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ABSTRACT:

Orthogonality is the generalization of the notion of perpendicularity to the linear algebra of
bilinear forms. Two elements of x and y of a vector space with bilinear form B are Orthogonal when
B<x, y> =0. Depending on the bilinear form B are the vector space may contain non- zero self- Orthogonal
vectors.
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INTRODUCTION

Orthonormal sets are not especially significant on their own. However they display certain features that
make them fundamental in exploring the notation of diagonalizablity of certain operators on vector spaces.
many definitions of Orthogonality in Banach spaces were introduced over the years. Roberts (1934),defined
Orthogonality relation for pairs of elements in Banach space as: two elements x and y of X are said to be
Orthogonal in the sence of Roberts if and only if ||x+ky| =|x-ky|, for all k €R Brikhoff (1935)suggested
author definition as : two elements x and y are said to be Orthogonal in the sense of brikhoff if and only if || x|
< | x+ay||, foralir € R

In 1945 James introduced Pythagorean and isosceles Orthogonality two elements x and y of X are said
to be Orthogonal in Pythagorean sense if and only if ||x-y||*> = [|x]|>+ ||y||*. Saidi (2002) improved the
definition of Khalil and presented a new types of Orthogonality for sequence in Banach space and studied this
Orthogonality in specific spaces namely I spaces. In this paper we discuss about new types of Orthogonality in
Banach spaces with examples

Definition: Banach space
A complete normed linear space is said to be Banach space.
Definition: Orthonormal

A set {wg,Ws,........w,} is said to be Orthonormal if the following properties will be
satisfied,
a.  (w,w)=0 fori#j
b. || Wi || =1 for every i

Definition: Orthogonal
Two vectors v; & Vv, in a Hilbert space H is said to be Orthogonal if (vy, v2) = 0 and
it’s denoted by v; L v
Definition: Orthonormal sequence
If a finite or infinite sequence of vectors forms an Orthonormal system then the sequence is said
to be an Orthonormal sequence

Example:
Let {X1, Xz..... xn} be a finite Orthonormal set in Hilbert space H. prove that for any x € H the
vector X — L= (x, %) X is Orthogonal to x, for every k=1,2,3....n
Solution:
(x — Zf=r (%, x0) X %) = (X, %) — e (%, %) (35, X))
= (% %) = (X, %)
Ifk =1 then (o, %) =1
(x — Efa1 (%, %) Xy, %) =0
= X — M= (%, %) X, is Orthogonal to .
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i.e.) X — i (%, x )%y 1%y
Definition: Self-adjoint operator

An operator S is said to be a self-adjoint if S=S™ i.e.) (Sa, b)=(a, Sb) Va,beH
Definition: Bounded operator

An operator T is said to be bounded and T: Y — Y, if there exists a number k such that

Iyl < x Iyl for everyy € Y
Example:
If T be a self adjoint operator and T # 0 then show that T™ #0 foralln € N
Proof:

Given that T is a self adjointi.e) T=T"
by hypothesis, T#0then T™ #£0
Example:
If T is a self adjoint operator then show that
e ix 2= [ TP ]2
Proof:
Given that T is self adjointi.e) T=T"
| Tx +ix || = (Tx +ix, Tx +ix)
=(Tx, Tx) + (Tx,ix) + (ix ,Tx) + (ix, ix)
= Tx||?-i(Tx,x)+ i(Tx,x)+ ||x||2
I +ix 2= [T x[[* + [ x]|?
Example:
If A is self adjoint operator and B is bounded operator show that & “AB is self adjoint.
Proof:
Given that A is self adjoint operator and B is bounded operator
Consider (B*AB) = B"A"(B")"
=B'AB  (since A is self adjoint )
Hence E"AB is self adjoint.

Definition: Orthogonality in Banach space
In a Banach space X, two elements a & b are said to be Orthogonal if and only if
la+ob|| =|la-ob|| ¥aeR
Definition: Distance Orthogonality
The element a is said to be distance Orthogonal to b if
inf, ||a-b]l = ||a]
inf; [|b-2al = ||b]
It is denoted by a L°b.
Theorem:
Let X be a Banach space, u,ve X and u L%v then au L%bv.
Proof:

Given thatu & v e Xand u 1%v

by the definition of distance Orthogonal we have
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inf, uiw] =[luf &
inf, [|vaul = ||v|
now consider
inf, [|auibl| = [laul|
= |a] [[ull (1)

infy || bv — Aal = ||bv|
= [ol vl #)
From (1)&(2) we have
au is distance Orthogonal to bv
ie) aullbv

Theorem:

Let X be a Banach space u, v € X and u 1L%v then prove that v 1%u.
Proof:

Given that ullv

By the definition of distance Orthogonal we have

inf, [Juiv] = |lu] &

inf, vl = v|
consider inf, ||*.'-?.u || = "V"

inf, Jusv ] = [u]

Form this we can write

v is distance Orthogonal to u

ie)vLiu
Definition: Projection Orthogonality

Let u and v in a Banach space X. If uand v are said to be projection Orthogonal if and only if
A : [u, v] — [u] and B : [u, v] — [V] are contractive projections
ic) [ Al=1=] Bl
Projection Orthogonality is denoted by u 1° v.

Theorem:

If A={a;,a....} is a p-Orthonormal sequence then the sequence {a;,a,.....} is indepeent.
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proof:
Let the P- Orthonormal sequence A = {aj,a;.....}.

To prove that, the sequence A is independent
it is enough we have to prove this theorem for n
i.e.) to prove {a;,a,.....a,} is independent
now we prove this theorem by induction method.
Letn=1

Then {a;} is obviously independent.
Hence the theorem is true forn =1
now assume that the theorem is true for n = k then
{a1,8,.....a} is independent
Next we prove the theorem is true forn =k + 1

i.e.) to prove {a;,a; ....axak1} is independent
without loss of generality we may assume that

A1 = i=p by
consider P: [aj,ay,....ak8k1] — [a1,82,.....3]
Assume that P is contractive projection.
[P || < || w|| forall w € [as,ay.....akakm]
then
| Er e || < || T %5 art Xl I
choose x; = b; for all 1<i<kand x4y =— 1
then
TR % at Xig@ig 0
since by the assumption {a;,a,.....ax} is independent
but ZEixa=0
this is a contradiction
Hence {a;,8,,....ax,ax+1 } IS independent

Hence {ay, a,.....} is independent.
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Conclusion

In this paper we present types of Orthogonalities in Banach space with the basic concepts of
each types and operators on Hilbert space. The reflection of such Orthogonalities to Orthogonal sequence
and example are also discussed.
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