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Abstract:  In this paper, we obtain the expansions of tan(x) and cot(x) by taking
logarithmic  derivative of the infinite products for cos(x) and sin(z) respectively.
Applying trigonometric identities, series rearrangement technique (for wunilateral and bilateral
infinite series) and suitable substitutions, we obtain the expansions of cosec(x) and sec(x). We
also obtain the expansions, hypergeometric forms, convergence conditions and explicit formulas for
m-th derivatives of tan(ax+Db), cot(ax+Db), cosec(ax+b), sec(ax+b) and related hyperbolic functions.

2010 Mathematics Subject Classification: 40A20, 40A30, 33C10, 33C20.
Keywords and Phrases: Successive differentiation; Series rearrangement technique; Infinite prod-
ucts; Generalized hypergeometric function.

1. INTRODUCTION AND PRELIMINARIES
e Pochhammer’s symbol (A), (A,v € C) is defined by

1 ;(v=0;A € C\ {0})
- AA+1D..A+n-1) ;(r=neN;xeC\Z;)
(N, = (F(_;)V) = ((;?Z)kg! i(A=—=kv=n;nk eNy0<n<k) (1.1)
0 i(A=—=k;v=n;n,k € No;n > k)
7((1_,1;; i(v=-nneN;AeC\Z

where I'()) is the familiar Gamma function and it is obvious that (0)g = 1,
N={1,2,..}; Ng: NU{0}; Z5 : Z= U {0} = {0, -1, =2, ..}.
Here the symbols N and Z denote the sets of natural numbers and integers respectively, as usual the
symbols R and C denote the sets of real and complex numbers respectively.
e The generalized hypergeometric function ,F, [17,p.42,eq.(1)]
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where a; € C, (i =1,...,p), 8; € C\Z;, (j =1,...,¢) and (a,) represents the set of p numerator

parameters given by a1, ao,...,a, and argument z take complex values

(@) (@2)r .. (), = [J(a), = [ Hetr
ap)r (Q2)r ... \Qp)r = A )r = TN\
! i=1 o Dlod)

with similar interpretation for others.
e Convergence conditions for ,F, [17,p.43,eq.(5)]
When p,q € Ng; p<¢g+1 and

q p
=282«
j=1 i=1

(i) p = g and |z| < oo then ,Fj is convergent,

(ii)p=¢g+1land|z| <1 then »Fy is convergent,

(iii) p=g+1,|2 =1 and §R(w) > 0 then ,F, is absolutely convergent,
(i

v)p=g+1,|z|=1,2# 1 and —1 < R(w) <0 then ,F, is conditionally convergent,

where R denotes the real part.

(1.3)

e If A and P are suitably adjusted real or complex numbers such that associated

Pochhammer’s symbols are well-defined, then

(457)
A+ Pn=A—Ltn,
(%),

e Some important identities related to unilateral infinite series

dom) =Y e2n)+ ) e@2n+1),
n=0 n=0 n=0

n=0,1,2 3.

i ®(n) = i ®(3n) + i (3n+1) + i ®(3n+2),
n=0 n=0 n=0 n=0

i d(n) = i O (4n) + i O(dn+1) + i O(4n +2) + i ®(4n + 3).
n=0 n=0 n=0 n=0 n=0

e General form of the equations ([1.5)), (1.6) and (1.7) [17,p.218(Q.N.8)]

o) m—1 oo
Y o)=Y d(mn+j),
n=0 j=0 n=0

where m =1,2,3, ...
e Some important identities related to bilateral infinite series

i (20 + 1 Z@ —2n —1) +Z<I>2n+1
n=—oo n=0
i d(2n) = i —2n —2) + Z d(2n),
n=-—oo n=0
i Z O(—n—1)+ Z ®(n
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[e e} o}

Y dn)=20)+ Y n+1)+ Y P(-n-1)= Y &(-n). (1.12)
n=0 n=0

n—=—oo n=—oo

e Successive differentiation of reciprocal of a linear polynomial

d77l 1 (a>7n(m)!(_1)7rl
b =~ ~ 7 7 1.13
e (ax +b) (az + o)+l (1.13)
e Successive differentiation of p-th degree polynomial
dm(z)? (p)! —m
dam :(P—m)l()p » pzm, (1.14)
dm D
dii) —=0; p<m. (1.15)
e The m-th derivatives of sin(ax + b) and cos(ax + b)
m mm
: _mo (MT
e { sin(az + b)} = (a)™ sin ( 5 +azx + b) ) (1.16)
= (a)™" !z cos (b+ m) F| = - 7((1%)2 + (a)™ sin (bJr @) Bl = - (a2)”
2 ) "t 32 4 2 ) 12 4
(1.17)
am m mm
dx—m{cos(ax—i—b)} = (a)™ cos (T +ax+b) , (1.18)
= (a)™ (b+ m) Ja - 5 (GI)Q iy )m+1 . (b+m) F - 5 (U‘I)Q
= (a COS 2 ol'1 1/2 : 4 a X S1n 2 ol'1 3/2 : 4
(1.19)

e Logarithm of an infinite product

log, { ﬁ (bm)} - i {1oge(bm)}. (1.20)

m=1 m=1

e Relations between circular and hyperbolic functions

sin(iz) = (4) sinh(x), (1.21)
cos(iz) = cosh(z), (1.22)
tan(iz) = () tanh(z), (1.23)
cot(iz) = (—1) coth(x), (1.24)
sec(ix) = sech(x), (1.25)
cosec(iz) = (—i)cosech(z). (1.26)
e Trigonometric identity
cosec(z) = cot (g) — cot(z), (1.27)

Motivated by the work of Adegoke and Layeni [1], Boyadzhiev [2], Daboul et. al [3], Hoffman [6],
Lampret 7], Ma[10;11], Qi[12;13;14] and Qureshi et. al[15;16] and the equations and ,
we obtain the successive differentiations, hypergeometric forms and convergence conditions of some
trigonometric functions and related hyperbolic functions.
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2. EXPANSIONS OF tan(z), cot(z), cosec(x), sec(x), sec?(x), cosec?(x) AND

RELATED HYPERBOLIC FUNCTIONS

Any values of parameters and variables leading to the results which do not make sense are tacitly

excluded.

oo

1
tan(z) = (8z) Z_;) {(Qn +1)272 — 4x2] ’

where x # £7, :l:%”, j:%”,

tanh(z) =

where x # i%r, i%, i%,
cot(z)

where x # 0, +m, £27, £3m,...

coth(z) =

where x # 0, +im, +2iw, +3im, ...

sec(x) =
3 5
where x # £5, £, £57, ...
sech(z) =
where x # :l:%r, :t%, :l:%,
cosec(x)

where x # 0, £m, £2m, £3m,...

cosech(z)

where x # 0, +imw, +2im, +3im, ...

where x # +£7, i%’r, i%’r,

sech?(z)

ISSN: 2231-5373

@4 >

o0

(82) [(2n n 1)217r2 + 4:52} ’

n=0

o0

S0y {W}

n=0

13 [ o 1]

n=0

= [ (—)"@n+1)
(4m 3 {(Qn 1272 £ 4:52} ’

n=0
oo

nO

o n
7;)[71+1 7r2+x2]’

1
= [{(271 + 1)1+ 290}2] ’

1
= [{(Qn + 1)+ 21':;;}2] ’
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where @ £, 237, L%,
+oo
2 _ 1

cosec (1') - Z [(.’L‘ _ nﬂ')2:| ) (211)

where x # 0, £m, +2m, +3m,...

+oo
1

cosech®(z) = (=1) Y [(ix — mr)Q} ’ (2.12)

where x # 0, +imw, +2im, +3im, ...

3. SYSTEMATIC PROOFS FOR THE EXPANSIONS OF tan(x), cot(x), cosec(x),

sec(z), sec?(z) AND cosec?(z) BY SERIES

e Proof for the expansion of tan(x):

REARRANGEMENT TECHNIQUE

We know that the infinite product of cos(z)[4,p.345;5,p.348;8,p.441;9,p.151] in powers of z, is given

by
ad 42
=TT |l-—= 1
cos(x) };[1 { o= 1)27r2} ) (3.1)
Now using logarithmic property (|1.20]), we get
> 452
log, {cos(x)} = ; [loge {1 - (2”—1)2772}} . (3.2)
Differentiate both sides of the equation (3.2)) with respect to z, after simplification, we get
tan(z) = (8z) i ! (3.3)
— | (2n —1)*m? — 422 ’

where z # +£%, £3% £3F .
Now replacing n by n + 1 in the equation (3.3) , we ge
e Proof for the expansion of cot(x):

t the equation (2.1) .

We know that the infinite product of sin(x)[4,p.345;5,p.348;8,p.439;9,p.149] in powers of x, is given

by

oo

(@) ][]

n=1

sin(x)

I

log, {sin(x)} = log,(x) + Z
n=1

Using logarithmic property (1.20), we get

Differentiate both sides of the equation (3.5)) with resp

2

x
- 77127-(_2} . (3.4)
_ 2
]Oge {1 — W}:| s (35)
ect to x, after simplification, we get
[ 1
P p——— n2772] , (3.6)

[M]8

cot(z) = % + (22)

n

where x # 0, £m, £27m, £3m,...

1L

Now replacing n by n + 1 in the equation (3.6), we get the equation (2.3).
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e Proof for the expansion of cosec(x):
Replacing z by § in the equation (3.6, we get

T 2 = 4x
t(=) == |- -
0 (2) ernZchg—éanﬂQ} (37)
Subtracting the equation (3.6) from the equation (3.7) and applying the trigonometric identity
(1.27), we get
2 4 1 o 2
cosec() = T+ D Lzm] Ry ) (38)
Replacing n by n + 1 in the equation (3 , we get
R 4z —
o) =43 | L e 09
Now applying the even-odd infinite series identity (1.5| -, we get
= 2z = 2z
= — - — . (3.1
cosec(z +Z L:Q (2n + 2) } Zo [m2 —(2n+ 1)2772} T;) L:Q —(2n+ 2)2772] (3.10)
= 2z
=— — . A1
cosec(x + Z L‘Q (2n + 2) ] ng() LQ —(2n+ 1)2772] (3.11)
Equation (3.11)) can also be wrltten as
1 o[ (2z)(=1)*2 o [ (22)(=1)*
= — . 3.12
cosels) = + 3 B i 3 |t (3.12)

Again using the even-odd infinite series identity (1.5 in the equation (3.12)), we get the equation
)

e Proof for the expansion of sec(x):

Equation (2.7)) can also be written in the form of partial fractions

R 1 1
_ - _1\n+1
cosec(x) = z nz::o( 2 [az +(n+ 1w T (n+ 1)7& ’ (3.13)
Replacing x by (g + m) in the equation l , we get
1 e (_1)n+1 e (_1)n+1
sec(r) = ———< + + 3.14
(@) (z+ %) nz:% (z4+ %)+ (n+1)m T; (z+Z)—(n+ 1) (3.14)

Put n = 0 in second infinite series of right hand side of the equation (3.14)), we have
] [ (_1)n+1 1 [ (_1)n+1

1 1
sec(z) = (@+3) (@-3)] +nz:% (z+3)+(n+ )] +nz::1 |(z+3) = (n+1)r]

Now replacing n by n + 1 in second infinite series of right hand side of the equation (3.15)), we have

. (3.15)

sec(x) = L 1 —| - Z (=1)" + Z (=1)" . (3.16)

@5 @9l Hlernreron 5 |Ern -t

After simplification, we get

1 1 = .
SR

sec(z) = (3.17)
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Now replacing n by n — 1 and applying the series rearrangement technique in the equation (3.17)),
we have

1 = 1 1
sec(x) = + 3.18
el [ R | R i e o e e
> 1 1
sec(z) =y (—=1)"! - 3.19
(z) 7;)( ) [x(nJr;)?r 4+ (n+ 3w (3.19)
After simplification, we get the equation (2.5)).
e Proof for the expansion of sec?(x):
Equation (3.3) can also be written in the form of partial fractions
= 1 1
t =(2 - . 3.20
an(e) = ( )nz::l {(271— Dr—2z (2n— 1)7r+2x} (3.20)
Differentiate both sides of the equation (3.20)) with respect to z, we get
= 1 1
2
sec”(x) = (4 + . 3.21
(=)= ); l{—(2n—1)7r+2m}2 {(2n—1)77+2x}2] (8.21)
Replacing n by n + 1 in the equation (3.21]), we get
> 1 1
2
sec”(x) = (4 + . 3.22
(@) = )nz:% {(2n+ )7 — 22}° {(2n+1)7r+233}2] (3.22)

Applying the identity (1.9) for bilateral series in the equation (3.22)), we get the equation (2.9)).
eProof for the expansion of cosec?(x):
Equation (3.6)) can also be written in the form of partial fractions

1 — 1 1
t = — . 3.23
cot(z) JZ+7§|:.T+TL’/T+(ZZTMT:| ( )
Differentiate both sides of the equation (3.23)) with respect to z, we get
R 1 1
2
= — . 3.24
cosec”(z) = +nZ::1 [(x ) + = mr)Q} (3.24)
Replacing n by n + 1 in the equation (3.24]) we have
1 1 1
cosec?(x) = —+ Z 5 + 51 - (3.25)
z= = {4+ (n+ 1)7r} {z — (n+ )7}
Applying the bilateral series identity in the equation { , we get the equation (2.11]
Now using the relations (L.2I) to 1_' in the expansions 1 1), 2.3), 1- 27, 1- ) and (2.11]),
we get the remaining expansions (2.2), (2.4), (2.6), [2.8), (2 D 2.10) and (2.12)) respectively.

4. EXPANSIONS FOR THE m-th DERIVATIVES OF tan(ax + b), cot(axz + b),
cosec(ax + b), sec(ax + b) AND RELATED HYPERBOLIC FUNCTIONS

Any values of parameters and variables leading to the results which do not make sense are tacitly
excluded.

am l (2a)™ m! (2a)™(—1)™m! ]

tan(ax + )}
g o0 Z {20+ (2n + m — 2} {2az + (20 + )7 + 26}

(4.1)
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where ax + b # =7, :|:377T7 i%ﬂ’

(f—mm {tanh(az + b)} = (2) i [ (2a)7 (1) m? (2a)7 (1) m? ] ,

x — | {2ax + (2n + 1)im + 20} {20z — (2n + 1)im + 26}
, A , (4.2)
where az + b # £, £33 45T
dm (@)™ (=1)™m! & (a)™(=1)™m! (a)™(=1)"™m!
— {cot(ax+b)} = 2~ 2 "4 :
azm 1o )} (az 4 b)m+! ,; {az+b+ (n+ D} {az+b— (n+ 1)x}"
(4.3)
where ax + b # 0, £, £27, +3m, ...
dm m(_1Ymm) > m(_1ymm m(_1ymm
—— {coth(az +b)} = @™ (=1)"m! )mff +Z ()"(=1) m prrern i @™(=1) m prearm ll I
dz (az +b) — | {ax+b—(n+1)in} {az + b+ (n+1)in}
(4.4)
where ax + b # 0, +im, +2im, +3im, ...
dm m(_1\Mp! oo —1)m+n Myl —1)mtn M|
feomeear 3y = @Cmm SN[ @ )]
da™ (az +b)"*tt = Loz + b+ (n+ 1)} {ax +b— (n+1)7}
(4.5)
where ax + b # 0, £m, £2m, +3m,...
dm m(_1)"m) > -1 m—4n Mol -1 m-+n M|
{cosech(asc—i—b)} _ (CL) ( ) ’rrll _Z ( ) (a) m —— ( ) (a) m — .
dz™ (az +b)™ = faz +b— (n+1)in} {az + b+ (n+ 1)in}
(4.6)
where ax + b # 0, £im, +2im, +3im, ...
dm = (—1)™*tn(2a)™m) (—=1)m+n(2a)™m)!
—— {sec(az +b)} = (2) Z e i | (47)
dz — | {2ax +2b+ (2n + 1) 7} {2a2 4+ 2b— (2n+ 1) 7}
where axr +b # £7, j:%”7 :l:%”,
dm = (—1)™*"(24a)™m)! (—1)™*"(24a)™m!
W {sech(am + b)} = (2) Z . . m+1l . . m+1 |7
x — | {2iax +2ib+ (2n + 1) 7} {2iaz +2ib— 2n+ 1) 7}
' 4 . (4.8)
where ax + b # £, :I:?’ZT”, j:517”,
5. PROOF FOR THE m-th DERIVATIVE OF tan(ax + b)
Replacing n by n + 1 and z by axz + b in the equation (3.20)), we have
- 1 1
t b) = (2 — . 5.1
an(az +) = ( )nz::o [(—2&)3: +2n+ )7 —2b (2a)z+ (2n+ 1) +2b (5-1)

Differentiate both sides of the equation (5.1]), m-times with respect to z and using differential for-

mula (|1.13)), we get the equation (4.1)).
Applying same process in the equations (2.3), (2.5), (2.7), we can find the m-th derivatives for
cot(ax + b), sec(ax + b), cosec(ax + b) and related hyperbolic functions.
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6. HYPERGEOMETRIC FORMS FOR THE m-th DERIVATIVE OF tan(ax + b),
cot(ax + b), cosec(ax + b), sec(ax + b) AND RELATED HYPERBOLIC
FUNCTIONS

Any values of parameters and variables leading to the results which do not make sense are tacitly
excluded.

_ -
1 72am;r7r72b —2ar +7—2b
da™ 2)(2a)™m! ’ u T 27 '
a (enlar 0} = { (*261(-’8)4(r TF)* 20)mHt } el —2ax + 37 —2b  —2ax + 37 — 2b
2w T 2w ’
L m+1
- - -
1 2ax +m+ 2b 2ax +m+2b
(2)(2a)™ (~1)"m! ’ 2r 772w
B { (2az + w + 2b)™+1 } sl 2ax + 37 +2b  2ax+ 3w +2b ik
2w Ty 2w ’
L m+1 J
where ax +b # £7, :I:%’r, :I:%",... (o1
- -
1, —27Jax—|—7r—2ib7...7—2iax+7r—2ib;
da:r:” {tanh(az +b)} = { ((21)952—(:);(;2;72'1 } mt2Fongn > 27T_ | - o o
tax 4 3m — 2ib 2iax + 3w — 2ib_
2w Ty 2w '
L m+1
_ -
1 2iax + ™+ 2ib 2iax + 7 + 2ib
. { (2)20)" (~1)"m! } . T T
(2az — im + 2p)mF T [ I 2iax + 31 4 2ib  2iax + 37 + 2ib.
2w T 2w ’
L m+1
(6.2)

s 3im 5im
where ax +b # 5, £, £257, ..
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dam _ (a)™(=1)"m!
dzm {COt(CLI + b)} = {(CLZE#’b)mH} +

(ax + b+ m)m+t1

. { (@™ (=1)"m!

n { (@)™ (=1)"m!

(ax + b — m)m+1

where ax +b # 0, +7w, £27, +37,...

m

{coth(az +b)} = { (@)™ (—1)™m! }

dzm™ (az + b)m+1t

ar + b —im)m+t

n { : (a)™(—1)"m!

. { (@)™ (~1)"m!

(ax + b+ i)™+t

where ax + b # 0, +imw, £2imw, £3im, ...

ISSN: 2231-5373

} m—+2 Fm+l

} m+2Fm+1

} m+2Fm+1

} m+2Fm+1

m+41

ar+b+m

ar +b+m.

1,

™

ar + b+ 2w

) )
m

ar +b+ 27

yeeey
™

’
m

m+1

m+1

—ax — b+

1,

—ar —b+m

s

—ax — b+ 27

) ’
™

—ax — b+ 2m

g eue

s

) ’
™

m+1

m-+1

(6.3)

iax + b+

tax +ib+ 7

L,
s

iax + b + 27

yeeey ]
™

tax +ib + 27

g eee

™

) ’
™

m-+1

m+1

—tax —ib+ 7

1,

—iax — b+

s

—iax — ib + 27

g ey ;
™

—iax — b+ 2m

g eeey 3
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qm {cosec(ax +b)} = { (a)™(=1)™m! } ~

dzm™ (ax + b)m+1

(ax + b+ m)m+!

_{(@WW%ﬂ}mHEHI

B { (a)™(=1)"m!

" ¢t mi2Fnm
(CLZC + b— 7-(-)m.-‘,-l } +2 +1

where ax +b # 0, +7, £27, +37,...

dm B (@)™ (-1)"m!
e {cosech(az +b)} = {WW} _

(ax + b — im)m+1

_{<@m<nmm!}mﬁﬂwl

{(@menmm

1 N1 m Fm
(ax—!—b—!—iTr)m"'l} et

where ax + b # 0, +imw, £2imw, £3im, ...

ISSN: 2231-5373

m+1

ar +b+m

ar +b+m

1,

™

axr + b+ 2w

’ ’
s

ar +b+ 21

g ey
™

’
™

m+1

m+1

—ax — b+

1,

—ar —b+m

™

—ax — b+ 2w

) )
s

—axr — b+ 2m

g een

s

) ’
™

m+1

m+1

(6.5)

iax +1ib+

tax +ib+ 7

L,
™

iax + b + 27

g ey ;
™

tax +ib + 27

g een

™

) ’
s

m+1

m+1

—iax —ib+ 7

1,

—iax — b+ 7

s

—iax —ib+ 2

g ey ;
s
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m+1
1 2ax +2b+ 7 2ax +2b+ 7
m 2 m+1 m 71 m ! b 27_[_ 7t 27_[_ b
e {sec(az +b)} = {( )" ()" znfln }m+2Fm+1 -1 | -
z (2az + 2b+ ) 2ax +2b+ 31 2ax +2b+ 37
21 T 21 '
L m+1 ]
i m+1
—2ax —2b+m —2ar —2b+ 7
(2)" ! (a)" (=1)"m! oo
- m 2Fm 1 -1
2z +2b — m)" L [ I
(2az +2b — ) —2ar —2b+31  —2ax —2b+ 371
2 Ty 2 '
L m+1
(6.7)
where ax +b # £ 7, i%’r, i%’r,...
i m-+1 1
2aix + 2ib+ 7 2aix + 2ib+ 7
m N (i)™ (—=1)"m)! ’ 2T LA o ’
{sech(az +b)} = ) (ad)™(=1)"m m+2Fmt1 -1
dx™ 2ai 2b m+1 . . . .
(2aiz + 2ib + ) 2aix + 2ib+ 37 2aix + 2ib+ 37
2 T 2m '
L m-+1 |
i m-+1
1 —2air — 2ib+ 7 —2aix — 2ib + 7
(2)™ (ad)™(—1)™m)! ’ 2m Y o ’
— m+2Fm+1 -1
2ai 2b m+1 . . . .
(2aix 4 2ib — ) —2aiz — 2tb+ 37 —2aiz — 2ib+ 31
2 B 2 '
L m-+1
(6.8)

where az + b # £, £3% 45T

7. PROOF OF THE HYPERGEOMETRIC FORM FOR THE m-th DERIVATIVE
OF tan(ax + b)
Equation (4.1)) can also be written as,

an 3 (2a)"m! o[ oy
dz™ {tan{az +b)} = (2) Z l{—2aaz +7—2b+ 2n7r}m+11 @) Z [{an +7+2b+ Qnﬁ}m'H] .

n=0 n=0
(7.1)
On using Pochhammer symbol identity (1.4]) for the following linear polynomials, we have
—Qax +7—2b —2ax4+37—2b
(—2azx + 7 — 2b) + 27(n) = { ( (—2ar+)7r(_2b) = )n ) (7.2)
27 n
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and 2az+3m+2b
(2az + 7 + 2b) + 2n(n) = { (2az + 7};:325%)%)" } . (7.3)
Now using the equations and in the equation T we th
dam {tan(az + b)} = (2)(2a)™m! i l(l)n {(—2am;:r—2b>n}m+1 (1)71] )
dazm™ (—2az + 7 — 2b)m+! =~ {(—an;?n—%)n}mﬂ ol
@20 (-1)mmt [ W {(e522) )" ()
(2az + 7+ 20)mH & [ {(2az2§rﬂ+2b)n}m+1 ! ] ' (7.4)
Now using the definition of generalized hypergeometric function in the equation (7.4, we get
the equation .

Applying same process in the equations (4.3)), (4.5), (4.7), we can find the hypergeometric forms for
the m-th derivatives of cot(ax + b), cosec(ax + b), sec(ax + b) and related hyperbolic functions.

8. CONVERGENCE CONDITIONS FOR THE HYPERGEOMETRIC FORMS OF
THE m-th DERIVATIVES

e When argument is unity
and R (sum of denominator’s parameters—sum of numerator’s parameters) > 0
then ,,42F,+1(1) will be convergent.
From the equation (6.1), we have

R K%H’) (m+1)—{1+(_2“x+7r_2b> (m+1)H=m; m>1,  (8.1)

o 27
and
R KW) (m+1)—{1+(2”+2”2b) (m+1)H =m; m>1.  (82)
T m

Therefore % {tan(ax + b)} is convergent, where m = 1, 2, 3...

e When argument is —1

and R (sum of denominator’s parameters—sum of numerator’s parameters) > —1,
then ,,42Fn+1(—1) will be convergent.

Similarly, we can prove that, our remaining results (6.2) to (6.8) are convergent.
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