =0(mod2)

. x(b,b)—z(b,b)+12t4’b =0
. Yy(aa) +144t4 q= 0

. x(l,b+1)—Sb =(0(mod2)

. z(a+L1)—S Pra+t4a_0(mod2)

Pattern-2:

The equation (3) can also be written as
X2 —72 =20(z> -T?)

(10)
(X —z)X +2)=20(z-T)z+T)
Equation (10) is written in the form of ratio as,
X+z _4z2-T)_«a B0
5z+T) X-z S an

From the first and third factors of (11), we have
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X+1z a

5z+T) B
BX —5aT +(B-5a)2=0 12
From the second and third factors of (11), we have
AZ-T) «
X-Z B
—aX 40T +(4f+a)z=0 (13)
Applying the method of cross multiplication for solving (12) and (13)
X =5a’ +4Oaﬂ—4,82
T =-5a*+ 203 + 4ﬂ2
z=5a°+ 4,82
substituting the values of X and T in (2), we get
x = X(a, B) = 25a* +32a3 — 2037
y = Y(a, B)=—20a’ +50as +16 5° (14)
z=12(a, B)= 4% +5a*
Thus (14) represents the non-zero distinct integral solutions to (1)
Properties:
o X B)—32Pr,+52t, , = 0(mod>5)
e Y(a1)+20Pr, =0(mod2)
o X(B.p)+zp.p)—-28t,,=0
e Y(a,a)-46t,, =0
o X(B,B+1)+ S, =0(mod2)
e X(ax+11)-S_, =0(mod5)

Pattern-3:

One may write (10) in the form of ratio as
X+z 52Z-T) «

Az+T) X-z _E'ﬁio 15
From the first and third factors of (15), we have
X+71 «a
Az+T) B
PX+(f-4a)z—4aT =0 (16)
From the second and third factors of (16), we have
5(z-T) a
X-z E
~54T +(58+a)i—aX =0 an

Applying the method of cross multiplication for solving (16) and (17)
X =4a’® + 40a,8—5ﬂ2
T =5p8% + 2af—4a’

z=4a° + 5,82
substituting the values of X and T in (2), we get
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x = X(a, )= -254% + 3203 + 200
y = y(a, B) = 208% + 5008 — 160
z=12(a,B)=4a’ +58

Thus (18) represents the non-zero distinct integral solutions to (1)
Properties:

e X p)—32Pr,+57t, , =0(mod 2)
e Y(a,)+16Pr, =0(mod2)
® X(ﬂ!ﬂ)+y(ﬂ!ﬂ)_8lt4“g =0

e X a)+z(a,a)-36t,, =0
e YL B+1)-S, =0(mod5)
e X(x+11)-S, =0(mod?2)

Pattern-4:
One may write (10) in the form of ratio as

X -1 :5(Z—T):g'ﬁ¢o
Hz+T) X+z pB
From the first and third factors of (19), we have
X—-7 a
Az+T) B
BX —(B+4a)1—4aT =0
From the second and third factors of (20), we have
5(2 —T) _a
X+z p
~5AT +(68—a)z—aX =0
Applying the method of cross multiplication for solving (20) and (21)
X =—4a’ + 40ap + 5ﬂ2
T =5p% -2af—4a’
z=4a% + 5,82
substituting the values of X and T in (2), we get
x = X(a, B) = —154% + 48af +12a*
y = y(a, ) =308% +30ap — 24a*
z=12(a, B)=4a’ +5p7
Thus (22) represents the non-zero distinct integral solutions to (1)

Properties:

e X( B)+15Pr, =0(mod?3)

e Y(a)+24Pr, =0(mod 2)
 X(B8.8)+y(B.p)-8L,,=0

e X, a)+z(a,a)-54t,, =0

e YL B+1)-S,-60Pr,+60t, , =1(mod?2)
e X(@+11)-S, =0(mod?2)

July 2019

(18)

(19)

(20)

(21)

(22)
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Pattern-5:

One may write (10) in the form of ratio as

X -z :5(Z+T):g'ﬂ¢0
Hz-T) X+z p 23
From the first and third factors of (23), we have
X-1 «
Az-T) B
PX —(B+4a)z+4aTl =0 (24)
From the second and third factors of (23), we have
5(2 +T) _a
X+z J/j
56T +(58—-a)z—aX =0 25)

Applying the method of cross multiplication for solving (24) and (25)
X =4a? —4005ﬂ—5ﬂ2
T= 5ﬂ2 - 205ﬂ—40{2
z=—-4a° - S5p 2
substituting the values of X and T in (2), we get
x = X(a, B)=-25p% —32af3 + 200
y = y(a, )= 204% —50ap —16a? (26)
z2=12(a,p)=-4a’ -5p°
Thus (26) represents the non-zero distinct integral solutions to (1)

Properties:

o X B)+32Pr,—T7t, , =0(mod 2)
e Y(al)+16Pr, =0(mod2)

o X(B.8)-y(B.B)-%,,=0

e Y(a,a)-2z(ax,a) +37t, , =0

e z(LB+1D+S,=0(mod5)

e X(a@+11)-S, =0(mod?2)

Pattern-6:

One may write (10)in the form of ratio as
X+z 10Z-T) a
2z+T) X-z p

p#0

(27)
From the first and third factors of (27), we have
X+z a
2z+T) B
ﬂX+(ﬂ—2a)Z—2aT =0 (28)

From the second and third factors of (2.27), we have

10(z-T) _a

X-1z p
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~104T + (108 +a)z—aX =0
Applying the method of cross multiplication for solving (28) and (29)

(29)

X =-108% + 4003 + 20
T =108° + 208 - 2a*
z7=2a" +1O,B2
substituting the values of X and T in (2), we get
x = X(a, B) = -508% + 32a +10a*
y = y(a, B)=404? + 500 —8a* (30)
z=12(a,p)=2a’ +1045*
Thus (30) represents the non-zero distinct integral solutions to (1)

Properties:

e X( B)+50Pr, =0(mod2)

e Y(a1)+8Pr, =0(mod2)

« X(8,8)-y(B.p)+90t,,=0

e Y(a,a)-z(a,a)-T0t, , =0

e z(LB+1)-S,-10Pr,+10t, , =1(mod 2)
e X(@+11)-S, =0(mod7)

Pattern-7:

One may write (10) in the form of ratio as
X+z 2Z+T) « 520
10z-T) X-z pB
From the first and third factors of (31), we have
X+1z a

10(z-T) B
PX +(f—-10a)z+10aT =0
From the second and third factors of (31), we have
2(z+T) a
X-z E
20T +(2+a)z—aX =0
Applying the method of cross multiplication for solving (32) and (33)
X =-10a” - 40ap + 2,82
T= 2,82 + Zaﬂ—loaz
z=-10a? - 20 2
substituting the values of X and T in (2), we get
x = X(a, B) = —63° — 4823 +30a”
y = y(a, f)=124% —30a — 60a’ (34)
z=12(a,p)=-10a® - 23°
Thus (34) represents the non-zero distinct integral solutions to (1)

(1)

(32)

(33)
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Properties:

e X B)+6Pr, =0(mod?2)

e Y(a,)+60Pr, =0(mod?2)

o X(B.p)+zpB.p)+36t, ;=0

e Y(a,o)+1z(a,a)+90t, , =0

e X@pB+1)-S,+18Pr,—18t, , =0(mod7)
e Z(a+11)+S, +10Pr, —10t,  =1(mod?2)

Pattern-8:

One may write (10) in the form of ratio as
X-z 10Z-T) «a 520
2z+T) X+z B
From the first and third factors of (35), we have
X-z a

202+T) B
PX = (f+2a)z—2aT =0
From the second and third factors of (35), we have

10(z-T) _a

X +z p
~104T + (105 -a)z—aX =0
Applying the method of cross multiplication for solving (36) and (37)
X =-2a° + 40aﬂ+10ﬂ2
T= 10,32 — 200 — 20°
z=2a’ +10ﬂ2
substituting the values of X and T in (2), we get
x = X(a, #) = —30% + 48a + 6cx*
y = y(a, B)=608% + 30 —12a*
z=12(a,p)=2a’ +10p°
Thus (38) represents the non-zero distinct integral solutions to (1)

Properties:

e X( B)+30Pr, =0(mod2)

e Y(a,)+12Pr, =0(mod2)

o X(8,8)+z(p.B)-36t, ;=0

e Y(a,a)+1z(ar,a)-90t,, =0

e YL B+1)-S,—-90Pr,+90t, ;, =1(mod?2)
e Z(a+11)-S,-2Pr +2t, =1(mod2)

July 2019

(35)

(36)

@37)

(38)
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Pattern-9:

One may write (10) in the form of ratio as
X-z _2 JrT):g’ﬁ;t0
10z-T) X+z p
From the first and third factors of (39), we have
X-z _a
10(z-T) B
PX = (f+10a)z+10aT =0

From the second and third factors of (39), we have
2z+T) «
X+z B
20T +(2p-a)z—aX =0
Applying the method of cross multiplication for solving (40) and (41)
X =10a? —40ap — Zﬂz
T= 2,82 —205ﬂ—100(2
z=-10a* - 20 2
substituting the values of X and T in (2), we get
x = X(a, #)=-104% —32a3 + 500
y = y(a, ) =88% —50a3 — 40c? (42)
z=12(a,p)=-10a® - 23°
Thus (42) represents the non-zero distinct integral solutions to (1)

(39)
(40)

(41)

Properties:

e X( B)+10Pr, =0(mod?2)

e Y(a1)+40Pr, =0(mod2)

o X(BP+2B P+, ;=0

e Z(a,x)+12t,, =0

e X(LB+1D+S,=0(mod7)

o y(a+11)+S, +90Pr, —90t,  =0(mod2)

Pattern-10:

One may write (10) in the form of ratio as
X +1 :1(z—T):g’ﬁ¢0
20z+T) X-z B

(43)
From the first and third factors of (43), we have
A+ @
20z+T) p
PX+(f—-20a)z—20aT =0 (44)

From the second and third factors of (43), we have
(Z —T) a

X-z p
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AT +(B+a)—aX =0 45)

Applying the method of cross multiplication for solving (44) and (45)

X =20a’ +40aB — B?
T = 2 +2af - 20a°
z =200 + 3

substituting the values of X and T in (2), we get

x = x(a, B) = -58% + 3203 +100c

y =y(a, f)=4p* + 500 —80a’ (46)
z=12(a, B)=20a* + B*

Thus (46) represents the non-zero distinct integral solutions to (1)

Properties:

X, B) —32Pr,+37t, , =0(mod 2)
y(,1) +80Pr, = 0(mod 2)
x(B.p)+ (B, B)-148t, , =0
2(a,0)-21t, , =0

XL, B+ +S, =0(mod3)
y(a+11)+S, =0(mod3)

IV. CONCLUSION

In this paper, we have made an attempt to obtain all integer solutions to ternary quadratic equation
5x* +4y? =189z .One may search for other patterns of solutions and their corresponding properties.
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