International Journal of Mathematics Trends and Technology (IJMTT) - Volume 65 Issue 9 - Sep 2019

Exponential Transform and its Properties

N. S. Amberkhane “*, H. A. Dhirbasi ?, K. L. Bondar*®

| ecturer & Department of Mathematics, NES Science College, SRTMU Nanded, India — 431602
2L ecturer & Department of Mathematics, NES Science College, SRTMU Nanded, India — 431602

3Assoc. Prof. & Department of Mathematics, Govt.Vidarbha Institute of Science and Humanities, Amaravati,
India — 444604

Abstract—In this paper we have introduced the new concept of finite hyperbolic transforms. Transform of
some standard functions are obtained and some properties are proved.
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I. INTRODUCTION

If the disturbance is f (t) = e*?, for a >0, the usual Laplace transform cannot be used to find the solution of
an initial value problem because Laplace transform of f does not exist. It is often true that the solution at times
later than t would not affect the state at time t. This leads to define Finite Laplace transform.

The finite Laplace transform of a continuous or an almost piecewise continuous function f in (0, T) is

denoted by L. (f (t))=F(p,T),
L (F()=F(p.T)=[; f(t)e™dt (L.1)
Where p is a real or complex number and T be a finite number which may be positive or negative.

Note : Above definition is defined for any bounded interval (-T,,T,).
Finite Laplace transform motivate us to define Finite Sine Hyperbolic transform and RAM Finite Cosine
Hyperbolic transform in 0 <t <T in order to extend the power and usefulness of usual Laplace transform in

0 <t < o0. section 2 devotes some preliminaries containing some definitions and properties of finite sine
hyperbolic transform In section 3.1 shifting properties of Finite Sine Hyperbolic Transform are obtained and In
section 3.2 examples are given.

Il. EXPONENTIAL TRANSFORM
Definition : Let f(t) be function defined for all positive values of t, then
fis)=[a*f®d, a-1
0
Provided the integral exists is called exponential Transform of f(t) . It is denoted as
ALF(D)]=T(s)= [a*fdt, as1
0

here A is called exponential Transformation operator The parameter s is real or complex number.
In general the parameter s is taken to be a real positive number.

Theorem [ Existence of Exponential Transform]
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If f(t) isafunction of class A. Then Exponential Transform of f (t) exists
or

suppose f (t) is piece-wise continuous in every finite interval and is of exponential order k as t = oo Then
f (S) exists for all slog a > k that is exponential transform exists.

Proof : Let f(t) be piece wise continuous function in every finite interval and of exponential order k as
t — oo Toshow that f(S) exists Vsloga > k

Let t; >0 then

ALE()]= T(s)= [a*f (Bt

=f(s)= } a*f(t)dt+ T a*f(t)dt

fo
f
continuity of f (t) in the finite interval (0,t,) implies that J‘a'st f(t) exists
(o]
It remains to show that J. a f (t)dt exists Wsloga >k
fo
: : o dime
f (t) is of exponential order k as t — oo implies e f(t) is finite
t—> oo
i.e. given a number t, there exists a real number M >0
such that ‘e'kt f (t)‘ <M Vitzxt,

|f (1)< Me Wixt,

Now

fa*f (bt
to

<[t ol
to

= Ofa‘s‘ | f ()t

fo

< J' a Me"dt
o

— OJ? e—stloga Mektdt
f

=M J‘e—(stloga—k)tdt
f

I\/Ie—(stloga—k)t0

=——ifsloga >k
sloga-k

Finally
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Me—(slog a-k)t,

ifsloga >k
sloga-

fa*f (b <

to

I\/Ie—(stloga—k)t0
= ﬁcan be made as small as we please choosing t, sufficiently largehence
sloga-

[af(t)dt exists “sloga >k

fo

Remark : The conditions given in the Theorem are sufficient for existence of A[f(t)] but are not the necessary
conditions.

Exponential Transform of some functions

) f(t)=1

By exponential Transform

A[1]= [ a *.1dt = | a-*dt
:Te—stlogadt
e—stloga * 1 1 o©
_Lloga} _sloga{ “'“gal
Ioga[ -1]-
1

A[ll]= ——,a >1
slog a

) f(t) =

By Exponential Transform

Iog a

8

A[f(t)]= A[t"]= [ a "t "dt

o

A[tn] — J‘e—stlogatndt
0

Put Stloga=x
X
slog a
dx
slog a

.'.A[t”]=0j?e‘x[ X j ox

0 sloga ) sloga

t =

dt =

o0 - 1 o0
e *x"dx
'([ (slog a)”+1 (s loga)™ % I
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_n “)”+1=Te‘xx”dx
(sloga)™ el

nlt
[slog a]n+1 '

1) f(t)=¢e"

LA] =

S AT (O] = Ale"] = Ta‘“e"tdt

e—stlogaektdt

Il
08 o= § ow=—m3§

e(—sloga+k)tdt

e—(sloga—k)tdt
|: e (sloga-k)t :|°O
—(sloga-k) |,

- T,
(sloga—k) glstoga-ot |

“eioaa a0

(sloga k)
-~ Ae"] =;,a>1
sloga-k

V) f (t) = cosh kt
- AL (t)]= Alcosh kt] = [ a™ cosh ktdt
0

kt + e—kt

kt
. A[cosh kt] = A[eT] [ coshkt =

ZA[e“]+= A[e"“]

1
2
_1f 1 1
2|

+
sloga-k sloga+k

1
2

_slogak+sloga—k
(sloga)’ -k
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1 2sloga
2| (sloga)” - k?

sloga

. A[coshkt] =
[ : (sloga)’ -k

~,a >1,(sloga)® > k?
V) f(t)=sinhkt

- Alsinh kt] = [ a~* sinh ktdt
0

Kkt -kt kt _ okt
- Alsinhkt] = ALE—% -sinhkt =S —°
2 2
1 ok 1 oarx
=—Ale"]-—Ale
5 Alet]-— Ale ]
11
2| sloga-k sloga+k

N |-
I

—sloga+k—sloga+k
(sloga)” —k?

N |-

o
| (sloga)’ -k’
k

A[Slnh kt] = W:

a>1(sloga)’ > k?
Vi) f (t) =sinkt

- ALE ()] = Alsinkt] = [ &~ sin ktdt

ikt _ —ikt ikt _ —ikt
- Alsinkt]= ALE—5 [ sinkt = l}
2i 2i
1

_ - [A[eikt]_ A[e_ikt]}

1 1 B 1
2i| sloga—-ik sloga+ik

1 _sloga+ik—sloga+ik]

2i|  (sloga)’-(ik)’

1 2ik ]
2i| (sloga)” - (ik)’
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k

SAsinkt] s ——m——
A ] (sloga)® +k*

1)) f (t) = coskt

- ALF ()] = Alcoskt] = [ a~ cosktdt
0

ikt —ikt ikt —ikt
.. AJcoskt] = A[e e ] "+ coskt = € t€
2 2
1 ikt 1 —ikt
—EA[e ]+§A[e ]
| S
2| sloga—-ik sloga+ik

1
2

(sloga)’ - (ik)’

=£_ 2sloga
2| (sloga)’ -k

_sloga+ik+sloga—ik]

sloga

- Acoskt]=—————
A ] (sloga)® +k*

*Properties of Exponential Transform*
1) Linear Property

A[kl fl(t) + kz fz 0]= klA[ fl 01+ sz[ f2 ]

Proof : ALK () +k, T, (0] = [ a [k, , (1) +k, f, ()]t
= [Ika ™ £,(t) +k,a ™ £, (©)]dt

=k, fatf (t)dt+k, [a~f,(t)dt
0 0

= klA[ f1 O]+ sz[ fz ]
ALk, T (1) +k, £, (0] = K ALT ()] + K, AL, ()]

I1) Shifting Property

it AL(D] = T(s), then AL f ()] =T (s———)
loga

Proof : AL £ ()] = [ ae f (t)al
0
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e—stlogaekt f (t)dt

e(—slog a+k)t f (t)dt

e—(sloga—k)t f (t)dt

1l
Ot O%——m§ o—3§

k

< )t
=fa " f(t)dt
0

AL (1)] = T(s——<)
loga

Remark : With The help of First Shifting Theorem, we can have

The Following Important Results

]
) Afekt"] = ”k'
_ n+1
( log a )
k
S_Ii k 2
1y Ale" coshbt] = Og? where a>1,[s——] > b?
S—L w loga
loga
K b k )
ny Ale®sinhbt]= ———— where a>1,[s— ]>b
s k ) 2 loga
loga
b k )
Iv) A[e* sinbt] = 5 where a>1,{s——] > b?
k j , loga
-— | +b
loga
K
S_
loga

V) Ale* coshbt] =

2
s K ]+b2
loga

111) Change of Scale Property
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)

if ALf(t)]=F(s) then A[f(kt)]=

x|~

Proof :

ALf (t)] = () then

ALT (kt)] = [ 2~ f (kt)dl

= [eo* f (kt)dt
0

100
==|e ¥ f(t)dt
k{ ®

= L] emon £ (t)gt
k{e (t)
1%

=— f (t)dt

k{a (t)

1

== f

()

L ALF (kt) = % F[Ej

1V) Second Shifting Theorem
F(t-k), t>k

It ALT ()] = (s) and G() :{ 0 t<k

Then
AG(t)]=a"f(s)
Proof: A (t)]= f(s)

oy JFE-Kif >k
()_{ 0, if t<k
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AG()] = [ a G ()t

= [ermag(t)at
0

Il
O ey X

e %G (t)dt + j e "9?G(t)dt
k

O ey X

e *0%0dt + [ e*G (t)dt
k

[ee}

=0+ [ e ™ F(t-k)dt

k
AIG(1)] = [ e " F (t — k) dt ---emremememes )
k
Put t— k =X
codt =dx
When t=k, x=0
t=00, X=o00

.".equation (1) becomes

AG(1)] = [ &9 £ (x)clx

— e—skloga(fe—sxloga f (X)dX
0

=a*[a™f(t)dt
0

AG(t)]=a*f(s)
AG()]=a"f(s)
Remark :Second Shifting Theorem can also be stated as

If f(s) is exponential Transform of f(t)and k >0, then a™ f(S) is the exponential transform
of F(t—K)H (t—k), where

H (1) = 1 if t>0
S lo if t<oO

111.D1scussiON AND CONCLUSIONS

As like Laplace Transform we observe that ; linearity , Shifting , Change of scale , Second shifting Properties
also satisfied by using newly defined Exponential Transform
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