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Abstract — In this paper, we define a new multivalent integral operator for certain subclass of analytic
functions in the open unit disc U . We obtain some interesting properties for this integral operator.
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I. INTRODUCTION, DEFINITIONS AND PRELIMINARIES
Let A be the class of functions f (z), of the form

f(z):z"+ianz", (pel) (1.1)

n=p+1

which are analytic in the unit disc U = {Z ell :|Z| <1} .And letA = A, .

We denote by S™, C, K and C the familiar subclasses of A consisting of functions which are
respectively starlike, convex, close-to-convex and quasi-convex in U .
A function f(z) €A is said to be p— valently starlike of order 5(0S5< p) and zeU

denoted byS;(é‘) , if and only if
Re) A 5
f(z)

A function f(z) € A is said to be p —valently convex of order 5(0 <o< p) and Z € U denoted
by G, (0) . if and only if

Re {1+ Al ,”(Z)} > 6.
f(2)
zf'(2)

Itis easy to see that f(z) € C,(0) < € S;(5).

Furthermore, S;(O):S;, G,(0)=C, are respectively, the classes of p— valently starlike, convex

functions in U . Also, let p =1, the above classes reduced to S, =S~, G(0)=C.
A function f(z) €A, is said to be in the class K —US (5,4) of k - uniformly p —valent starlike

of order 5(0 <o< p) in Z e U and satisfies
#'(z)

Re{Zf'(Z)—a}zk
f(z) f(z)

Further, a function f(z) € A is said to be in the class kK — UC, (5, 4) of K - uniformly p — valent convex

of order 5(0S5< p) in Ze U and satisfies
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Re{1+w—5}2 k‘1+m— p|.
f'(z) f'(z)
In particular, when p =1, we obtain K —UST (&) andk —UCV (8), the classes of k — uniformly starlike
and K — uniformly convex functions of order 0,—1< & <1, respectively which were studied by various
authors, example see [9].

A function f(z) e A is said to be in the class S;(b,é) of p—valently starlike of complex order

b(beD —{0}) and type 5(0S5< p), if it satisfies the following inequality
1( zf'(2)
Reip+—| ——— 0, zel). 1.2
(R TELE I, -

A function f(z) € A, is said to be in the class C,(b,5) of p—valently convex of complex order

b(beD —{0}) and type 5(OS5< p), if it satisfies the following inequality

Re{pjt1 o (Z)}>5, (ze V). 1.3

b f'(2)

For p=1andd =0, the above classes reduced to the following classes:

) 1( 2t
Sp(b):{Re{lJrB(zf((zz))—1j}>0, (bet —{0}) (ZEU)}

which is defined by Nasr and Aouf [8] and

B 1zf"(2) o0 - c
Cp(b)—{Re{1+b—f,(z)}>5, (bel —{0}) (z U)}.

defined by Wiatrowski [14].

The Hadamard product of two functions f(z) =z + Zanz” and g(2)=z+ anz" is given by

n=2 n=2
(f*g9)(2)= z+ianbnz”.
n=2

For a function f e Ap , we define the following operator

D°f(z) = f(2)

D*f (2) :izf'(z)
p (1.4)

D*f(z)=D(D**f(2)) (kel,zel).

The differential operator D¥ was introduced by Shenan et al.[12]. When p =1, we get a familiar Salagean
derivative [10].

By using the above operator, we define the following new classes:
Definition 1.1: A function f € A is said to be in the class S;]k(b,é‘) of p— valently starlike of complex
order b(b ell —{0}) and type 5(0 <o< p) , if it satisfies the following inequality
!
z(D"f(2))

1
Redp+=
PThl "o )

-p|r>0, (ze ). (1.5)
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Definition 1.2: A function f €A is said to be in the class G, , (b,0) of p— valently convex of complex
order b(b el] —{0}) and type 5 (0 < 12 < ), if it satisfies the following inequality
12(D*f(2))
(D*f(2))
Definition 1.3: A function f € A is said to be in the class CV, , (4, 1) and5(0 <o< p), if it satisfies
the following inequality

Re 1+M 211+M—p+y, (ze L) 1.7
(D*f(2)) (D*f(2))

for some 4 >0 and (0 < 1 <1).

>0, (ze ). (1.6)

4

The class CV, , (A, 4) introduced and studied by Yang and Owa [15]. For p =1,4 =1, we have the class
UC(14) considered by Owa [9]. Specializing the values of the parameters p,K,o andb , the above classes

S;’k (b,6)and G, (b,0) reduces to the several well-known subclasses, which subclasses are introduced and
investigated by various authors (see [4], [14], [10] and [6]).

n

Definition 1.4: Letn e[J , &, €J , U{0}, m=(m,m,,...m ) el ], a=(x,&.....a),
B=(B.Bs-p,) and y €[] withRe(y) >0.For f,g; €A  foralli=123,...,n, we introduced a

new general integral operator | “/ (f.,g.) A, > A, by

PNy
N 7
Z (D)) | (D™ ai()
a. B — p-1
L5 (2)=| [t H( o = dt| . (1.8)
0 i=1 p
Remark 1.1: This integral operator | ;’jf; generalizes the following several well-known operators introduced

and studied by various authors:
e If =0, m =0 andy =1, then this integral operator reduced to the operator F () which was
studied by Frasin [5].
e If £ =0, y=1andg; = 1, then this integral operator reduced to the operator

e o DY @)Y
prny,’ﬂ(z)zj‘0 ptP 1H(t—p'()j dt (1.9)

i=1
which was studied by Saltik et al. [11].
e For p=1 y=1m =0 and 3 = y;, then we obtain the operator

G,(2)= jn[@j (g0 o 110

introduced and studied by Stanciu and Breaz [13].
e For p=1 y=1m =0 and /3 =0, then we obtain the operator

F.(2)= J:ﬁ(@)a dt (1.12)

introduced and studied by D. Breaz and N. Breaz [2].
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e For p=1 y=1 m =0, B =y ande; =0, then we obtain the operator

Fornrn @ = (0:0) (50) (g, 0)) " e (L.12)

introduced and studled by Breaz et al. [3].
e For p=n=1y=1m=0, o =a and 5 =0, then we obtain the operator

_pffoY
F(2)=] ( t j dt (113)
introduced and studied in [7]. In particular, for ¢ =1, we obtain Alexander integral operator
2 f(t) _ _
1(z)= IO (Tjdt introduced in [1].

I. MAINRESULTS

In this section, we obtain the sufficient condition for the integral operator | by (Z)

Theorem 2.1: Let ¢, 3 be positive real numbers (i =1,2,3,...,n) . If f. € S;]k(b,é‘) (0<o6<)

and g; € G, (b,0), (1=123,...,n) then the integral operator | F’f,f;‘ defined in (1.8) is in the class C, (17) ,
where

n b b
n= P+Z[ai(5i ~P)+ A —p)- 5, R|Z|{2 }(p—l)]+(p-1)—R|‘:)‘|{2 3

Proof: From (1.8), it is easy to see that

N\
, (D @) )| (PMe@)
| p,n,y(Z) = pz° 11:1[( o ] pzp—l ) (2.1)
Differentiating (2.1) logarithmically with respect to Z and multiply by Z , we get
zI ”n (2) D™ f,(2) . z(D™g;(2)
P—V_(p 1)"’2“ #—p +Zﬂi (—)—(p—l) 1
oy (2) (D" @) 7| (o"a,@)
which implies )
I - n z(D™ f,(z '
pr k@ _(0-3 ¢ | 1 2(0" @)
b Ipny() b i= b (Difi(z))
- . (2.2)
n 112 Dmigi(z) n 1 n
+2.4 p+5(—) -2.5 (p—] pZa.—pZﬂ+p
i-1 (Dmigi(z)) =] b i-1
We calculate the real part of (2.2), we get
I z(D™f (z
p+lzL7(z) p+Re(p j ZaRe p.}.l & p
b 1,,,@2) b b| (D™ f,(2))
(2.3)

12(D"g,(2))
T DI G po R
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since f, €S, (b,6) (0<S<and g; €C, ,(b,2), (i=123...,n), we obtain
z21 (z n
Re(p+1MJ> p+Re( j Za D BA
i=1

b Ipyw(z)
—Z,BRe( J pZa - pZﬂ (2.4)

Re(b) |, Re(b)
2 (p_l) 2 -
b ] b

>p+2[ (6,-p)+B(4-p)-B(p-D)

o, f
Hence | )7 € C,(77) , where

R|e|(b)} (01 Fe®)

Remark 2.1: For the choices of the parameters y, # and a , we get the following results for the various
authors:
e Letting p=1 y=1 m, =0 and S, = y,, in Theorem 2.1, we obtain Theorem 2.1 in [13].

e If =0, y=1andg; = g, in Theorem 2.1, we obtain the result in Theorem 2.1 Saltik et al. [11].

p+2{ 5-p)+B(4-p)-B(p-1)
b] -

Theorem 2.2: Let ¢, /3 be positive real numbers (1 =1,2,3,...,n) . We suppose that the functions f. are

starlike functions by orderi, that is f, eS;k [1,iJ and g, eC,\/M_ (1), 0< 1 <1, 1=12,...,n
Q; ’ Q; '

If
n
Z[:Bi(p_ﬂi)"' pai:l_n< P
i=1
then the integral operator | ;’jf; defined in (1.8}) is in the class C(v) , where

v= p+n+iZ;j[ﬂi (#4,—p)—pa |

Proof: Using a similar argument in Theorem 2.1, we have

zl ., (2) (Dm f(z)) 2(D"g (2 ))
Ty — (Pl : | 2\PeD)
Pny( ) (P )+Z “ (Dmf(z)) o (Dmigi(Z)) A
] ()] (o)
=(p-1 i i | —————(p-1
(p )+; a, (Dmf(z)) —op+p (0"4,) (p-1)
(2.5) -
From (2.5), we have
@ 20" 1) 2(0g,@)
1+ ——r == A0 | AP S |
@ P o) P o) O]

Taking the real part of the above expression, we obtain
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Re(1+ Pny(Z)J p+zn: M —pzn:ai

oy (2) = (D™ f,(2)) =
n 2(D"g,(2)) n
+Y fRe| S 41| Y
Z (D"g,(2)) %
, 2.7
o z(D" f,(2)) n
= p+iZ:l:aiRe —(Dmi fi(Z)) —piz:l:ai
+Zn:,8.Re Z(Dml—gi(Z))”Jrl —pzn:ﬂ..
N orew) )
Butf, €S’ (1ij so Re(w) >i and since g, € CV, , (&) for g >0 and
Pt ) T o) T 9SSRl
0<A4 <1 i1=12,...,n, from (2.7),
Re(l pn7( )]>p+n pza +Zﬂ M_p + 4 _pZﬂ
o, (@) (D"™gi(2))
(2.8)
@ 2(D"g,(2))
>p+n—-p) o+ ﬂiﬂ,,1+——p+ B (1
"% (D"g,(2)) Z
Since B4, 1+M— p| > 0, we obtain
(D™g,(2))
Re{1+ oy (2 )J>p+n pZa+Zﬁ
Loy (2) - | 29)

> p+n+§[ﬂi (#,—P)-pe; |

n
Using the hypothesis Z[,B, ( P-4 ) + P ] —N< pin (2.9), we obtain that the integral operator | F‘fﬁ is
i=1

in the class C(v) , where

v=p+n+iZ;j[ﬂi(ui—p)—pai]- O

Taking n =1 in Theorem 2.2, we obtain the following corollary:

Corollary 2.1: Let 2,5 be positive real numbers. We suppose that the functions f is a starlike functions by

orderé ,thatis T e S;,k (1,%) andg; e CV, , (w) . If
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B(P—p)+ pa <1+ p,
then the integral operator | ;‘f defined in (1.8}) is in the class C(v) , where

V= p+1+ﬂ(,u— p)— pc.

Letting p =1, for the choices of v and £ the above Corollary 2.1 reduce to the following result, which was
proved earlier by [13].

Corollary 2.2: Let ¢, /3 be positive real numbers. We suppose that the functions f is a starlike functions by
1 * 1
order —, thatis f €S;,|L— | and g, e O\, (w). If
: o :

a
ﬂ(l— y) +a<?2,
then the integral operator | f‘y’ﬁ defined in (1.8}) is in the class C(v) , where
V= 2+ﬂ(,u—1)—a.
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