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I. INTRODUCTION

We develop the theory of fuzzy soft hyperideals in join hyperlattices by introducing the novel concept
of fuzzy soft hyperideals. The theory introduced here is one of the initial ideas to be introduced in the
development of the theory of fuzzy soft hyperideals. The properties and structural characteristics of these
concepts are also investigated and discussed here.

Il. PRELIMINARIES
Definitionl1.1. Let (L, A, V) be a join hyperlattice and (f, X) be a fuzzy soft set over L.

o (f, X) is called a fuzzy soft V-hyperideal over L if for all x € X anda, b€ L
(I) ncea/\b ﬁc(c) zﬁc (a) n ﬁc(b)v
(“) nceavb ﬁc(c) 2]L;c(a)u ﬁc(b)

That is, for each x € X, f, is a fuzzy V-hyperideals of L.

o (f, X) is called a fuzzy soft a-hyperideals over L if for all x € X anda, b€ L,
(I) nceavb f;c(c) > ﬁc(a) n ﬁc(b)v

(ii)nceaAb fx(c) = fx(a)U f;c(b)
That is, for each x € X, f, is a fuzzy a-hyperideals of L.
Next, let us illustrate this definition by the following examples.

Example 1.1. A fuzzy soft V-hyperideals (f, X), for which X is a singleton, is a fuzzy V- hyperideal. Hence a
fuzzy V-hyperideal is a particular type of fuzzy soft V-hyperideal. In a similar way, a fuzzy a-hyperideal is a
particular type of fuzzy soft a-hyperideals.

Example 1.2.Let (L, A, V) be the join hyperlattice. Set X={a,b}.
Q Let (f, X) be a fuzzy soft set on L, where fuzzy sets f, and f; are as follows.

_ (0.8, ae{x,y} _ (0.6, ae{x,y}
fa(@) = {0.4, ae{zs} S @ = {0-3. ae{zs}

Then (f, X) is a fuzzy soft a-hyperideal over L.
(2 Let (f, X) be a fuzzy soft set on L, where fuzzy sets f, and f; are as follows.

_ (05, aef{x,y} _ (0.2, aef{xy}
fa(@) = {0.7, ae{zs} @ = {0-4. ae{z,s}

Then (f, X) is a fuzzy soft V-hyperideal over L.

In what follows, we shall investigate some properties of fuzzy soft hyperideals.
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Proposition 1.1.Let (f, X) and (g, Y) be two fuzzy soft V-hyperideals (a-hyperideals) over the join hyperlattice
(L, A, V). Then (f, X) 1 (g, Y) is a fuzzy soft V-hyperideal (a-hyperideal) over L.

Proof:

Let (f, X) and (g, Y) be two fuzzy softsets over A such that X U Y = @. The restricted intersection of (f, X) and
(9, Y) is the fuzzy soft set (h, Z), where Z=X nY and h, = f; N g,, for all z€ Z. This is denoted by (h, Z) =
(f, X) 11 (g, Y).

£ X)N (. Y)=(h 2,
WhereZ=XnYandh; =f, Nngy,
Thatis, h;(a)= f;(a) N g;(a) forallz€ Zanda € L.
Suppose that (f, X) and (g, Y) are two fuzzy soft V-hyperideals over the join hyperlattice (L, a, V).

Ifanya, b€ L and ¢ € aa b, for all z € Z, we have h;(c)= f;(c) N g;(c) > (fz(a) N gz(b)) N
(9z(@) N gz(b)) = (fz(@) gz(a)) N (fz(b) N gz (b)) = hz(a) N hz (D).

Then we obtain N eqap 1, (¢) > hy(a) N hy (b) forallz € Z.

On the other hand, for all ¢ € avb and z € Z, we have h; ()= f;(c) N g;(c)

> (fz(@) U gz(b)) N (gz(a) U gz(b)) = (fz(a) N gz(a)) U (fz(b) N gz (b)) = hz(a) U hy(b), which implies
Neeavp Rz (¢) > hz(a) U hy(b) for all z € Z. Therefore, (f, X) 1 (g, Y) is a fuzzy soft a-hyperideals over L.

The case for a-hyperideals can be similarly proved.

Proposition 1.2.Let (f, X) and (g, Y) be two fuzzy soft V-hyperideals (a-hyperideals) over the join hyperlattice
(L, A, V). Then (f, X) (g, Y) is a fuzzy soft V-hyperideals (a-hyperideals) over L.

Proof:

Suppose that (f, X) and (g, Y) are two fuzzy soft V-hyperideals over the join hyperlattice (L, A, V)

The extended intersection of two fuzzy soft sets (f, X) and (g, Y) over A is the fuzzy soft set (h, Z),
where Z = XuY

fz, ifZEX—Y
hZ= gz, leEY—Z
fzNng; ifZEXNY
For all z € Z. This is denoted by (f, X) (g, Y) = (h, Z)
(f, X) (g, Y)=(h, Z2), where Z=X U Y and

f, fZEX—-Y
hy={ g, fZEY-Z forallz€ Z
f, Ng, IfZEXNY

Now, for allz€ Z and a, b € L, we consider the following cases.

Case 1: Z € X-Y,then h; = f;. Since (f, X) is a fuzzy soft V-hyperideal over the join hyperlattice (L, a, V),
h; is a fuzzy soft V-hyperideal over (L, a, V).

Case 2: Z € Y-X, then h; = g,. Analogous to the proof of case 1, we have h; is a fuzzy soft V-hyperideal
over (L, a, V).

Case3: Z€EXNnY,thenh, =f, ng,
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Proposition 1.3:Let (f, X) and (g, Y) be two fuzzy soft V-hyperideals (a-hyperideals) over the join hyperlattice
(L, A, V). Then (f, X) (g, Y) is a fuzzy soft V-hyperideals (a-hyperideals) over L.
Proof:

Definition of (f, X) and (g, Y) are two fuzzy soft sets. Then (f, X) (g, y) is defined as (h, X x Y), where h (X, y)
=f, N gy, forall (x,y) € X x Y. we denote (f, X) (g, Y) = (h, X X Y).

We know that for all x € X,y € Y, f, and g,, are fuzzy V-hyperideals of L and soish (x,y) = f, n g,, for
(x,y) € X X Y, because intersection of two fuzzy V-hyperideals is also a fuzzy V-hyperideal.

Therefore, (h, X x Y) = (f, X) (g, Y) is a fuzzy soft V-hyperideals over L.

Similarly, we can prove that (h, X x Y) = (f, X) (g, Y) is a fuzzy soft a-hyperideal over L.

Proposition 1.4:

Let (f, X) and (g, Y) be two fuzzy soft V-hyperideals(a-hyperideals) over the join hyperlattice (L, A, V). If for
all x€Xandy€Y,f, Sg,(or)g, <, then (f, X) (g, Y) is a fuzzy soft V-hyperideals (a-hyperideals)
over L.

Proof:

If (f, X) and (g, Y) are two fuzzy soft sets. Then (f, X) U (g, Y) is defined as (O, X x Y), where
O(xy)=f, Ug,, forall (x,y) € X X Y. we can write (0, Z) = (f, X) U (g, Y), where Z =X x Y, for all (x, y)
€ Z, wehave O (x,y) = f, Upg,.

By hypothesis, for all (x,y) € Z, f, < g, (0or) g, < f..

Now, we assume that f, < g,, foranya,b € L and ¢ € aa b, we have O(xy) ) =f.(c)u gy(©) = g,(c) =
9y@n g, (b)
= () U g,(@)) n (f(b) U g, (b)) = O (x,y) (@ n O (x,y) (b). Then we obtain N 40, 0 (%) ()20 (x, )
(@) N O (x,y) (b).

On the other hand, for all ¢ € a V' b, we have O (x,y) (c) = £.(c) U g,(¢) = g, (c) = g, () g, (b)
= (f(a) U g,(a)) U (f(b) U g, (0)) = O (x,y) (@) U O (x,y) (b). Hence, Nccany O (%¥) ()20 (x,y) () U O
(X, y) (b). Therefore, (f, X) U (g, Y) is a fuzzy soft V-hyperideal over L.

The case for a-hyperideals can be similarly proved.

Definition 1.2.Let (f, X) be a fuzzy soft set over L. The soft (f, X), = {(f,): x € X} for all t € [0, 1), are called
the t-level soft set and strong t- level soft set of the fuzzy soft set (f, X) respectively, where (f,), and(f,) , are
the t-level set and strong t-level set of the fuzzy set f,, respectively.

Theorem 1.1. Let (f, X) be a fuzzy soft set over the join hyperlattice (L, a, V). Then (f, X) is a fuzzy soft V-
hyperideals (a-hyperideals) over L if and only if for all x € X and t € [0,1] with (f,), # ¢, the t-level soft set
(f,X), is a soft V-hyperideals (a-hyperideals) over L.

Proof:
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Let (f, X) be a fuzzy soft V-hyperideals over the join hyperlattice (L, A, V). Then for all x € X, f, is a fuzzy V-
hyperideal of L. For t € [0,1] with (f}); # ¢,

Leta, b € (f;),, then f,(a) >t and f,(b) > t. Hence, for allc € aa b, we have f,(c)>f, (@) N fy(b)>tNt=t,
that is, ¢ € (f,);, which impliesaa b < (f,),.

On the other hand, let y € L, for all ¢ € yV a, we have f,(c) > f.(y) N f,(a) > t, that is ¢ € (f,),, which implies
yV a c (f,);, then we obtain that (f,), isa V-hyperideal of L, for all x € X. Therefore, (f,X), is a soft V-
hyperideal over L. For all x € X. Let a = f,.(a) N f,(b), then we have f,(a) >, f,(b) > a, which impliesa, b
€(fy)e- Since (f,), isa V-hyperideal of L, thenaa b < (f,),. Hence, for all c € a A b, we have ¢ € (f;),.
Thus, we can obtain £, (c) > a = f,(a) N f,(b), which implies N, ¢ 44, f; () = £, (@) N £, (D).

On the other hand, let = £, (a), then we have f,(a) > S, thatis, a € (f, )4, and f € [0,1]. Then forally € L, yV
a < (fi)p. Hence forall c € yV a, we have ¢ € (f,)g. Thus, we have f,(c) > = f,(a). Similarly, f,(c) > f.(y),
which implies N; ¢y vq £ (€) = £ (Y) U £ (a). Therefore, (f, X) is a fuzzy soft V-hyperideals over L.

The case for a-hyperideals can be similarly proved.
Theorem 1.2.

Let (f,X) be a fuzzy soft set over the join hyperlattice(L,a,V).Then (f ,X) is a fuzzy soft V -
hyperideal(a-hyperideal) over L if and only if for all x € X and t € [0,1) with (f, ), is a soft V-hyperideal(a-
hyperideal) over L.

Proof:

<Now, assume that (f, X) is not a fuzzy soft V-hyperideal over L. Then there exists x € X such f, is not a fuzzy
V-hyperideal of L. That is, there exists ay, by € L ,such that N qan, f(C) <fi(@o) N f5 ()OI Neeagvp, f2(C)

<fx(ap) U £ (bo)
Now, we consider the following cases

(i) If Neeagabg f(C) <fx(@o) N fi(bo),Let t=N¢eqyan, f(C)- Then there exists ¢, € agabysuch that

fx(co) = t. Hence t=£,(c,) < fi(ag) N f,(by).Then we get ag,bye(f, ) ), but ¢y & (f;)()-Thus,
we obtain agaby € (f,) -

(i) If Neeagvng f3(€) <fx(ag) U fi (bo),let t=Nceqyvi, f (C)- Then there exists ¢, € agVb, such that
fi (co)=t.Hence t=£, (cy)<f, (ay) N f; (by).Then we have te [0,1) and £, (ay)>t or £, (by)>t ,that
is,a9 € (fy) () OF by € (fy)r),but by & (f;)(e)-Thus, we also obtain ayV by Z (f,) )

Thus, results in case (i) and (ii) contradict the fact that (f, X)) is a soft VV-hyperideal over L. Therefore, (f,X) is
a fuzzy soft V-hyperideal over L.

The case for a-hyperideals can be similarly proved.
Definition 1.3.

Let (f, X) and (g, Y) be two fuzzy soft sets over L, and L, respectively and Let (¢, ¥) be a fuzzy
soft function from L,to L,.

(1) The image of (f, X) under (¢, ¥) , denoted by (¢p,y) (f,X),is a fuzzy soft over L, defined by (¢, ¥) (f,
X)=(e(f), ¥(X)), where ¢ (f),(b) =
U foo (@), if aep~1(b) for all key(x) beL,

@ (a)=b Y (x)=k
0 otherwise

(2) The pre-image of (g ,Y) under (¢, ), denoted by (¢, ) ~1(g,Y), is a fuzzy soft set over L, ,defined by
(6, 9) (g, V=07 (9), Y~ (Y)), where 9~ (9D, (@) = gy (¥(@)), for all xep ™ (Y) aeL.
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Definition 1.4

Let (f, X) and (g, Y) be two fuzzy soft sets over the join hyperlattice L; and the join hyperlattice
L, respectively. Let (¢, 1) be a fuzzy soft function from L;to L,. If ¢ is a homomorphism from L;to L,,then
(¢, ) is said to be a fuzzy soft homomorphism from L;to L,.

Theorem 1.3.

Let (¢, §) be a fuzzy soft homomorphism from the join hyperlattice (L, A1, V;) to the join
hyperlattice (L,, A5, V,).1f (9, Y) is a fuzzy soft V,-hyperideal( a,-hyperideal) over L,,then (@, $)"1(g,Y) isa
fuzzy soft V,-hyperideal( o, -hyperideal) over L;.

Proof:

Letx e Yp~1(Y) and a,, a, € Ly, C€ a,aa,.Suppose that ¢(a;) = b, and ¢(a,) = b,.Since (g,Y) is a fuzzy soft
V,-hyperideal over L,,we have ¢! (g),(a;) N 97 (9),(a2) = Gyp)(@(a1)) N gy (@(a2)) = Gy ) (b1) N
9oy (D2) < gy (@), for all te bya,b, = @(aja,a,).Hence, for all c ea;ara,, @71(g),(a1)N @71 (g),(az)<
Iy (@ ()=~ (g)x (0) that s,

ﬂ 1@ (0) = 07 (@) (a) N~ (g, (ay)

ceainriay

Similarly, we obtain

071 (@) (©) = 071 (@) (a)Up 7 (9),(az)

ceaiViay

Therefore, (o, %) (g,Y) is a fuzzy soft V,-hyperideal over L,.
Similarly, we can prove that (¢, ) ~1(g,Y) is a fuzzy soft a,-hyperideal over L.

CONCLUSION
Hence, we have successfully introduced the fuzzy join hyperlattice. And we investigated some
of their properties.
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