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ABSTRACT

In this paper we prove some results on relative order of composite function with respect to a composite function
formed with entire and meromorphic functions.
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I. INTRODUCTION AND DEFINITIONS

The Maximum modulus of an entire function f (z) is defined by

M (r)=max{| f(z)[:| z|=r}.
If f isnon-constantthen pm () is strictly increasing and continuous function of r and its inverse
M7 (| f(0)],0) = (0,0)
exists and is such that
!m M; (r) =co.
Definition 1.1The order of an entire function f(z) is defined as
- log”"' M (r)

p; =limsup———.

ro logr
Definition 1.2([4])If T(Z) and g(z) are two entire functions then the relative order of f(z) with respect to
g(z) is defined as
Py (F)=inf{ur>0:M(r) <M (r*) forall r>r,(x)>0}

_ logM*M. (r
— ||msupgg—f().
- logr
Definition 1.3 ([7]) The relative order of a meromorphic function f(z) with respect to an entire function g(z) is
defined as
P (F)=Inf{1>0:T(r) <Tg(rﬁ) for all r > r;(1) >0}
_ logT'T, (r
— ||msupgg—f().
rw logr
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Definition 1.4([1]) The relative order of a meromorphic function f (Z) with respect to another meromorphic
function g(z) is defined as

pg(f)—llmsup ogT ((:))

Il. LEMMAS
In this section we present some lemmas which will be needed in the sequel.

Lemma 2.1([6]) Let g be an entire function. Then for all large values of I
T,(r) <logM, (r) <3T,(2r).

Lemma 2.2([12]) Let f and g be two entire functions. Then for a sequence of values of I tending to infinity

1 1 r
Tig(r) = glog M (5 Mg(z))-

Lemma 2.3([5]) Let f and g be two entire functions. Then for all sufficiently large values of I
1 r
M (g Mg(i)—l g(0) ) <My (r) <M (M, (r)).

Lemma 2.4([8]) Let f be a meromorphic function and g be an entire function with 0 < zz < Py < and
A, > 0.Then for a sequence of values of I tending to infinity

Tig () =T, (exp(r)”).
Lemma 2.5 ([3]) Let T be a meromorphic function and g be an entire function with 0 < gz < Py < oo, Then for
a sequence of values of I' tending to infinity

Ti. (1) 2T, (exp(r)”).
Lemma 2.6 ([4]) Let f be a meromorphic function and g be an entire function then for all large values of I

T, () <000} hj )( T (4,0

2+0 .
Lemma 2.7([9]) Let f and g be two entire functions. If M (r) >——/|g(0) |for any 0> 0, then
0

Ti.4 (1) <@+)T; (My(r)).
In particular if ¢(0)=0then
Trg (1) <T; (Mg (r))

forall r >0.

Lemma 2.8Let f be a meromorphic function and g be an entire function with 0 < Py < p <00,
Then for all large values of I

Ty (1) <{1+0@)FT; (exp(r)”).

Proof:From Lemma 2.6
T,(r)

Tio(r) < {1+0(1)} M ()T (Mg (). 2.1)
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Now from the definition of order of  we have for any 6> 0 and large I
Py +0
logM  (r) <r

- Py +0 u
ie, M (r)<expr™ <expr” when u>p, .(22)
So using Lemma 2.1we have from (2.1) and (2.2)

Ti.g (N <{1+0@JT; (exp(r)“).

I11. MAIN THEOREMS

In this section we present the main results of the paper.

Theorem 3.1Let f, f,,h, and h, be four entire functions of respective finite orders and g be a polynomial of
degree m.Then the relative order of h, o h, with respectto f, o f, o g satisfies the inequality

A,
oh)>—=
Ptoty0g (h oh,) mps,
and further when | h,(0) |=0,
P
oh)) < 2.
Prof,e0g (hohy) m/,sz

Proof:We have by the definition of order for any 6> 0 there exists I;(0) >0 such that

M, (r) <exp{r™"} for all r>r,(). 3.1)

- -1 1 [2]

e, M (r) >exp{——log*'r}. (3.2)

' P, +0

Similarly

M *(r) > exp{ ! ~log™® r}. (3.3)
’ Pr, TO

Again for arbitrary 0> Qand for all large values of

M, (r) >exp{r™ "} (3.4)

and

M, (r)> exp{r’"}. (3.5)

Let g(z)=a, +az+a,2° +---+a, z".

Then for any 0> 0 there exists I;(0) >0 such that

la, [r"@-0) <M (r)<a,|[r"@+0) for all r>r. (3.6)
So
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I\/If1 mand M/ i. .
R T )} and M) < @)

Again from the Lemma 2.3we get
M., (N <M{ (M (M((r)))

ie, Ml o () >M7 (MM (). 38)
Also by Lemma 2.3for two entire functlons h, and h, with | h,(0) |=0 we have

1
Mhloh2 (r) Z Mh1 (g Mh2 (2)) (3.9)
So

(e (9)
oh)) =limsu Mz My
Pryeteg(hohy) pr logr
logM " (MZ (M (M,..,, ()))) fro

logr

logM (M }(M (M, ( M, (5 D)

> limsup, ., logr from (3.9)
logM_"(M }(M (M, ( exp(- )*"f"»»

> limsup, logr from (3.5)
logM (M (M (exp[ exp(;, Ly 1))

> limsup, ., from (3.4)
Iog r

> limsup, ., m (3.8)

log M (M X xp{ - log™ (expl () T "))

f1

> limsup, logr from (3.2)
logM (M *(exp{ﬂ“ )*“z “M+oW
> limsup, Iofglj .
-1 2l Zh Ay =0
log M, (eXIO{ |09 (eXp{ ( ) 1H)+0@)
> limsup, ., Pyt from (3.3)
logr
|09|V|’l(eX|0{2“ |09( )})+O(l)
> limsup, . Izog ,
Ay =0
log M "((5 )p‘2+°)+0(1)
> limsup, .

Iog r
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Ay~

O
logf, 23" +0()

2
> limsup, ., &, |(|1 ) from (3.7)
ogr
Ay =0

1 log(; )"‘2“’ log|a, | (1+06)+0O()

> limsup w—
”m logr

2 -

Iog( ) log|a, |(1+0)+0()

. 1
> limsup, ., E

logr
s 1A 0
m pg +0
zl “ , since 0>0is arbitrary.

m py,
From Lemma 2.3, for all sufficiently large values of I

Miro(0)2 My GM ()2 M (M (M, )

ie, M%, (1) <2M '(18M(OM'(r))).
Also for all sufficiently large values of I' we get from Lemma 2.3
M., (1) <M, (M, (1))

Againfor sufficiently large values of I

M, () <exp{r™*} and M, (r)<exp{r™"}

and

M () < exp{/1 log”'r} and M{/(r) < exp{}L

f, 0 f,
Now

f1 00 (Miyp, (1)
Protg(oh,) = llrpjwup Ioggr

log(2M;*(18M - (OM *(M, .., ()))))
logr
log(2M,*(18M ;*(9M *(M,, (M, (1)))))

<limsup, ., m (3.11)

<limsup, ., - - - from (3.12)

logr

~log™ r}.

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)
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log(2M 2(18M ;1 (OM (M, (exp{r™="
<limsup, ,, 9(2M, (18M,, ( Io;: S G ) from (3.13)

-1 -1 -1 %4—(‘) phl+(‘>
<limsup, __ log(2M " (18M ¢ (9M|f;;erxp[exp{r L))/ (3.13)
log(2M ;" (18M *(9 expd |09[2] (explexp{r™ 3™ )1))

<limsup, ., A from (3.14)
Iog r

log(2M " (18M (9 exp{ " }))
<limsup, ., A,

Iog r

log(2M (18eX|0{ |09[2]{96X|0{ it p““"}}}))
-0

<limsup, Ay = A from (3.14)
logr

£, ~O [,

log(2M," (18exp{~ L |09[T O+ 0()
[0)

<limsup, I
ogr
ph2+<‘)
log(2M ' (18r "= ™)) + O(1)
logr
P+

l,o 1
log{. > 3" +0()
<limsup, ,, |am|(| —9) from (3.7)
ogr

<limsup, ,,

Py +0
1 log re™ 4 o@®
<limsup, ,, M

logr
i P,
m Ay,

< ,sinceo>0 is arbitrary.

Theorem 3.2Let f,, f,,h and h, be four entire functions of respective finite orders such that p; # 0 and
0,,9, be two polynomials of degree m;, m, respectively such that | g,(0) |=0. Then the relative order
of h, oh, o g, with respect to f, o f, o g, satisfies the inequality

m, A,
Piotoq, (o 00,)>—=
et m oy,
and

m, Pn,

lofl ofyo gl(hl h 092)<n11/1f2
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2
Proof:Let gl(Z) =a,tqZz+a,Z +-- ._|_amlzml
and
d9,(2)=b, +bz +b222 -|----+bmzzmz

be two polynomials of degree m,, M, respectively. By the definition of relative order of an entire function with
respect to another entire function we have

I g f1 fao 91(Mh1°hz°92 (r))

Ioflofzogl(hl oh,og,)=limsup

r—o logr

> limsup, . logM,, (M, (:\(;lg r(M“l LAY )))) rom (3.8)
l0g M (M (MM, (5 My, G2 My, )

> limsup, Iogr from (3.10)
logM " (M (M (Mhl( 'V'hz( |b, [A—-0)(5 )mz)))))

> limsup, Iogr from (3.6)
|09M‘1(M‘1(M‘1(Mm( e><|0( |b |1-0)( )mz))l“f")))

> limsup, ., Iogr from (3.5)
logM ‘(M (M} (exp[ exp(—|b |A-a)™) T )

> limsup, ., Iog ; from (3.4)
logM /(M (eXID{)%h |09( exID(fIb |A-0)( )mz)ﬂhf(’)}))

> limsup, Py oot from (3.2)

logM:*(M; (exp{ﬂ“l ('b ha-9C) ¥=*)+ow

> limsup, .
" logr

g M, ep( logm(exp{ﬂ“ ('b ha-aC) =) +ow

> limsup, ., h from (3.3)
Iog r
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_ Ay, —0 =0 |b, M
log M2 (exp{ ™ tog ™ > (Blya—) ) + o)
) P +0 p; +0 18 2
> limsup, 2 Ilog ,
Ay, — m,

logM (exp{ s |09( ) H+0Q@)

> limsup, ., le
ogr
-

log M, T(;)™ 17+ +0()

> limsup, ., I
ogr
[ e

G

log 20— +0()
> limsup, _,, il |a”‘||( +9) from (3.7)

ogr

1 m

Tlog() 0w
> limsu =—22

Pro logr m, p; +0

2&% , sinceo>0is arbitrary.

m, p,

Using the same arguments as in Theorem 3.1we can show that

m, th

P fzogl(hl oh, Og)<m ﬂ,

Theorem 3.3Let f,, f, and h, be three entire functions of respective positive orders and h, be meromorphic
function of finite order P, and g be a polynomial of degree m. Then the relative order of |’11 ° h2 with respect

to f, o f,oQ satisfies the inequality
1/, 1/,
oh,)>——= and oh,)<——=.
Proro(hol) =0 and oy (o) < o
Proof:For any 0> 0 and for all large values of r we get
P, O +0
T, ()<r”™ and T, (r)<r™™.
1
T H(r) > ronte

for all large values of r.
Also for all large values of r we have

(3.15)

(3.16)
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T, () >r™". (3.17)

For three entire functions f,, f, and h, we use the Lemma 2.7we get

(r) <31 (M, (M, ()).

f1 fo00

So for all large values of r we get

r
f f g(r) = M (M (T (3))) (3.18)

Again from Lemma 2.5we get for a sequence of values of r tending to infinity and 0 < < P,

Thon, (N =T, (exp(r)“). (3.19)

Let g(z) =a, +a,z+a,z° +---+a,z".

Now
: log T, 7, .o (Ty., ()
oh,) =limsu BRI L
Preteg (M oht) ions Iogr
log M (M (1 (T ( Too, (1 ))))
> limsup, _, . 3 from (3.18)
logr
g1, Tn (EXPTY)
logM,"(M ff(ﬂf(%)))
> limsup, ., from (3.19)
logr
I M—l M—l -1 1A —20
> limsup, _,., ogM, (M, (:fl dexpriy” ) from (3.17)
ogr

1

log M, (M ([{expr ¥ 17+

> limsup, logr from (3.16)
%—26
Sl log M (M7 ([{expr 31 ™™))
> limsup, _,, ogr
/Lnl—Z(‘)
log M 7l(eXI0{ “log™” ({expr*}™)})
_l_
> limsup, ,, P I from (3.3)
ogr

log M (exp{— L log(r* 22—y
i f, P,
> limsup, .,

logr

_2‘
log M (exp{ H logr + 1 -log ﬂ”* f))})
fz+o Ps, +0O Py, TO

logr

> limsup, .,
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]

_ log M, *(r”=")+0(1)
> limsup,
logr
_H
rpf2+6
log(—— ) +0()
> limsup, ,, — 2, |d+9) from (3.7)
m logr
>1_u
m p; +0
>1 Py since 050 s arbitrary.

m ps,

We know from the definition of lower order for all large values of r

MH(r) < exp{/1 1 log™ r}. (3.20)

[, —O

Similarly, for all large values of r

M(r) < exp{)b ! log*® r}. (3.21)

\

f

Also T(r,hl)<r”‘l+6 for all large values of r.
Again by Lemma 2.2we get

1 1 r
Tior, ()= 3 logM (5 M .o (Z))

1 1 1 r
z310gM, (GM, (75 Mq (50
ie, Tl ,(r)<8M " (10M *(9M *(exp3r))). (3.22)

Also for a sequence of values of I tending to infinity we get from Lemma 2.8

Ton, (N <{4+0@JT, (exp(r)“) where u> p, . (3.23)
Now

: log T, 7, (T, (1)
Pt,ot,0g (hoh,) = “r:LSwup Iogg r

log(8M " (10M *(9M ' (exp(3T,,..,, (N))))) ;
logr
log(8M,"(10M " (9M ;* (exp(3{L+ O(L)JT, (exp r“))))))
logr

log(8M(10M ;*(9 exp{ﬁl_(‘) log® (exp(3T, (expr*)})) +O)

fi

<limsup, rom (3.22)

<limsup,

from (3.23)

<limsup,
" logr
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log(8M 'aom f‘: 9 exp{;t 1_ log(3T;, (expr“))}))) +O(1)
<limsup, ,, b

logr

0

log(8M ;" (1LOM *(9[3T, (expr*)]™°))) + O(1)
logr

<limsup, .,

log(8M,*(10M ;*(9[3(exp r*)™ 1" *))) + O(1) .
logr

<limsup, , rom (3.15)

1

log&M;(10exp{_ - Iog(83expr )™ 1" *}}) +OQ)
<limsup, ,, R0 o from (3.21)

f,

a 1 Pn + 20
log(8M ;" (10exp{ log(r“ —=—-)}))+ 0@
A —0 A =0

f

<limsup,
i logr

) 1 . p
log(8M *(10exp{—*—logr + log ™
9@8M( p{ifz_é g PR g I

logr

+20
— +ow
<limsup, .,

"
log(8M ' (10exp{log r = })) + O (1)
logr

‘u \
log(8M *(10r = ™)) + O(1)
logr
y7i

log(M,*(10r "= ")) +O(2)

<limsup, .,

<limsup, ,,

<limsup, ., I
ogr
u
i, -0
log(— ) +0)
<limsup, ,, — 8, [(1=0) from (3.7)
m logr

(log10+ “_logr-log|a, |(1-8))+O()
£, O

<limsup, ,, —
" m logr

<1 4
m A, —0

iph2
mA

<

,sinceo>0 is arbitrary.
f,
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Theorem 3.4Let f, andh be two meromorphic functions of finite non-zero orders such that P, #0 and

f,andh, be two entire functions of finite non-zero orders such that pr, # Oand ¢ be a polynomial of degree m.

Then the relative order of h, o h, with respectto f o f, o g satisfies the inequality

pfofog(hlohz)z/lrh and p (. (hoh)< )
1 2 pfl 1 2 mﬂf

Proof:Let g(z) =a, +a,z+a,z”>+---+a,z™ be a polynomial of degree m. We have from

Lemma 2.5

Thon, (N =T, (exXp(r)*). (3.24)

Again for all large values of r we get from Lemma 2.7

2

Tflofzog (r) = Tfl (M fyoQ0 (r)
<T, (M, (M, (). (3.25)

Now by the definition of relative order we get

logT, .. (r)
oh,) =limsu el
pf1°f2°9 (r]l 2) BN p Iog Tflofzog (r)

logT, (expr*

> limsup 9T, (expr™)

roe 10gTy ¢ 4 (1)
logT, (expr”
> limsup 9T, (expr™)

r—e 10gT, (M, (M (r)))
logT, (expr*

> limsup 9T, (exp )‘ _
o logT (M (&, [(1+0)r™))

logT, (expr”
> limsup 9T, (exp ‘) —
o= logT, (exp[la, [A+0)r"]™* )

from (3.24)

from (3.25)

from (3.6)

. logT, (expr”)
> limsup - s
oo (o +0)[|a, |A+o)rT]"

—o)r”
> limsup ‘ (4, ~9) —
o (o, +O)lla, [A+9rT]™

from (3.15)

zﬁ when x>mp, and o>0 is arbitrary.

Also we have from Lemma 2.6

Thyon, (N =T, (M, (1)). (3.26)

Also for a sequence of values of r tending to infinity we get from Lemma 2.4
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T (N2T (expr)) for u<p,

>logM, _, (expr”)

> log M, ( M (exlor

)). (3.27)

Now by the definition of relative order we get
logT, .. (r)

oh,) =limsup ——"2T2 "
Prorva(hoPe) r_)wpIOnglofzog(r)
. logT. (M, (r

< limsup gT, (M, (r))
oo 10gT; ¢ o (1)

<limsup IogT (M,, (1) from (3.27)

7 log?(M, ( (M, (ex"’ )

<limsup IOQT (M, (r)) from (3.6)

s Iogm(w la, | (L—¢ )[ex'“’r "))

logT, (exp{r™"})
expr

m (3.26)

<limsup

o |09[2](|V|f2( |2, [(1-9)[—,—1")

(o, +0) log[exp{r™" }]
expr

<limsup
(A —0)log(f|a |A-0)(— —

: oy, + 0){r”“2 “}
<limsup -
r—o (lfz —oymr“ +0O(1)
Ph
< when u<p, .
f2
Theorem 3.5Let f, and h, be two meromorphic functions of finite non-zero order and f,,h,and g be three entire

™)

functions such that p; > 0. Then

pmohz(flo f,00) =0

Proof:From the definition of relative order of meromorphic function with respect to another meromorphic function
we have

_ logT, ., .. ()
f of,og)=limsup——=2-~,
P, (fro T, 0) = limsup logT, ., ()

Also for a sequence of values of I' tending to infinity
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M, (r) > exp{r” °}.(3.28)

Now
l0g™ M, (M, (1))
Phon, (f o f,00) >limsup 4 from (3.27)
r—sw log hlohz(r)
Y%
log M, (2 M, (D))
> limsup from (3.26)
r—o logT, (M,, (1))
1 expr“.,, —o
log™”! M (. (Cexp( D))
> limsup
r—>oo logT,, (M,,_(r))
1 expr.,, —o
log'*! M, (8exp(lz)pg )
> limsup =
r— log T, (exp(r™ ™))
(o1, —H(EBEyree
fs
= limsup ph — —> oo
o (o ()

Thus  Phen, (fiof,0g) =00

This completes the proof.
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