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Abstract - Many tests for the analysis of continuous data have the underlying assumption that the data in
question follows a normal distribution (ex. ANOVA, regression, etc.). Within certain research topics, it is
common to end up with a dataset that has a disproportionately high number of zero-values but otherwise might
follow a normal or a Poisson distribution. These datasets are often referred to as ‘zero-inflated’ and their
analysis can be challenging. An example of where these zero-inflated datasets arise is in plant science. We
conducted a simulation study to compare the performance of the Poisson zero-inflated model to a standard
ANOVA model and also to a regular Poisson model on different types of zero-inflated data. Underlying
distributions, number of populations, sample sizes, and percentages of zeros were variables of consideration. In
this study, we conduct a Type I error assessment followed by a power comparison between the models.
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I. Introduction

Many tests for the analysis of continuous data have the underlying assumption that the samples under
consideration come from a normal distribution (ex. ANOVA, regression, etc.). In some fields of research, it is
common to end up with samples having a disproportionately high number of zero-values but appear to come
from populations that are approximately normally distributed. These samples are often referred to as ‘zero-
inflated’ [1]. Because of the high number of zeros, the distributions from which the samples are drawn are not
normal. Thus, analysis techniques with the underlying assumption of normality could be misleading. Analysis
of variance (ANOVA) will allow for small deviations from normal populations and still give accurate results,
but the effect of large percentages of zeros on ANOVA has not been quantified.

An example of where these zero-inflated datasets arise is in plant science. Suppose an experiment is
designed where treatments are applied to seeds or their soil, and the height of the emerging plants is measured as
the dependent variable. Generally, some percentage of the seeds do not grow; this results in a zero-inflated
height dataset. Other sources of zero-inflated datasets are research on cold spells, defects in manufacturing,
household expenditures on durable goods, alcohol consumption, insurance benefits, healthcare expenditures, and
motor vehicle crash records [2, 3, 4].

Analysis of variance (ANOVA) is a statistical method that can be used to test if population means are
equal using samples from the populations in question [5]. Within the context of testing for equality of means,
ANOVA is an extension of the two-sample t-test that can be used for more than two samples. Both ANOVA and
the two-sample t-test share the assumptions of sample independence, samples having an underlying normal
distribution, and homogeneity of variance. The potential problem with using ANOVA on zero-inflated normal
data is that the zero-inflation violates the assumption that the samples have an underlying normal distribution.
Zero-inflation can also lead to a violation in the homogeneity of variance assumption.

Models designed for dealing with zero-inflated data exist, but they have not been compared to the
results from using the standard ANOVA. Examples of zero-inflated models include hurdle, Tobit, and zero-
inflated Poisson [6, 7, 8]. These models utilize different means to differentiate between zero and non-zero
portions of the model to account for the extra zero values. With these different methods comes the potential for
optimization on which methods are most powerful in a given set of circumstances. It is also possible that in
some situations the zero-inflated models don’t provide any advantage over standard ANOVA, and subsequently
aren’t worth dealing with the added complexity.

The purpose of this research is to compare the results from ANOVA with the results from the Poisson
model, and the zero-inflated Poisson model (ZIP) when the underlying distributions are either normal or Poisson
with various percentages of zero-inflation. We will conduct two phases of analysis. The first will be a Type |
error assessment, and the second will be a power comparison. For the Type | error assessment, we will sample
from both the normal and the Poisson distributions with varying levels of zero-inflation and sample sizes. For
each combination of underlying distribution, level of zero-inflation, and sample size, we will estimate the Type

ISSN: 2231-5373 http://www.ijmttjournal.org Page 139




International Journal of Mathematics Trends and Technology (IIMTT) — VVolume 65 Issue 8 - August 2019

1 errors in the ANOVA and estimate the Type 1 errors using the regular Poisson model and using ZIP.
Throughout the study, the stated Type 1 error is always 0.05. Thus, we will compare our estimated Type 1
errors with 0.05. For cases in which the Type 1 errors are approximately 0.05 or less for all the models, we will
compare the powers. In this phase, each distribution will again be sampled with varying levels of zero-inflation
and sample size. We again fit the models and calculate the power of each across many samples. To conduct the
various phases of this study, we will select the distribution parameters by analyzing samples from an existing
study from plant science. The parameters we find in the plant science study will be used for our simulations.
Type 1 errors will be estimated for two and eight populations. Powers will be estimated for two
populations for various changes in means, various sample sizes, and various zero-inflation percentages, when
appropriate. In the case of eight populations, powers will be estimated for various sample sizes and zero-
inflation percentages, where appropriate, when the first mean is different and all the remaining means are the
same, and then when the first four means are equal, and the last four means are equal, but different from the first
four.
In this study we will also seek to answer the following research questions:
1) How does Type I error compare between the ANOVA, the Poisson model, and the ZIP when the
underlying distributions are normal or Poisson, but with various percentages of zero-inflated data?
2) Does the ZIP model, which is designed for zero-inflated Poisson data exhibit improved power over
ANOVA or using a regular Poisson model across different percentages of zero-inflation for both
normal and Poisson distributions?
3) What level of zero-inflation significantly affects the Type I error and power of ANOVA?

Il. Background

In this section we will provide additional information on the current state of zero-inflated data analysis
and present past research on the topic. This will include discussion around the sources of zero-inflated data, the
problems associated with using ANOVA on zero-inflated data, and proposed alternative solutions for analyzing
zero-inflated data.

Zero-Inflated Data

In addition to the zero-inflated datasets that can arise in plant sciences, many other areas of study can
produce this type of data. Research on defects in manufacturing, and healthcare expenditures are two of these
areas [2, 3]. Regarding defects in manufacturing, when a machine is properly aligned the number of defects it
will produces is consistently close to zero. When a machine is misaligned however, the number of defects it will
produce may follow a Poisson distribution [3]. When both the aligned and misaligned machine states are
simultaneously considered, a zero-inflated dataset can result.

An additional source of zero-inflated data is within clinical trials. Measures such as the number of
symptoms that a subject may exhibit or the number of risky behaviors that an individual engages in are often
zero-inflated distributions [9, 10]. Finally, zero-inflated distributions can also be found in motor vehicle crash
records [4]. On any given day, most motor vehicles traveling on a given stretch of road will not experience a
crash. The crashes that do occur follow a discrete distribution. When we consider both the motor vehicles that
do, and do not crash, we arrive at a zero-inflated distribution. The abundance of research areas that deal with
zero-inflated data highlights the need for accurate models. Since zero-inflation violates the assumptions of
ANOVA, this can present problems. When using ANOVA in a zero-inflated context, the estimation of effects
and inference can be biased [11].

Zero-Inflated Methods

Two different models for dealing with zero-inflation in linear models are zero-inflated and hurdle
models. Both models rely on a binary divider between two different states of the model; the states can be
thought of as ‘on” or ‘off’. With a hurdle model, zero values can only exist in the ‘on” state. With a zero-inflated
model, zero values are possible in both the ‘on” and ‘off” states [6]. A further description of hurdle models can
be found in Mullahy [12].

Another approach to dealing with zero-inflation is the Tobit model [6] which originated for application
with truncated data [13]. Like the zero-inflated and hurdle models, the Tobit model utilizes an ‘on’ and ‘off’
state to differentiate between two pieces of the model. The Tobit model utilizes a latent variable which above a
certain threshold is linearly related to the dependent variable. When the latent variable is below a certain
threshold, the dependent variable is always zero. While the Tobit model was originally intended for use with
truncated data [14] it can be applied to zero-inflated data [15].

The ‘zero-inflated Poisson’ (also referred to as ‘ZIP’) model has been proposed as a solution for
dealing with zero-inflation in a Poisson distribution [7]. With reference to manufacturing machine defects, the
zero-inflated Poisson model allows both the aligned and misaligned states to be captured by a single
distribution. A parameter (p) is used to control what percentage of the time the machine is properly aligned [3].
Greene also discusses the importance of distinguishing between zero-inflated and over dispersed distributions

ISSN: 2231-5373 http://www.ijmttjournal.org Page 140




International Journal of Mathematics Trends and Technology (IIMTT) — VVolume 65 Issue 8 - August 2019

[7]. A method for dealing with over dispersed Poisson or lack of fit to a Poisson distribution is to make
likelihood adjustments [11]. Though papers discussing the comparison of zero-inflated models exist [1, 2], a
simulation study to quantify the relative Type | error and power while considering the variables of interest will
provide additional insight.

I11. Simulation Study
In this section we will review the methods used to conduct this study. We will begin with an overview
of the simulation study, followed by an explanation of the simulation parameters and how they were selected.
We will then discuss our method for assessing Type I error. Finally, we will introduce the idea of ‘realized
effect size’ and review our method for comparing power between the models.

Simulation Study Overview

For this simulation study, we will be estimating Type | errors for the ANOVA, Poisson model and ZIP
model when the underlying distribution means are the same. This will be done by simulating 10,000 sets of
samples from the distributions and conducting a test for each set of samples. The Type | error will be estimated
by counting the number of times Hy was rejected and dividing by 10,000. We will consider two types of
underlying distributions with varying levels of zero-inflation when simulating the samples. The distributions we
will consider are normal and Poisson. The levels of zero-inflation we will consider for each distribution are 0%,
10%, 20%, 30%, 40%, and 50%.

The number of populations we will consider are two and eight. Type | errors will be estimated first
when the underlying distribution means are the same. Powers will be estimated next. Two scenarios will be
considered when estimating the powers with eight populations. The first scenario is when p; is different than the
others (Ua, M3, M4, Ms, U, 7, @nd g) and the remaining 7 means are equal; this will be referred to as the ‘1 vs 7’
scenario. The second scenario is when the first four means (W, M, M3, and ) are equal, and the last four means
(Ms, Me, M7, and L) are equal but different than the first four; this will be referred to as the ‘4 vs 4’ scenario. In
the two-population scenarios, one population is the treatment and the other is the control. In the 1 vs 7 eight-
population scenario, the single population could be considered a treatment that is being compared to 7 control
populations. In the 4 vs 4 eight-population scenario, 4 populations could be considered treatment populations
that are different than the control, while 3 treatment populations do not differ from the control.

Within each experimental design scenario, varying levels of sampling effort will be under
consideration. For the two-population scenarios, we will consider equal sample sizes of n = 10, n = 15,n =20, n
=30, n = 50, and n = 100 per population. For the eight-population scenarios, we will consider equal sample
sizes of n = 3, n =5, and n = 10 per population. For every combination of underlying distribution, level of zero-
inflation, experimental design scenario, and sampling effort, 10,000 sets of samples will be generated.

During our preliminary investigation, hurdle and Tobit models were proving to be problematic for use
in this study. They both exhibited poor Type | error control and power. We therefore favored additional
investigation with the zero-inflated Poisson model instead, which did not exhibit these issues. Subsequently, we
will consider three models for each set of samples: ANOVA, Poisson, and zero-inflated Poisson (ZIP). The
terms ‘ANOVA’ and ‘normal’ with reference to the model we’re considering may be used interchangeably in
the remainder of this report; the ANOVA model is built on the assumption of normality. Each model will be fit
and tested on its ability to discern a difference between the population means for each set of samples using SAS.
PROC GENMOD will be used to fit each of the models. Minor changes to the SAS code will allow us to change
the distributional assumptions between models (normal, Poisson, ZIP). Aside from changes to the distributional
assumption for each model, we applied a Pearson scale to the normal and Poisson model to address any potential
issues with over dispersion. Without the Pearson over dispersion correction, Type | error (further explained
below) could be affected and make power comparison of the Poisson model challenging [6].

Simulation Parameters

To select the underlying parameters for the two types of distributions considered in this study, we
referenced the dataset that originally inspired this investigation. That dataset was from a plant science study with
a continuous response variable, which enabled us to mimic it for our simulated normal samples. We calculated a
mean of 20 and a variance of 4 from the reference dataset and used those same parameters for the simulated
normal samples. For consistency, we also set the lambda parameter of the Poisson simulated samples to 20. This
value of lambda kept the shape of the Poisson samples symmetric and relatively normal. Though, the variance is
not the same between the two distributions, the mean is 20 for each.

Type | Error Assessment
When conducting a comparative power analysis, it is important to verify that each model being
compared has controlled Type | error. Comparing the power between two models that do not have similar Type
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| error rates could lead to incorrect conclusions about which model is more powerful; seemingly small
deviations in Type | error can cause significant changes in apparent power.

For this study, we estimated Type | error for the two-population scenarios by simulating two samples
from the same distribution, fitting the models to each pair of samples, and tallying rejections to the null and
alternative hypothesis below:

Ho: t1 = W

Ha: Wy # 12

The Type | error for each model was estimated by taking the number of samples that resulted in a rejection of
the null hypothesis and dividing by 10,000 (the number of sample pairs simulated). We used a stated alpha value
(o) of 0.05 for this study. Type | error was estimated for each combination of sample distribution (normal,
Poisson, negative binomial), model, sampling effort, and level of zero-inflation.

For the eight-population scenarios, we compared Type | error by conducting a test with different null
and alternative hypothesis from the two-population scenarios. The null and alternative hypothesis for the eight-
population treatment scenarios are as follows:

Ho: My = H2 = Ps = s = Us = M6 = Hy = Hlg
H,: At least one Ly is different from the others

As with the two-population case, Type | error for each model was estimated by taking the number of samples
that resulted in a rejection of the null hypothesis and dividing by 10,000 (the number of sample pairs simulated).
Type | error was estimated for each combination of sample distribution (normal, Poisson, negative binomial),
model, sampling effort, and level of zero-inflation.

Realized Effect Size

We next conducted a power analysis. To do this, it is important to understand the impact that zero-
inflation has on treatment effect size. Consider a sample from a normal distribution with mean 20 and variance
4. Without any zero-inflation, the expected value for the sample mean and variance are respectively 20 and 4.
Now let’s consider another sample in which half of the values are from the same normal distribution, and the
other half of the values are zeros (50% zero-inflation, p = 0.5). For this sample, the expected value for the mean
and variance are respectively 10 and 102.

To understand this within the context of effect size, let’s consider a normally distributed population
with mean 22 and variance 4, and another population with mean 20 and variance 4. The normalized effect size
between these two populations is 16 ((22 - 20) / 2). If we apply 50% zero-inflation to those samples, the means
and variance will change significantly, which will also change the normalized effect size between the two
populations. For the purposes of this study, we have defined the term ‘realized effect size’ as the difference
between the zero-inflated means divided by the variance before zero-inflation was added. While this may be a
somewhat overly simplistic approach, it succinctly illustrates the point of decreasing effect size on the non-zero
portion of the data as zero-inflation increases. Applying this calculation to the previously mentioned normal
populations, with means 22 and 20 respectively, we are left with a realized effect size of 0.5¢ ((11 - 10) / 2 =
0.50). In Table 1 below, the realized effect size for each level of zero-inflation and target effect size has been
calculated. It is important to keep in mind the diminishing realized effect size as zero-inflation increases because
we expect lower statistical power on samples from populations with a smaller effect size.

Table 1. Realized Effect Size.

Zero-Inflation p=0.0 p=01 p=0.2 p=0.3 p=04 p=05
1o Realized Effect Size 1.06 0.90 0.8c 0.7¢ 0.6c 0.5¢
26 Realized Effect Size 2.0c 1.8¢ 1.66 l.40 1.2¢ 1.0c

Power Comparison

The purpose of a power comparison is to determine if certain models perform better under specific
circumstances. In general, a statistical test will have higher power when the effect size is large. To quantify the
difference between means, the term ‘standardized effect size’ is used and refers to the difference in population
means divided by the standard deviation of the samples. For example, if we were sampling from the
distributions N(22,4) and N(20,4), where the variance of each distribution is equal to 4 (standard deviation equal
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to 2), we would have an effect size of (22 - 20) / 2 = 1o. For the purposes of this study, we considered effect
sizes of 1o and 2c for each of the experimental design scenarios.

For the two-population scenarios in this study, we compared power by simulating two samples from
distributions with a set effect size, fitting the models to the samples, and tallying rejections to the null and
alternative hypothesis below:

Ho: t1 = W

Ha: Wy # 12

Since the two samples were taken from distributions with different means, the models arrive at the correct
conclusion when they reject Ho and conclude that the there is a difference between the population means. For
each combination of sample distribution (normal, Poisson, negative binomial), model, sampling effort, and level
of zero-inflation, we tallied results for 10,000 samples of the test described above. An overall power for each
scenario was calculated by taking the number of samples that resulted in a rejection of the null hypothesis and
dividing by 10,000.

For the eight-population scenarios, we compared power by conducting a test with different null and
alternative hypothesis from the two-population scenarios. The null and alternative hypothesis for both eight-
population treatment scenarios are as follows:

Ho: My = M2 = Ps = M4 = Us = M6 = Hy = Mg
H,: At least one L is different from the others

Like the two-population scenarios, the eight-population scenarios arrived at the correct conclusion when Hq was
rejected to conclude that at least one of the groups had a different population mean.

Again, for each combination of sample distribution (normal, Poisson, negative binomial), model,
sampling effort, and level of zero-inflation, we tallied results for 10,000 samples of the test described above. An
overall power for each scenario was calculated by taking the number of samples that resulted in a rejection of
the null hypothesis and dividing by 10,000.

Simulation Study Outline
To more succinctly describe this simulation study, we have created the outline below:;

1) Type | error assessment with two populations, [y = .

a) Underlying distributions: Normal, Poisson

b) Zero-inflation of 0%, 10%, 20%, 30%, 40%, and 50%

c) Sampling effort of n =10, n = 15, n = 20, n = 30, n = 50, n = 100 (per population)

d) Models: ANOVA, Poisson, Zero-Inflated Poisson

e) Samples taken / models fit for each combination of parameters above: 10,000
2) Type | error assessment with eight populations, p; = Yo = M3 = kg = s = Mg = k7 = M.

a) Underlying distributions: Normal, Poisson

b) Zero-inflation of 0%, 10%, 20%, 30%, 40%, and 50%

c) Sampling effort of n =3, n =5, n = 10 (per population)

d) Models: ANOVA, Poisson, Zero-Inflated Poisson

e) Samples taken / models fit for each combination of parameters above: 10,000
3) Power comparison with two populations, L # po.

a) Underlying distributions: Normal, Poisson

b) Zero-inflation of 0%, 10%, 20%, 30%, 40%, and 50%

c) Sampling effort of n =10, n = 15, n = 20, n = 30, n = 50, n = 100 (per population)

d) Models: ANOVA, Poisson, Zero-Inflated Poisson

e) Effect sizes of 1o and 26

f)  Samples taken / models fit for each combination of parameters above: 10,000
4) Power comparison with eight populations, ply # p2 = Ha = g = Hs = Mg = H7 = M.

a) Underlying distributions: Normal, Poisson

b) Zero-inflation of 0%, 10%, 20%, 30%, 40%, and 50%

c) Sampling effort of n =3, n =5, n = 10 (per population)

d) Models: ANOVA, Poisson, Zero-Inflated Poisson

e) Effect sizes of 1o and 20

f)  Samples taken / models fit for each combination of parameters above: 10,000
5) Power comparison with eight populations, p; = W = Y3 = ta # s = Hs = M7 = Us.

a) Underlying distributions: Normal, Poisson

b) Zero-inflation of 0%, 10%, 20%, 30%, 40%, and 50%
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c) Sampling effort of n =3, n =5, n = 10 (per population)
d) Effect sizes of 1o and 26
e) Samples taken / models fit for each combination of parameters above: 10,000

IV. Results
In this section we will provide an overview of the results from the Type | error assessment and review
the results from the power comparison for each sample distribution we considered.

Two-Population Type | Error Assessment

As stated in the ‘Methods’ section, because a target Type I error rate of a = 0.05 was selected for this
study, values for Type | error should be near 0.05. To create a reference for the interpretation of our Type | error
rates, we calculated a 95% confidence interval on the binomial proportion with the point estimator set to 0.05
(and n = 10,000); the resulting interval is [0.0457, 0.0543]. For comparison, the 90% and 99% intervals are
respectively [0.0464, 0.0536] and [0.0444, 0.0556].

The results of the two-population Type | error assessment on normal samples can be found in Tables 2,
3, and 4 below. In these tables, we see Type | error maintained near the stated level of alpha for the normal
model. The Poisson model also has Type I error maintained near the stated level of alpha for samples of n = 15
and larger. This model is exhibiting conservative Type | error for samples of n = 10 (except for the p = 0.0
case). The ZIP model applied to zero-inflated normal data has a consistent Type | error rate near zero for each of
the test cases.

Table 2. Normal Sample — Normal Model Two-Population Type | Error.

Zero-Inflation p=0.0 p=0.1 p=0.2 p=0.3 p=04 p=05
n=10 4.95 2.82 4.78 4.92 4.98 5.06
n=15 4.94 4.09 4.63 5.55 4.99 5.29
n=20 4.95 4.52 4.94 4.81 5.10 4.87
n=30 5.03 4.36 4.70 5.30 4.71 5.10
n =50 4.94 4.65 5.11 4.93 4.88 5.23
n =100 5.05 5.02 4.95 4.74 5.14 4.90

Table 3. Normal Sample — Poisson Model Two-Population Type | Error.

Zero-Inflation p=0.0 p=0.1 p=0.2 p=0.3 p=0.4 p=0.5
n=10 6.54 2.43 351 3.84 3.72 3.29
n=15 5.64 3.64 4.53 4.45 3.80 3.76
n=20 6.03 4.10 4.58 4.70 4.70 4.20
n=30 5.50 4.34 4.47 4.77 4.49 4.59
n=>50 5.47 4.23 4.77 4.43 5.09 4.87
n =100 5.21 5.00 4.65 4.83 5.04 5.42

Table 4. Normal Sample — ZIP Model Two-Population Type | Error.

Zero-Inflation p=0.0 p=01 p=0.2 p=0.3 p=04 p=05
n=10 0.00 0.00 0.00 0.00 0.00 0.00
n=15 0.00 0.00 0.00 0.00 0.01 0.00
n=20 0.00 0.00 0.00 0.00 0.01 0.00
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n=30 0.00 0.00 0.00 0.00 0.00 0.00
n =50 0.00 0.00 0.00 0.00 0.00 0.00
n =100 0.00 0.00 0.01 0.00 0.00 0.00

The results of the two-population Type | error analysis on zero-inflated Poisson samples can be found
in Tables 5, 6, and 7. For the normal model, Type | error is being controlled across sampling effort and zero-
inflation.

Table 5. Poisson Sample — Normal Model Two-Population Type | Error.

Zero-Inflation p=0.0 p=0.1 p=0.2 p=0.3 p=04 p=05
n=10 5.07 4.19 4.85 4.97 5.02 4.97
n=15 5.02 4.86 5.42 4.81 5.14 4.88
n=20 4.97 4.82 4.88 5.16 4.77 5.13
n=30 5.07 5.14 521 5.26 5.20 5.01
n=>50 4.57 5.22 5.12 5.19 5.06 5.02
n =100 5.10 5.40 4.84 5.10 4.97 4.96

Table 6. Poisson Sample — Poisson Model Two-Population Type | Error.

Zero-Inflation p=0.0 p=0.1 p=0.2 p=0.3 p=04 p=0.5
n=10 6.42 4.80 4.45 4.15 4.10 3.53
n=15 5.96 5.10 4.96 4.15 4.02 4.16
n=20 5.73 4.61 4.78 4.87 4.62 4.49
n=30 5.54 5.08 5.25 4.75 4.84 4.22
n=>50 5.02 4.74 4.93 4.80 491 5.01
n =100 531 5.18 5.00 4.81 4.42 4.76

Table 7. Poisson Sample — ZIP Model Two-Population Type | Error.

Zero-Inflation p=0.0 p=0.1 p=0.2 p=0.3 p=0.4 p=0.5
n=10 4.86 4.73 4.95 4.85 4.92 4.57
n=15 4.78 5.07 4.87 5.11 4.71 4.85
n=20 5.00 4.67 4.89 5.11 4.78 5.26
n=30 5.04 4.89 4.95 4.68 4.64 5.00
n=>50 4.77 4.82 4.95 4.78 5.04 4.92
n =100 5.15 5.35 4.89 5.08 4.87 4.71

Eight-Population Type | Error Assessment
The results of the eight-population Type | error assessment on normal samples can be found in Tables
8, 9, and 10. For the normal model, we see maintained Type | error across levels of sampling size and zero-
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inflation. The n = 10 case for the Poisson model applied to normal data is borderline acceptable and power
results will need to be interpreted with caution. In Table 13 we see near zero Type | error for all levels of sample
size and zero-inflation for the ZIP model applied to normal samples.

Table 8. Normal Sample — Normal Model Eight-Population Type | Error.

Zero-Inflation p=0.0 p=0.1 p=0.2 p=0.3 p=04 p=05
n=3 4.89 4.33 5.12 5.21 6.01 5.62
n=>5 5.17 4.20 5.34 4.97 5.26 5.34
n=10 4.93 4.16 5.13 4.82 5.32 4.86

Table 9. Normal Sample — Poisson Model Eight-Population Type | Error.

Zero-Inflation p=0.0 p=0.1 p=0.2 p=0.3 p=04 p=05
n=3 12.14 2.51 5.93 12.18 14.68 10.79
n=>5 8.62 2.64 2.86 3.99 7.59 11.42
n=10 6.33 3.58 3.78 4.06 4.39 4.23

Table 10. Normal Sample — ZIP Model Eight-Population Type | Error.

Zero-Inflation p=0.0 p=0.1 p=0.2 p=0.3 p=04 p=0.5
n=3 0.00 0.17 0.40 0.63 1.24 1.28
n=>5 0.00 0.00 0.13 0.41 0.33 0.78
n=10 0.00 0.00 0.00 0.00 0.06 0.31

The results of the eight-population Type | error analysis on zero-inflated Poisson samples can be found
in Tables 11, 12, and 13. In Table 12 we see inflated or deflated Type I error except for the n = 10 case with the
Poisson model. In Table 16 we see Type | error only being controlled for the n = 10 cases for the ZIP model.

Table 11. Poisson Sample — Normal Model Eight-Population Type | Error.

Zero-Inflation p=0.0 p=0.1 p=0.2 p=0.3 p=0.4 p=0.5
n=3 5.22 4.71 5.11 5.74 5.30 5.19
n=>5 4.83 4.51 4.75 4.32 5.43 5.15
n=10 4.86 4.93 5.32 5.19 4.89 5.55

Table 12. Poisson Sample — Poisson Model Eight-Population Type | Error.

Zero-Inflation p=0.0 p=01 p=0.2 p=0.3 p=04 p=05
n=3 12.02 4.57 6.96 12.32 14.18 12.24
n=>5 8.38 3.98 4.33 4.54 7.39 10.70
n=10 6.35 4.51 4.22 4.50 4.86 511

Table 13. Poisson Sample — ZIP Model Eight-Population Type | Error.
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Zero-Inflation p=0.0 p=0.1 p=0.2 p=0.3 p=04 p=05
n=3 5.42 5.78 8.08 11.21 13.92 16.99
n=>5 5.22 4.79 5.22 6.21 8.34 11.78
n=10 4.47 5.36 5.10 497 5.23 5.88

Zero-Inflated Normal Power Comparison

For two-population zero-inflated normal samples, we see the ZIP model having stronger power than the
normal or Poisson models for sampling efforts above n = 30. Without zero inflation (p = 0.0) the normal and
Poisson models have higher power than the ZIP model. It is worth noting that the ZIP model applied to two-
population normal samples had low Type | error which suggests that the power shown in the figures below
could improve if the Type I error were closer to the desired 5%. The 1o effect size power comparison plots for
the normal, Poisson, and ZIP models applied to zero-inflated normal samples can be found in Figures 1, 2, and 3
for percentage of zero inflation being 0%, 20%, and 50%. The relative power of the models at the 1o effect size
were amplified in the 26 effect size simulations.

For eight-population zero-inflated normal samples, we only saw acceptable Type | error for samples of
n = 10 when using the Poisson model. Subsequently, we will only compare models for this distribution at the n
= 10 sample size. The zip model had low power in comparison to the other models when the zero-inflation
percentage was zero. There is no distinct power advantage for any of the models for higher percentages of zero-
inflation. Figures 4 and 5 are given for the powers for each model for 20% and 50% zero-inflation. This power
result did not vary when the treatment was applied to 1 population (1 vs 7) versus when the treatment was
applied to 4 populations (4 vs 4).

Two-Population Power (10)
Data: Mormal, p = 0.0

== Maormal == Poisson ZIF

100.00

75.00

50.00

Power

25.00

0.00
20 40 60 80 100

Sample Size (Per Population)

Figure 1. Normal Sample — p = 0.0 Two-Population Power (1o).

ISSN: 2231-5373 http://www.ijmttjournal.org Page 147




International Journal of Mathematics Trends and Technology (IIMTT) — VVolume 65 Issue 8 - August 2019

Two-Population Power (10)
Data: Normal, p=0.2

== Mormal == Poisson ZIP

100.00

75.00
g 50.00
[=]
o

25.00 m—

e
——
0.00
20 40 &0 20 100
Sample Size (Per Population)
Figure 2. Normal Sample — p = 0.2 Two-Population Power (1c).
Two-Population Power (10)
Data:Mormal, p=0.5
== Mormal == Poisson ZIP
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Figure 3. Normal Sample — p = 0.5 Two-Population Power (10).
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Eight-Population Power (1 vs 7, 10)
Data: Normal, p=0.2
== Mormal == Poisson ZIP
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Figure 4. Normal Sample — p = 0.2 Eight-Population Power (1 vs 7, 10).

Eight-Population Power (1 vs 7, 10)
Data:Mormal, p=0.5
== Mormal == Poisson ZIP
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Figure 5. Normal Sample — p = 0.5 Eight-Population Power (1 vs 7, 10).

Zero-Inflated Poisson Power Comparison

For two-population zero-inflated Poisson samples, the normal and Poisson models had comparable
power across levels of zero-inflation and sampling effort. Both the normal and Poisson models were however
outperformed by the ZIP model for all combinations of zero-inflation (except at 0%) and sample sizes. . Figures
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6 and 7 show the comparison the powers of all three models for the 1o effect size when the percentage of zero-
inflation was 20% and 50%.

Two-Population Power (10)

Data: Poisson, p=0.2
== Marmal == Poisson ZIP
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Figure 6. Poisson Sample — p = 0.2 Two-Population Power (1c).

Two-Population Power (10)

Data: Poisson, p=0.5
== Marmal == Poisson ZIP
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Figure 7. Poisson Sample — p = 0.5 Two-Population Power (1o).
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Eight-Population Power (1 vs 7, 10)

Data: Poisson, p = 0.0

== Marmal == Poisson ZIP
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Figure 8. Poisson Sample — p = 0.0 Eight-Population Power (1 vs 7, 1o).

For eight-population zero-inflated Poisson samples, we only saw acceptable Type | error for samples of n = 10
for the Poisson model. Subsequently, we will only compare models for this distribution at the n = 10 sample
size. We again saw there was power improvement with the ZIP model over the normal and Poisson models. The
normal and Poisson models again performed similarly. The relative strength of the models did not change for
the 1 population (1 vs 7) or 4 population (4 vs 4) treatment group scenarios, but there was improved power for
all models with the 4 population treatment group scenarios. Power comparison plots for the 1 population
treatment samples (1 vs 7) can be found in Figures 8, 9, and 10 for percentages of zero-inflation of 0%, 30% and
50%.

Eight-Population Power (1 vs 7, 10)
Data: Poisson, p=0.3
== Mormal == Poisson ZIF
100.00
75.00
T  sp.00
T
25.00
-____-______————_
0.00
4 #] 8 10
Sample Size (Per Population)

Figure 9. Poisson Sample — p = 0.3 Eight-Population Power (1 vs 7, 1o).
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V. Conclusions

Research Questions

Let’s review the research questions proposed in the introduction to this study:

1) How does Type I error compare between the ANOVA, the Poisson model, and the ZIP when the
underlying distributions are normal or Poisson, but with various percentages of zero-inflated data?

2) Does the ZIP model, which is designed for zero-inflated Poisson data, exhibit improved power
over ANOVA or using a regular Poisson model across different percentages of zero-inflation for
both normal and Poisson distributions?

3) What level of zero-inflation significantly affects the Type I error and power of ANOVA?

For the normal model applied to normal samples, Type | error is well controlled. For the Poisson model applied
to normal samples with sampling sizes of n = 15 or greater, Type | error is also well controlled. The ZIP model
had low Type | error that was consistently near zero for normal samples. For Poisson samples, we saw
controlled Type I error for the normal model. Type 1 error was controlled for the Poisson model and the ZIP
model for sample sizes of at least 10. To more specifically answer the Type | error research question, for the
models and two data distributions considered in this study, the zero-inflated method only seems to have better
Type | error control when applied to Poisson samples.

Regarding the power of zero-inflated methods when compared to standard ANOVA, in the two-
population normal sample treatment scenarios, the ZIP model with samples of n = 30 or greater had improved
power over the normal or Poisson models. For two-population Poisson samples, the ZIP model showed
improved power over the normal or Poisson models for all combinations of sample size and level of zero
inflation. In general, these results held true for the eight-population test cases. The notable exception being when
we applied the ZIP model to eight-population normal samples; this resulted in extremely low power for all test
cases.

Eight-Population Power (1 vs 7, 10)
Data: Poisson, p=0.5
== Mormal == Poisson ZIP
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0.00
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Figure 10. Poisson Sample — p = 0.5 Eight-Population Power (1 vs 7, 10).

To address the question on what level of zero-inflation compromises the accuracy of ANOVA, we will
review Type | error and power for the normal model. We did not see significant changes in Type | error control
for the normal model across levels of zero-inflation for any of our two sample distributions. Regarding power,
the normal model becomes significantly compromised with nearly any level of zero inflation for all considered
sample distributions. We found that the decrease in power was larger for the two-population scenarios than the
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eight-population scenarios, but an immediate and considerable decrease in power was discovered with all levels
of zero-inflation.
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