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1. Introduction

Let A denote the class of functions of form

f(z) = z +
∞∑
n=2

an z
n, (1)

defined on the unit disk E = {z : z ∈ C and |z| < 1} normalized by f(0) = 0,
f ′(0) = 1. Let S denote the subclass of function in A which are univalent in E.
Spacek [10] introduced the concept of spirallikeness which is a natural generalization
of starlikeness. Spirallike functions can be characterized by the following analytic
condition: A function f in A is λ-spirallike if and only if,

<
{
eiλ
zf ′(z)

f(z)

}
> 0, z ∈ E, (2)

where −π
2
< λ < π

2
.

Let T denote the subclass of A consisting of functions whose nonzero coefficients
from the second on, are negative. That is, a function f is in T if it can be expressed
as

f(z) = z −
∞∑
n=2

anz
n. (3)

Selvaraj and Geetha [9] studied the classes UCSP (λ, β) and SPp(λ, β) generalizing
the classes UCSP (λ) and SPp(λ) introduced and studied by Rönning. Using the
q-derivative concept [4] we further extend these classes and study certain character-
izing properties.
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In [4], Jackson introduced and studied the concept of the q-derivative opera-
tor ∂q as follows :

∂qf(z) =
f(z)− f(qz)

z (1− q)
, (z 6= 0, 0 < q < 1, ∂qf(0) = f ′(0)). (4)

Equivalently (4) may be written as

∂qf(z) = 1 +
∞∑
n=2

[n]q an z
n−1, z 6= 0. (5)

Where [n]q = 1− qn

1− q
, note that as q → 1−, [n]q → n.

Definition 1.1. Let UCSPT (λ, β, q) be the class of function f in T , f(z) = z −∑∞
n=2 anz

n, an ≥ o which satisfy the condition

<
{
eiλ
(
∂q(z∂qf(z))

∂qf(z)

)}
≥
∣∣∣∣∂q(z∂qf(z))

∂qf(z)
− 1

∣∣∣∣+ β, 0 ≤ β ≤ 1, 0 < q < 1, |λ| < π

2
.

Definition 1.2. Let SPpT (λ, β, q) be the class of functions f(z) = z −
∑∞

n=2 anz
n

which satisfy the condition

<
(
eiλ
z∂qf(z)

f(z)

)
≥
∣∣∣∣z∂qf(z)

f(z)
− 1

∣∣∣∣+ β, (|λ| < π

2
, 0 ≤ β < 1, 0 < q < 1).

Lemma 1.1. [6] f(z) = z −
∑∞

n=2 anz
n in UCSPT (λ, β, q) if and only if,

∞∑
n=2

(2[n]q − cosλ− β)[n]qan ≤ cosλ− β. (6)

Using (3), the function f(z) ∈ UCSPT (λ, β, q) will satisfy

an ≤
cosλ− β

[n]q(2[n]q cosλ− β)
, (7)

a2 ≤
cosλ− β

[2]q(2[2]q cosλ− β)
. (8)

Lemma 1.2. [6] f(z) = z −
∑∞

n=2 an z
n in SPpT (λ, β, q) if and only if,

∞∑
n=2

(2[n]q − cosλ− β)an ≤ cosλ− β. (9)

Definition 1.3. Let UCSPTc(λ, β, q) be the class of the function in UCSPT (λ, β, q)
the form

f(z) = z − c(cosλ− β)z2

[2]q(2[2]q cosλ− β)
−
∞∑
n=3

anz
n, (an ≥ 0), (10)

where 0 ≤ c ≤ 1. When c = 1 we get UCSPT1(λ, β, q) = UCSPT (λ, β, q).
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Definition 1.4. Let SPpTc(λ, β, q) be the class of the function in SPpT (λ, β, q) of
the form

f(z) = z − c(cosλ− β)z2

(2[2]q cosλ− β)
−
∞∑
n=3

anz
n, (an ≥ 0), (11)

where 0 ≤ c ≤ 1. When c = 1 we get SPpT1(λ, β, q) = SPpT (λ, β, q).

2. Main results

Theorem 2.1. If f(z) ∈ UCSPT (λ, β, q) then

r − cosλ− β
[2]q(2[2]q − cosλ− β)

r2 ≤ |f(z)| ≤ r +
cosλ− β

[2]q(2[2]q − cosλ− β)
r2

and

1− cosλ− β
2[2]q − cosλ− β

r ≤ |∂qf(z)| ≤ 1 +
cosλ− β

2[2]q − cosλ− β
r

and the extreme points are

f1(z) = z, fn(z) = z − cosλ− β
[n]q(2[n]q − cosλ− β)

zn, n = 2, 3, ....

The result is sharp for f(z) = z − cosλ−β
[2]q(2[2]q−cosλ−β)z

2, z = ±r.

Proof. f(z) ∈ UCSPT (λ, β, q). Hence by Lemma 1.1,
∞∑
n=2

(2[n]q − cosλ− β)[n]qan ≤ cosλ− β.

therefore
∞∑
n=2

an ≤
cosλ− β

[n]q(2[n]q − cosλ− β)
.

From f(z) = z −
∑∞

n=2 anz
n with |z| = r, (r < 1) we have

|f(z)| ≤ r +
∞∑
n=2

anr
n

≤ r +
∞∑
n=2

anr
2

≤ r +
cosλ− β

[2]q(2[2]q − cosλ− β)
r2.

�

As q → 1− in above Theorem we get the result proved by Selvaraj [9].

Corollary 2.1. If f(z) ∈ UCSPT (λ, β) then

r − cosλ− β
2(4− cosλ− β)

r2 ≤ |f(z)| ≤ r +
cosλ− β

2(4− cosλ− β)
r2

and

1− cosλ− β
4− cosλ− β

r ≤ |f ′(z)| ≤ 1 +
cosλ− β

4− cosλ− β
r
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and the extreme points are

f1(z) = z, fn(z) = z − cosλ− β
n(2n− cosλ− β)

zn, n = 2, 3, ....

The result is sharp for f(z) = z − cosλ−β
2(4−cosλ−β)z

2, z = ±r.

Theorem 2.2. If f(z) ∈ SPpT (λ, β, q) then

r − cosλ− β
(2[2]q − cosλ− β)

r2 ≤ |f(z)| ≤ r +
cosλ− β

(2[2]q − cosλ− β)
r2.

The result is sharp for f(z) = z − cosλ−β
[2]q(2[2]q−cosλ−β)z

2, z = ± r.

Proof. From Lemma 1.2

∞∑
n=2

(2[n]q − cosλ− β)an ≤ cosλ− β.

therefore
∞∑
n=2

an ≤
cosλ− β

2[n]q − cosλ− β
.

From f(z) = z −
∑∞

n=2 anz
n with |z| = r, (r < 1) we have

|f(z)| ≤ r +
∞∑
n=2

anr
n

≤ r +
∞∑
n=2

anr
2

≤ r +
cosλ− β

2[2]q − cosλ− β
r2.

1− cosλ− β
2[2]q − cosλ− β

r ≤ |∂qf(z)| ≤ 1 +
cosλ− β

2[2]q − cosλ− β
r

and the extreme points are

f1(z) = z, fn(z) = z − cosλ− β
(2[n]q − cosλ− β)

zn, n = 2, 3, ....

The result is sharp for f(z) = z − cosα−β
[2]q(2[2]q−cosα−β)z

2, z = ± r. �

As q → 1− in above Theorem we get the result proved by Selvaraj [9].

Corollary 2.2. If f(z) ∈ SPpT (λ, β) then

r − cosλ− β
(4− cosλ− β)

r2 ≤ |f(z)| ≤ r +
cosλ− β

(4− cosλ− β)
r2.

The result is sharp for f(z) = z − cosλ−β
2(4−cosλ−β)z

2, z = ± r.
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Theorem 2.3. The function f(z) defined by (10) belongs to UCSPTc(λ, β, q) if and
only if,

∞∑
n=2

(2[n]q − cosλ− β)[n]qan ≤ (1− c)(cosλ− β). (12)

The result is sharp.

Proof. Taking

a2 =
c(cosλ− β)z2

[2]q(2[2]q − cosλ− β)
, 0 ≤ c ≤ 1, (13)

in (6) we get the required result . Also the result is sharp for the function

f(z) = z − c(cosλ− β)

[2]q(2[2]q − cosλ− β)
− (1− c)(cosλ− β)zn

[n]q(2[n]q − cosλ− β
, (n ≥ 3). (14)

�

As q → 1− in above Theorem we get the result proved by Selvaraj [9].

Corollary 2.3. The function f(z) defined by (10) belongs to UCSPTc(λ, β) if and
only if,

∞∑
n=2

(2n− cosλ− β)nan ≤ (1− c)(cosλ− β). (15)

Corollary 2.4. If f(z) defined by (10) is in the class UCSPTc(λ, β, q) then,

an =
(1− c)(cosλ− β)

[n]q(2[n]q − cosλ− β)
, (0 ≤ c ≤ 1, n ≥ 3). (16)

Theorem 2.4. The function f(z) defined by (11) belongs to SPpTc(λ, β, q) if and
only if,

∞∑
n=2

(2[n]q − cosλ− β)an ≤ (1− c)(cosλ− β). (17)

The result is sharp.

Proof. Taking

a2 =
c(cosλ− β)z2

(2[2]q − cosλ− β)
, 0 ≤ c ≤ 1, (18)

in (9) we get the required result . Also the result is sharp for the function

f(z) = z − c(cosλ− β)

(2[2]q − cosλ− β)
− (1− c)(cosλ− β)zn

(2[n]q − cosλ− β
, (n ≥ 3). (19)

�

As q → 1− in above Theorem we get the result proved by Geetha [2].

Corollary 2.5. The function f(z) defined by (11) belongs to SPpTc(λ, β) if and
only if,

∞∑
n=2

(2n− cosλ− β)an ≤ (1− c)(cosλ− β). (20)
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Corollary 2.6. If f(z) defined by (11) is in the class SPpTc(λ, β, q) then,

an =
(([2]q − 1)− c)(cosλ− β)

(2[n]q − cosλ− β)
, (0 ≤ c ≤ 1, n ≥ 3). (21)

3. Closure Theorem

Theorem 3.1. The class UCSPTc(α, β, q) is closed under q-spirallike linear com-
bination.

Proof. Let f(z) defined by (10) be in UCSPTc(α, β, q). Now define h(z) by

h(z) = z − c(cosλ− β)z2

[2]q(2[2]q cosλ− β)
−
∞∑
n=3

cnz
n, (cn ≥ 0). (22)

If f(z) and h(z) in UCSPTc(λ, β, q) then it is sufficient to show that the function
G(z) defined by

G(z) = λf(z) + (1− λ)h(z), (0 ≤ λ ≤ 1), (23)

is also in UCSPTc(λ, β, q).

G(z) = z − c(cosλ− β)z2

[2]q(2[2]q cosλ− β)
−
∞∑
n=3

(λan + (1− λ)cn)zn. (24)

Using Theorem 2.3 we get
∞∑
n=3

(2[n]q − cosλ− β)[n]q(λan + (1− λ)cn) ≤ (1− c)(cosλ− β). (25)

Hence G(z) is in UCSPTc(λ, β, q). Thus UCSPTc(λ, β, q) is closed under q-spirallike
linear combination. �

As q → 1− in above Theorem we get the result proved by Geetha [2].

Corollary 3.1. The class UCSPTc(α, β) is closed under convex linear combination.

Theorem 3.2. The class SPpTc(α, β, q) is closed under q-spirallike linear combina-
tion.

Proof. Let f(z) defined by (11) be in SPpTc(α, β, q). Now define h(z) by

h(z) = z − c(cosλ− β)z2

(2[2]q cosλ− β)
−
∞∑
n=3

cnz
n, (cn ≥ 0). (26)

If f(z) and h(z) in SPpTc(λ, β, q) then it is sufficient to show that the function G(z)
defined by

G(z) = λf(z) + (1− λ)h(z), (0 ≤ λ ≤ 1), (27)

is also in SPpTc(λ, β, q).

G(z) = z − c(cosλ− β)z2

(2[2]q cosλ− β)
−
∞∑
n=3

(λan + (1− λ)cn)zn. (28)
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Using Theorem 2.4 we get
∞∑
n=3

(2[n]q − cosλ− β)[n]q(λan + (1− λ)cn) ≤ (1− c)(cosλ− β). (29)

Hence G(z) is in SPpTc(λ, β, q). Thus SPpTc(λ, β, q) is closed under q-spirallike linear
combination. �

As q → 1− in above Theorem we get the result proved by Geetha [2].

Corollary 3.2. The class SPpTc(α, β) is closed under convex linear combination.

Theorem 3.3. Let the functions

fi(z) = z − c(cosλ− β)z2

[2]q(2[2]q − cosλ− β)
−
∞∑
n=3

an,iz
n, (an,i ≥ 0), (30)

be in the class UCSPTc(λ, β, q) for every i = 1, 2, 3, ...,m. Then the function H(z)
defined by

H(z) =
m∑
i=1

di fi(z), (di ≥ 0) (31)

is also in the same class UCSPTc(λ, β, q) where

m∑
i=1

di = 1. (32)

Proof. Using (30) and (32) in (31) we have

H(z) = z − c(cosλ− β)z2

[2]q(2[2]q − cosλ− β)
−
∞∑
n=3

[
m∑
i=1

dian,i

]
zn. (33)

Each fi(z) ∈ UCSPTc(λ, β, q) for i = 1, 2, 3, ...,m. Theorem 2.3 gives

∞∑
n=3

(2[n]q − cosλ− β)[n]qan,i ≤ (1− c)(cosλ− β),

for i = 1, 2, 3, ...,m. Hence we get
∑∞

n=3 [n]q(2[n]q − cosλ− β) [
∑m

i=1 di an,i ]

=
m∑
i=1

di

[
∞∑
n=3

[n]q(2[n]q − cosλ− β)an,i

]
≤ (1− c)(cosλ− β).

This implies H(z) ∈ UCSPTc(α, β, q) by Theorem 2.3 �

As q → 1− in above Theorem we get the result proved by Geetha [1]

Corollary 3.3. Let the functions

fi(z) = z − c(cosλ− β)z2

2(4− cosλ− β)
−
∞∑
n=3

an,iz
n, (an,i ≥ 0), (34)
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be in the class UCSPTc(λ, β) for every i = 1, 2, 3, ...,m. Then the function H(z)
defined by

H(z) =
m∑
i=1

di fi(z), (di ≥ 0) (35)

is also in the same class UCSPTc(λ, β) where

m∑
i=1

di = 1. (36)

Theorem 3.4. Let

f2(z) = z − c(cosλ− β)z2

[2]q(2[2]q − cosλ− β)
(37)

and

fn(z) = z − c(cosλ− β)z2

[2]q(2[2]q − cosλ− β)
− (1− c)(cosλ− β)zn

[n]q(2[n]q − cosλ− β)
, (38)

for n = 3, 4, ... . Then f(z) ∈ UCSPTc(λ, β, q) if and only if, it can be expressed the
form

f(z) =
∞∑
n=2

λnfn(z), (39)

where λn ≥ 0 and
∑∞

n=2 λn = 1.

Proof. First assume that f(z) can be expressed in the form (24). Then we have

fn(z) = z − c(cosα− β)z2

[2]q(2[2]q − cosα− β)
−
∞∑
n=3

(1− c(cosα− β)

[n]q(2[n]q − cosα− β)
λnz

n. (40)

But
∞∑
n=3

(1− c)(cosα− β)

[n]q(2[n]q − cosα− β)
λn([n]q(2[n]q−cosα−β)) = (1−c)(cosα−β)(1−λn) ≤ (1−c)(cosα−β).

(41)
Hence from (12) it follows that f(z) ∈ UCSPTc(α, β, q). Conversely, we assume
that f(z) defined by (10), f(z) ∈ UCSPTc(α, β, q). Then by using (16) we get

an ≤
(1− c)(cosα− β)

[n]q(2[n]q − cosα− β)
, (n = 3, 4, ...). (42)

Taking

λn =
[n]q(2[n]q − cosα− β)an

(1− c)(cosα− β)
, (n = 3, 4, ...) (43)

and

λ2 = 1−
∞∑
n=3

λn, (44)

we have (41). �

As q → 1− in above Theorem we get the result proved by Geetha [1].
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Corollary 3.4. Let

f2(z) = z − c(cosλ− β)z2

2(4− cosλ− β)
(45)

and

fn(z) = z − c(cosλ− β)z2

2(4− cosλ− β)
− ((1− c)(cosλ− β)zn

n(2n− cosλ− β)
, (46)

for n = 3, 4, ... . Then f(z) ∈ UCSPTc(λ, β) if and only if, it can be expressed the
form

f(z) =
∞∑
n=2

λnfn(z), (47)

where λn ≥ 0 and
∑∞

n=2 λn = 1.

Theorem 3.5. Let the function f(z) define by (10) in the class UCSPTc(α, β, q).
Then f(z) is spirallike of order ρ, (0 ≤ ρ < 1) in the disk |z| < r1(α, β, c, ρ, q) where
r1(α, β, c, ρ, q) is the largest value for which

c(cosα− β)([2]q − ρ)r

[2]q(2[2]q − cosα− β)
+

(([2]q − 1)− c)(cosα− β)([n]q − ρ)rn−1

[n]q(2[n]q − cosα− β)
≤ 1− ρ, (48)

for n ≤ 3. The result is sharp with the extremai function

fn(z) = z− c(cosλ− β)([2]q − ρ)z2

[2]q(2[2]q − cosλ− β)
− (([2]q − 1)− c)(cosα− β)([n]q − ρ)zn

[n]q(2[n]q − cosλ− β)
, (49)

for some n.

Proof. It suffices to show that∣∣∣∣z∂qf(z)

f(z)
− 1

∣∣∣∣ ≤ 1− ρ, (0 ≤ ρ < 1),

for |z|r1(α, β, c, ρ, q). Note that∣∣∣∣z∂qf(z)

f(z)
− 1

∣∣∣∣ ≤ c(cosα−β)r
[2]q(2[2]q−cosα−β) +

∑∞
n=3([n]q − 1)anr

n−1

1− c(cosα−β)r
[2]q(2[2]q−cosα−β) −

∑∞
n=3 anr

n−1

≤ 1− ρ,
for |z| < r if and only if,

c(cosλ− β)([2]q − ρ)r

[2]q(2[2]q − cosλ− β)
+

(([2]q − 1)− c)(cosλ− β)([n]q − ρ)rn−1

[n]q(2[n]q − cosλ− β)
+
∞∑
n=3

([n]q−ρ)anr
n−1 ≤ 1−ρ.

Since f(z) is in UCSPTc(λ, β, q) from (24) we may take

an =
(([2]q − 1)− c)(cosλ− β)λn

[n]q(2[n]q − cosλ− β)
, (n ≥ 3),

where λn ≥ 0, (n ≥ 3) and
∑∞

n=3 λn ≤ 1. For each fixed r, we choose the positive

integer no = n0(r) for which ([n]q−ρ)rn−1

[n]q
is maximal. Then it follows that

∞∑
n=3

([n]q − ρ)anr
n−1 ≤ (([2]q − 1)− c)(cosλ− β)([n0]q − ρ)rn0−1

[n0]q(2[n0]q − cosλ− β)
.

vts-1
Text Box
International Journal of Mathematics Trends and Technology (IJMTT)  - Volume 66 Issue 1 - Jan 2020

vts-1
Text Box
ISSN: 2231-5373                           http://www.ijmttjournal.org                                Page 26

vts-1
Text Box



10 READ. S. A. QAHTAN1, HAMID SHAMSAN2, S. LATHA3

�

Hence f(z) is q-spirallike of order ρ in |z| < r1(λ, β, c, ρ, q) provided that

c(cosλ− β)([2]q − ρ)r

[2]q(2[2]q − cosλ− β)
+

(([2]q − 1)− c)(cosλ− β)([n0]q − ρ)rn0−1

[n0]q(2[n0]q − cosλ− β)
≤ 1− ρ.

We find the value r0(λ, β, c, ρ, q) and the corresponding integer n0(r0) so that

c(cosλ− β)([2]q − ρ)r0
[2]q(2[2]q − cosλ− β)

+
(([2]q − 1)− c)(cosα− β)([n0]q − ρ)rn0−1

0

[n0]q(2[n0]q − cosλ− β)
≤ 1− ρ.

Then this value r0 is the radius of q-spirallikeness of order ρ for functions f(z)
belonging to the class UCSPTc(λ, β, q).
As q → 1− in above Theorem we get the result proved by Geetha [1].

Corollary 3.5. Let the function f(z) define by (10) in the class UCSPTc(α, β).
Then f(z) is starlike of order ρ, (0 ≤ ρ < 1) in the disk |z| < r1(α, β, c, ρ) where
r1(α, β, c, ρ) is the largest value for which

c(cosα− β)(2− ρ)r

2(4− cosα− β)
+

(1− c)(cosα− β)(n− ρ)rn−1

n(2n− cosα− β)
≤ 1− ρ, (50)

for n ≤ 3. The result is sharp with the extremai function

fn(z) = z − c(cosλ− β)(2− ρ)z2

2(4− cosλ− β)
− (1− c)(cosα− β)(n− ρ)zn

n(2n− cosλ− β)
, (51)

for some n.
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