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1. Introduction

Let A denote the class of functions of form
fR) =2+ ay 2", (1)
n=2

defined on the unit disk £ = {z : z € C and |z| < 1} normalized by f(0) = 0,
f'(0) = 1. Let § denote the subclass of function in A which are univalent in F.
Spacek [10] introduced the concept of spirallikeness which is a natural generalization
of starlikeness. Spirallike functions can be characterized by the following analytic
condition: A function f in A is A-spirallike if and only if,
a2 f'(2) }
?R{e B >0, z€ E, (2)

where =% < A < 7.

Let T denote the subclass of A consisting of functions whose nonzero coefficients
from the second on, are negative. That is, a function f is in T if it can be expressed
as

f(z)=2z— Z anz". (3)

Selvaraj and Geetha [9] studied the classes UCSP(A, B) and SP,(\, ) generalizing
the classes UCSP(A) and SP,(\) introduced and studied by Rénning. Using the
g-derivative concept [4] we further extend these classes and study certain character-
izing properties.
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In [4], Jackson introduced and studied the concept of the g-derivative opera-
tor 0, as follows :

05 = LI (o vo v cq<n a0 =ro). @
Equivalently (4) may be written as
Ouf(2) =1+ i [n], a, 2", 2 #0. (5)

Where [n], = 1;};, note that as ¢ — 17, [n], = n.

Definition 1.1. Let UCSPT(\, 5,q) be the class of function f in T, f(z) = z —
>, anz™, an > o which satisfy the condition
0y(20,f(2))

%{ (%{g))ﬂ Z |7 a,1)

Definition 1.2. Let SP,T(), 8, q) be the class of functions f(z) =z = ", a,2"
which satisfy the condition

220,/ (2) 20,f (2) T
Lemma 1.1. [6] f(2) =2 —> ", a,2" in UCSPT (X, B,q) if and only if,

(2[n], — cos A — B)[n]sa, < cos A — B. (6)

—1‘+ﬁ, 0<p8<1, 0<qg<1, \)\]<g.

n

Using (3), the function f(z) € UCSPT (A, B, q) will satisfy
cos A —f3

= [ 2l cos A~ ) v
cos A — 3
“ = B, 0Rl oA~ ) ®
Lemma 1.2. [6] f(z) =2z —) ", a, 2" in SB,T(\,5,q) if and only if,
3 (2[n], — cos A — B)a, < cos A — . 9)
n=2

Definition 1.3. Let UCSPT.(\, B,q) be the class of the function in UCSPT(\, 3, q)
the form

L clecosA = B)2" & W (g
IO =5~ el ema— )~ 2 " (20 1o

where 0 < ¢ < 1. When ¢ =1 we get UCSPTy(\, B,q) = UCSPT(\, 5,q).

ISSN: 2231-5373 http://www.ijmttjournal.org Page 19



vts-1
Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - Volume 66 Issue 1 - Jan 2020


vts-1
Text Box

ISSN: 2231-5373                          http://www.ijmttjournal.org                                Page 19


vts-1
Text Box


International Journal of Mathematics Trends and Technology (IJMTT) - Volume 66 Issue 1 - Jan 2020

Definition 1.4. Let SP,T.(\, 5,q) be the class of the function in SP,T (X, B,q) of
the form
c(cos A — B3)2? -
z)=2z— _5 a,z", (a, > 0), 11

where 0 < ¢ < 1. When ¢ =1 we get SP,T1(\, 5,q) = SE,T(\, 5, q).

2. Main results

Theorem 2.1. If f(z) € UCSPT (), B,q) then
cosA — f3 9
r— re<|f(z2)| <r+ r
2,2, —esr—p) =)
B cosA — f3
2[2], —cosA = f3
and the extreme points are

and
1

r<|0,f(z)| <1+

cosA— 3
fi(z) =2z, fulz) =2 — 2" n=23, ...
=2 =2 G ], cosh )
The result is sharp for f(z) = z — [Q]q(2[c2?ji;oik—ﬁ) 22 2= 4.

Proof. f(z) e UCSPT(\,,q). Hence by Lemma 1.1,

3 (2[n]q — cos A = B)[n]qan < cos A — .
n=2

therefore

IN

> cos A —f3
Z “ = ]y, —cos A — B)°

From f(z) =2z —) 7, a,z" with |z| =r, (r < 1) we have

FOI<r+Y anr”
n=2

[o¢]
< r—i—z a,r?
n=2
COS \ —
<r+ b 2

As ¢ — 17 in above Theorem we get the result proved by Selvaraj [9].
Corollary 2.1. If f(z) € UCSPT (X, B) then

cosA — f3 9 cosA — f3 9
— < <
" 2(4—008)\—ﬁ)r =G =r 2(4—cosA—ﬁ)T
and - A B
COS A — COS A —
R S I < [
L 4—cosA—BT_|f(2)‘_1+4—cos>\—ﬁr
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and the extreme points are

cos\— 3
e f(2) = " =23,
fl(Z) 2, f (Z) < TL(27’L — COS \ — B)Z n
The result is sharp for  f(z) =2z — 2(46%2_/\’18)22, z ==+,

Theorem 2.2. If f(z) € SB,T(), B, q) then

cos\— (3 cos\ — f3 9

— < < :
T, —sa—g) SHElST e e T
. o cos A\—f3 _
The result is sharp for f(z) = z — Ba00 oo 3 ) 22 z=%r

Proof. From Lemma 1.2

(2[n], — cos A — Ba, < cos A — f3.
=2

n

therefore

cos A — f3
2[n], —cos A — 3

WE

an <

[\

n=
n

From f(z) =2z —) ", a,2z" with |z| =r, (r < 1) we have

FRI<r+) an”
n=2

oo
<r+ Z anr2
n=2

<+ cosA — f3 9
r re.
- 2[2], —cosA—f3
cos\ — f3 cos\ — f3
1-— < |o <1
2[2], — cos A — BT <10/ =1+ 2[2], — cos A — ﬂ{r
and the extreme points are
cosA— 3
e f() =2 " =23, ...
fl(z) <, f (2) Z (2[n]q — cos \ — B)Z n
The result is sharp for f(z) = z — [Q]q@[‘;}’zfc_fw_m 22 =4 O

As ¢ — 17 in above Theorem we get the result proved by Selvaraj [9].

Corollary 2.2. If f(z) € SP,T(\, ) then

cosA—p3 cosA—pf3
— < < .
" (4—cos)\—5)r slGEIsr+ (4—008)\—ﬁ)r
The result is sharp for f(z) = z — #’\s}ﬁ_ﬁ)z{ 2=
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Theorem 2.3. The function f(z) defined by (10) belongs to UCSPT.(, B, q) if and
only if,

Z (2[n]q — cos A = B)[n]4a, < (1 —c)(cos A — f3). (12)

The result is sharp.

Proof. Taking
c(cos A — 3)2*
[2]4(2[2]4 — cosA = p)’
in (6) we get the required result . Also the result is sharp for the function
c(cos A — ) (1 —c)(cos A — )"

J2) === [2,(2[2], —cos A — B)  [n](2[n], — cos A — 5 (n23). (14)

g = 0<e<1, (13)

As ¢ — 17 in above Theorem we get the result proved by Selvaraj [9].

Corollary 2.3. The function f(z) defined by (10) belongs to UCSPT.(\, B) if and
only if,

o0

Z (2n — cos A — f)na, < (1 —c)(cos A — ). (15)

n=2

Corollary 2.4. If f(z) defined by (10) is in the class UCSPT.(\, B, q) then,
(1 —c¢)(cos A — p)
[n]4(2[n]q — cos A — B3)’
Theorem 2.4. The function f(z) defined by (11) belongs to SP,T.(X,B,q) if and

only if,

Ay =

(0<e<1, n>3). (16)

(2[n]q — cos A — B)a, < (1 —c¢)(cos A — f). (17)

n

The result is sharp.

Proof. Taking

c(cos A — B3)2*
(2[2], — cos A — )’
in (9) we get the required result . Also the result is sharp for the function

L cfcosA—B)  (1—c)(cosA = B)z" .
T =2 =GR —cor =3~ @], —cosr—p =¥ (19

as = 0<c<1, (18)

O
As ¢ — 17 in above Theorem we get the result proved by Geetha [2].
Corollary 2.5. The function f(z) defined by (11) belongs to SP,T.(\, ) if and
only if,

i (2n — cos A — B)a, < (1 —¢)(cos A — ). (20)

n=2
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Corollary 2.6. If f(z) defined by (11) is in the class SP,T.(\, B3, q) then,

(([2lg = 1) = ¢)(cos A = B)
(2[n]y — cos A — f3)

ay, = , (0<c<1, n>3). (21)

3. Closure Theorem

Theorem 3.1. The class UCSPT,(a, 3,q) is closed under q-spirallike linear com-
bination.

Proof. Let f(z) defined by (10) be in UCSPT,.(«, 3,q). Now define h(z) by

c(cos A — 3)z* = N
[ ]q(2[ ] cos \ — ,3) TLZ:?) Cn2 (Cn = O) (22>
If f(z) and h(z) in UCSPT.(), ,q) then it is sufficient to show that the function
G/(z) defined by

h(z) =2z —

G(z) = Af(z) + (L= Mh(z), (0< A<D, (23)
is also in UCSPT.(\, 5,q).

G(z) =z — 2, ((EFS]ACOSB)\ 3 Z Aay, + (1= N)ey)2". (24)

n=

Using Theorem 2.3 we get

Z (2[n]y — cos A — B)[n]y(Aan, + (1 — N)e,) < (1 —¢)(cos A — f). (25)

n=3
Hence G(2) isin UCSPT.(A, B, q). Thus UCSPT.(A, B, q) is closed under g-spirallike
linear combination. 0]

As ¢ — 17 in above Theorem we get the result proved by Geetha [2].
Corollary 3.1. The class UCSPT.(«, ) is closed under convez linear combination.

Theorem 3.2. The class SP,T.(c, B, q) is closed under q-spirallike linear combina-
tion.

Proof. Let f(z) defined by (11) be in SP,T.(«, 8,¢). Now define h(z) by

O e Z @ (2 0) 20

If f(z) and h(z) in SP,T.(A, B, q) then it is sufficient to show that the function G(z)
defined by

G(z) =Af(z) + (1= Ah(z), (0<A<T, (27)
is also in SP,T.(\, 3, q).
G(z) =z — (QECTSCAO - Aﬁ 3 =3 (A + (1= New)m (28)
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Using Theorem 2.4 we get

(e 9]

(2[n], — cos A — B)[n]g(Aan + (1 = Nep) < (1 —¢)(cosA — ). (29)

n=3

Hence G(z) isin SP,T.(\, 5, q). Thus SP,T.(\, 5, q) is closed under g-spirallike linear
combination. O

As ¢ — 17 in above Theorem we get the result proved by Geetha [2].
Corollary 3.2. The class SP,/T.(a, 8) is closed under convex linear combination.

Theorem 3.3. Let the functions

i\Z) = 2 — (COSA ﬁ a Z a
Jilz) = [2]q(2[2]—cos>\ 8) Z 2" (ani 2 0), (30)

be in the class UCSPT.(\, B,q) for everyi=1,2,3,...,m. Then the function H(z)
defined by

Z d; fi(2), (d; > 0) (31)

is also in the same class UC’SPTC( ,B, q) where

zm: d; = 1. (32)

Proof. Using (30) and (32) in (31) we have

L c(cos A — 3)2* . .
HE) =2 = o conr —F) ; [2; d; n] : (33)
)

Each f;(z) € UCSPT.(\, B, q) for i =1,2,3,...,m. Theorem 2.3 gives

o0

(2[n]; — cos A = B)[n]4an: < (1 —c¢)(cos A — B),

n=3

for i =1,2,3,...,m. Hence we get >~ . [n],(2[n], —cos A = B) [ D71, di an; |

= Z d; [Z [n]4(2[n]y — cos A — 5)%,@']

n=3
< (1—c¢)(cos A — ).
This implies H(z) € UCSPT.(«, 3,q) by Theorem 2.3 O
As ¢ — 17 in above Theorem we get the result proved by Geetha [1]
Corollary 3.3. Let the functions

c(cos A — )z

fi(Z)ZZ—Q( I—cosh—5) Zamz (an,; > 0), (34)
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be in the class UCSPT.(\,B) for every i = 1,2,3,...,m. Then the function H(z)
defined by

H(z) =Y d; fi(2), (d; >0) (35)
i=1
is also in the same class UCSPT.(\, ) where
d di=1 (36)
i=1

Theorem 3.4. Let
c(cos A — B3)2*

1&)=L, s A= )

and
B c(cos A — 3)2* (I —c)(cos A — p)z"
PO e, s -5 BlEn, - ewr - Y
forn=3,4,.... Then f(z) € UCSPT.(\, (,q) if and only if, it can be expressed the
form

F(2) =) Mfal2), (39)

where A, >0 and Y7, A\, =1.
Proof. First assume that f(z) can be expressed in the form (24). Then we have

L clcosae—=fB)2* &~ (1—c(cosa—f) o
) =2 = B, —osa —B) 2 @iy —cosa— ) 0 (40

n—

But

= (1 —-c¢)(cosa — )
5 [nlq(2[nly — cosa — f)

An([n]q(2[n]g—cos a—p)) = (1—c)(cosa—p)(1=N,) < (1—c)(cosa—p).

(41)
Hence from (12) it follows that f(z) € UCSPT.(«,,q). Conversely, we assume
that f(z) defined by (10), f(z) € UCSPT.(a, 3,q). Then by using (16) we get

(1 —c¢)(cosa — B)

n

"SRl —eoma g ) .
Taking
B n],(2[n]y — cosa — B)ay, —
An = - cfcosa—7F) (n=3,4,...) (43)
and
Aa=1-=) A, (44)
we have (41). a O

As ¢ — 17 in above Theorem we get the result proved by Geetha [1].
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Corollary 3.4. Let
_ c(cosA = B)2?
2(4 —cos A\ — )

F) =2 clcosA = B)2*  ((1 =c)(cosA — f3)2"

m = 2(4 — cos A — f3) n(2n —cos A — ) ’
formn =3,4,.... Then f(z) € UCSPT.(\, B) if and only if, it can be expressed the
form

fa(2) =

(45)

and

(46)

= Aafaul2), (47)

where A, >0 and Y7, A\, =1.

Theorem 3.5. Let the function f(z) define by (10) in the class UCSPT,(«a, 3, q).

Then f(z) is spirallike of order p, (0 < p < 1) in the disk |z| < ri(«, 5,¢, p,q) where

ri(a, B, ¢, p,q) is the largest value for which
cleosa = B)(2ly = p)r , (([2q = 1) = )(cosa = H)([n]y — p)r" ™
2],(2[2], — cosa — ) [n]4(2[n], — cosa — )

forn < 3. The result is sharp with the extremai function

fu(2) = _cleos A= B)([2l, — p)2*  (([2lg — 1) — c)(cos o — B)([n]g — p)="

" [Q]q(2[2] —cos A — f3) [n]4(2[n], — cos A — B)

for some n.

, (49)

Proof. 1t suffices to show that

20,f(2) ’
f(2)
for ’Z|T1(O&, 57 ¢ P, Q) Note that
0| mEE T~ e
o - c(cosoz B)r 00 n—
/() L= ELeE, —esa=p) — 2on=s W7
S I Py

for |z| < r if and only if,
ccos A = B)([2]y = p)r | ((12]s = 1) = ¢)(cos A = B)([n]y — p)r™~
12],(2[2]; — cos A — B) i [n]4(2[n], — cos A — B) +Z
Since f(z) is in UCSPT.(A, 5, q) from (24) we may take
(([2]g = 1) = ¢)(cos A = B)An
[nq(2[n]q — cos A = B)

where A, >0, (n >3) and ) .\, < 1. For each fixed r, we choose the positive
([nlg—p)r™~*

—p)a,r" Tt < 1—p.

, (n>3),

Ap =

integer n, = ngy(r) for WhiChT is maximal. Then it follows that
i([n] — D)anrl < (([2] = 1) — ¢)(cos A = B)([no], — p>7,n0—1.
n=3 ' ' - [n0]4(2[n0)g — cos A — B)
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Hence f(z) is g-spirallike of order p in |z| < (A, B, ¢, p, q) provided that
c(eos A = B)(2lg = p)r | (([2q = 1) = ¢)(cos A = B)([noly — p)r™ " _ | »
2],(2[2], — cos A — ) [10]4(2[no]y — cos XA — B) -

We find the value r¢(A, 3, ¢, p, q) and the corresponding integer ng(ro) so that

c(cos A = B)([2lg — p)ro , (([2lg — 1) = ¢)(cos a — B)([no]y — p)rg°~
[214(2[2]g — cos A = ) [n0]q(2[nolg — cos A — )
Then this value rq is the radius of g-spirallikeness of order p for functions f(z)
belonging to the class UCSPT.(\, 53, q).
As ¢ — 17 in above Theorem we get the result proved by Geetha [1].

Corollary 3.5. Let the function f(z) define by (10) in the class UCSPT,(«, f3).
Then f(z) is starlike of order p,(0 < p < 1) in the disk |z| < (o, B, ¢, p) where
ri(a, B, ¢, p) is the largest value for which
c(cosa—B)(2—p)r (1 —c)(cosa—B)(n— p)r"!
2(4 — cosa — f) n(2n — cosa — ff)
for n < 3. The result is sharp with the extremai function
() =2 — clcosA = B)(2—p)2* (1 —c)(cosa —B)(n—p)2"
" 2(4 —cos A — f3) n(2n —cos A — ) ’
for some n.

<1-—p.

(51)
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