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Abstract: Let & be a connected simple graph. A dominating set s = ¥(&is a fair dominating set in & if every
two distinct vertices not in 5 have the same number of neighbors from 5, that is, for every two distinct vertices u
and vfrom ViG)®, 5, |N{uin 5| = |N{v)n 5| A fair dominating set 5 = ¥(&) is a fair restrained dominating
set if every vertex not in §is adjacent to a vertex in §and to a vertex in ¥{&)", 5. Alternately, a fair dominating
sets = ¥(&)is a fair restrained dominating set if N[§] = w(&)and { ¥(&)" 5}is a subgraph without isolated
vertices. The minimum cardinality of a fair restrained dominating set of &, denoted by ¥g+4(&). is called the fair
restrained domination number of &. In this paper, we initiate the study of the concept and give some realization
problems. In particular, we show that given positive integers k , m, and n= 3 such
that 1= k= m= n—-2, there exists a connected nontrivial graph & with |¥(G)| == such that
¥ra(G) = kand ¥74(6) = m. Further, we show the characterization of the fair restrained dominating set in the
join of two nontrivial connected graphs.

Keywords: dominating set, fair dominating set, restrained dominating set, fair restrained dominating set

I. INTRODUCTION

This Domination in graph was introduced by Claude Berge in 1958 and Oystein Ore in 1962 [1]. Following an
article [2] by Ernie Cockayne and Stephen Hedetniemi in 1977, the domination in graphs became an area of
study by many researchers. A subset S of V{(G) is a dominating set of & if for every v € V(G) "\ 5, there
exists x € 5such thatxw & E(G). that is, N[5] = V{&}. The domination number ¥{ &} of & is the smallest
cardinality of a dominating set of z. Some studies on domination in graphs were found in the papers [3, 4, 5, 6,
7,8,9, 10,11, 12,13,14,15,16].

In 2011, Caro, Hansberg and Henning [17] introduced fair domination and &-fair domination in graphs. A
dominating subset 5 of ¥ ({r} is a fair dominating set in & if all the vertices not in 5 are dominated by the same
number of vertices from 5. that is, [N{u) n 5| = |N(v} n 5| for every two distinct vertices u and v from
V{G) Y 5 and a subset 5 of V(G) is a k-fair dominating set in G if for every vertex v V(G)\ 5,
IN(v) n 5| = k. The minimum cardinality of a fair dominating set of G. denoted by ¥z (G). is called the fair
domination number of G. A fair dominating set of cardinality y¢4 (G} is called y;; -set. Some studies on fair
domination in graphs were found in the paper [18].

The restrained domination in graphs was introduced by Telle and Proskurowski [19] indirectly as a vertex
partitioning problem. Accordingly, a set 5 = V{&}is a restrained dominating set if every vertex not in 5 is
adjacent to a vertex in S and to a vertex in V{(G) % 5. Alternately, a subset 5 of V() is a restrained dominating
set if N[S]1= V(&) and { V(G] "\ 5}is a subgraph without isolated vertices. The minimum cardinality of a
restrained dominating set of &. denoted by ¥ (. is called the restrained domination number of &. A restrained
dominating set of cardinality ¥.-(&} is called ¥,-set. Restrained domination in graphs was also found in the
papers [20, 21, 22, 23, 24, 25, 26, 27]. Motivated by fair domination and restrained domination in graphs, we
introduce the study of fair restrained dominating set. A fair dominating set § = V(&) is a fair restrained
dominating set if every vertex not in 5 is adjacent to a vertex in 5 and to a vertex in V{&} % 5. The minimum
cardinality of a fair restrained dominating set of G. denoted by y¢,; (). is called the fair restrained domination
number of &. A fair restrained dominating set of cardinality ¢4 (&) is called yf, 4 -set.

For the general terminology in graph theory, readers may refer to [28]. A graph & is a
pair (W(G). E{GY). where V() is a finite nonempty set called the vertex-set of & and E(G} is a set of
unordered pairs {x. v} (or simply uv) of distinct elements from V() called the edge-set of &. The elements of
V(&) are called vertices and the cardinality [V {G}] of V(&) is the order of &. The elements of E{G) are called
edges and the cardinality |[E{G)| of E(G) is the size of &. If [V{&)| = L. then G is called a trivial graph.
If E(G)} = @. then G is called an empty graph. The open neighborhood of a vertex v € V(&) is the set
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Ng(v) = {u e V{(Glur € E(G)} The elements of N; (1} are called neighbors of 1. The closed neighborhood
of ve V(G)is the set Nglvl = Nz(v) U {v} If ¥ € V(G). the open neighborhood of ¥ in G is the
set Ng(X) = U,z Nz (v). The closed neighborhood of X in & is the set Ng[X] = U, N:lv]l = N (¥) U X.
When no confusion arises, N [x] [resp. Nz (x)] will be denoted by N[x] [resp. N{x}].

Il. RESULTS
Remark 2.1 [17] If G = K. then y7; (6) = min{yzq (6)}. where the minimum is taken over all
integers k where1 = k= V(&) — L

Figure 1: A graph G with 54,4(G) = 2

Example 2.2 Consider the graph & in Figure 1. Then the set 5, = {v,.1-}is a 1-fair dominating set of &,
while 52 = {1, 173, 175} is a 2-fair dominating set of &. It can be observed that 5, is a Y12 -Set of & while 5. is

ayapa-set of G. Hence, y 74 (G) = 2 and y254(G) = 3, that is, yz4 (G) = 2. Further, observed that 5, is also a
vr-set of G. Therefore, 5, is ayp.4-set of G. Hence, y4 (G) = 2.

Since ys-4 (G) does not always exists in a connected nontrivial graph G, we denote FR (&) be a family of all
graphs with fair restrained dominating set. Thus, for the purpose of this study, it is assumed that all connected
nontrivial graphs considered belong to the family FR{&}.

Remark 2.3 Let & be a connected graph. Then for any positive integer n, K, , € FR({G).

From the definition of a fair restrained domination number y;,4 (G} of G. the following result is immediate.

Remark 2.4 Let & be any connected graph of order n = 3. Then

(i) 1 =y7g(G) = n—2and
(i) ¥(6) = ¥, (6) = y7ra (G).

The next result says that the value of the parameter y; (G} ranges over all positive integers
from L.2....,n — 2 where n is the order of G.

Theorem 2.5 Let &, m, andn = 3 be positive integers such thatl = & = m = n— 2. Then there exists a
connected nontrivial graph & with [V(G)] = n such that ¢4 (G) = k and y5.4 (G) = m.

Proof: Consider the following cases:

Case 1. Suppose that L = k =m = n— 2. Let G = Ky. Clearly, [V(G)] = nand yzz (6) = 1 = 35,4 (G).

Case 2. Suppose that 1=k <m < n—2. Let G =(v)+ (VB _,_,Ju V(K.J) such that m=r+ 1.
Then A = {r}is a fair dominating set of & and E = {v} UV (K, ) is the minimum fair restrained dominating set

inG.Thus, V(&) =1+ (n—r—1)+r=ny,(G)=|dl=1=k andy,z ()= |B| =1 +r=m.

Case 3. Suppose that L =k =m = n— 2, Letn =2b whereb = 1{mod 4}, b # 1, and4k — 2 =n. LetG
be a graph below (see Figure 2).
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Figure 2: A graph G withl<k=m<n-2
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Case 4. Suppose that 1 << k <=m = n— 2,

Let ViF ) ={rp xox ), VIE) =Dy s yelwithn—2=r+s=m, and r =5 Then let & be a
graph obtained fromH, = { v;} + B and H. = { v.} + F, withv,1. € E(G) (see Figure 3).

ra o h
\ /

Figure : Agraph G with l < k<m<n-2

The set A={v.1} is a yy -set and B=VI(R)UV(E) is a y,y -set of G. Thus,
Vit =r+s+2=ny,(6)=|A|=2=k adya(G)=|B|=r+s=n—-2=m.

This proves the assertion. m
The following result is a direct consequence of Theorem 2.5.

Corollary 2.6 The difference y74 (&} — ¥z (&} can be made arbitrarily large.

Proof: Letn = 2+ + 2 and & = n — 4 where r is a positive integer and & is a nonnegative integer. By Theorem
2.5, there exists a connected graph G such that ygs(G)=2r and yr(6)=2 . Thus,
¥rra(G) —¥pg(G)=2r—2=(n—-2) -2 =n—4=k, showing that y;4(G)—yzz(G) can be made
arbitrarily large. m

Remark 2.7 ys4(G) # n— 1 for any connected graph & of order n = 4.

The path F; of order n = 1 is the graph with distinct vertices vy, vz, ... 1%, and edges v; 1’2, V2 173..... Vp_ V. IN
this case, £, is also called a v, -13, path or the path P {17y, 13, 1

=2 if n=1(mod 3)
Remark 2.8 Letn = 4. Then yxs (F,) = %t if n=2(mod 3)
"= if  n=(mod3)
The cycle C, of order n= 3 | is the graph with distinct wvertices vy, v, .... v, and edges

Ty Vo, Palg,eae, Vi U Vi 17y
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> if n=0(mod3)
Remark 2.9 Letn = 3.Then ypz (C;) = % if n=1(mod 3)
== if n=2(mod 3)

The next result is the characterization of the graph & with a fair restrained domination number of one.

Theorem 2.10 Let G be a connected graph of order n = 3.Then y; 4 (G) = Lifand only if ¢ = &, + H where
H is a graph without isolated vertices.

Proof: Suppose that yz.4 (G) = 1. Let S = {v} be ays,4-set in G. Then ( V(G S} is a subgraph without
isolated vertices. Let H = { V(G) \ 5). Then G = K, + H, where H is a graph without isolated vertices.

For the converse, suppose that & = K, + H, where H is a graph without isolated vertices. Let 5 = V(K

Then 5 is a fair dominating set of G. Moreover, since { V(G} % 5} = H has no isolated vertices, it follows that
5 is arestrained dominating set of &. Thus, 7,4 (G) = 1. ®

The complete graph of order n = 1, denoted by K. is the graph in which every pair of its distinct vertices are
joined by an edge.

The fan of order 1 + 1, denoted by F,, is the graph K, + £, wheren = 1.
The wheel of order n + 1, denoted by W,,. is the graph K} + C,, wheren = 3.
The following result is an immediate consequence of Theorem 2.10.

Corollary 2.11 Let & be a connected graph of order n = 3. Then the following is satisfied.

() ¥rra(Kp) =
() ¥rra (5
(i) yrea (W) =

1
1
1

A graph © is called a bipartite graph if its vertex-set ¥'{G} can be partitioned into two nonempty subsets ¥, and
I% such that every edge of & has one end in ¥} and one end in ¥.. The sets ¥} and V- are called the partite sets
of &. If each vertex in ¥} is adjacent to every vertex in V.. then & is called a complete bipartite graph.
If || = m and |V= | = n, then the complete bipartite graph is denoted by K. ...

Remark 212 Letm = Zandm = 2. Then yp4 (K ) = 2.

The join of two graphs G and H is the graph ¢ + H with vertex-set V(G + H} =V(G} U V(H) and edge-
set E(G + H) =E(GIW E(HIVU {w:u e V(G)ve VH)L

Remark 2.13 Let & and H be connected graphs. Then ¥{&) and ¥ (H} are fair dominating sets of & + H.

We need the following Lemma for our next Theorem.

Lemma 2.14 Let & and H be nontrivial connected graphs. If 5 = 5; U 53 where 5 is an »-fair dominating set
of &, 5 is an s-fair dominating set of H, and» —s = |5;] — |5x| then 5 is a fair restrained dominating set of
G+ H,

Proof: Since 5; is an r-fair dominating set of &, for every u € V{G} Y 5;, |Nz{u) N 55| = r. Since Sy is an s-
fair dominating set of H. for every v € VIH)}\ 5y, |Nx(v) n 54]=s. Now, 5z < V(G) implies that
VG, 5;# 0 Letu e V(G)\ SzThenu e VG + HI\ S, [(Neoy ) N 557 = |5x). and

NG 0 S| = [N,z 0 (S5 U Syl
|{NE+H{HJ n 55:' u 'i*“"rm}:":u] N Sl
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|(Ngz () 0 S)] + [ (Ngux () 0 S
|(Wg ) N Sl + 541
v+ |5y

Similarly, since Syzc V(H) , VIH)Y 550 Let ve VIH)\ S4. Then ve VIG+HI\ § |
|(Ngar) N 55)| = 15.6], and

N,z 0 5] = [N xlv) 0 (SpU Sy

|(Neux) N Sg)U (Neux(v) N Sy
|(Neux() N S| + [(Naex () 0 53]
1Sc] + N {w) N 53]

5| +s

IS¢l +(r — [Sgl + |5&D)

r 1 [Sql.

Thus, for every w.v € VG + HI\ S5, |Ngopmlud N 5| = |N;.x(r) N S| Hence, 5 is a fair dominating set
of G+H. Now, let ueVIEI\S; and ve VIH)\S5; Then wre VIE+HI\S and
uv € E(G + H). Since 5§ is a dominating set, there exists x € 5 such that xu e E(G + H)} or
xv € E(G + H). Thus, every vertex in V(G + H) '\ 5 is adjacent to a vertex in § and to another vertex
inV(G + H) "\ 5. Hence, 5 is a fair restrained dominating set of & + H. m

The following result is the characterization of the fair restrained domination in the join of two connected non-
complete graphs.

Theorem 2.15 Let & and H be nontrivial connected graphs. Then a nonempty proper subset 5 of V(& + H} isa
fair restrained dominating set of & + H if and only if one of the following statement is satisfied.

() 5=Vi(G)or5isak-fair dominating set of & where k& = |5].
(i) 5 =V(H) or5isa k-fair dominating set of H where & = |5].
(ii)5 = 5; U 5, where 5; = V(&) is an -fair dominating set of &,
and 5z = V(H}is an s-fair dominating set of H, and r — s = | 55| — |5&].

Proof: Suppose a nonempty proper subset 5 of ¥ (& + H) is a fair restrained dominating set of & + H.
Consider the following cases:

Case 1. Consider that 51 V{H)} = @ Then5 € V{G). If5 = V(). then the proof of statement (i} is satisfied.
Suppose that 5= V(G) . Let ue ViGI 5 and vEu such that
wve VIG+HI\ S Then, |Ngxzlwdn 5= |Ngowlv)n S| since § is a fair dominating set
of G + H.Ifve VIGE)\ S, then INg(u) n 5| = |[Nz(v) n 5] =k for some positive integer k. This implies
that 5 is a L -fair dominating set of G. If ve V(H}y then
k= |Nz(uln 5] = |Ngupmld N 5| = |Ng () N 5] =|5]. This complete the proof of statement (i].

Case 2. Consider that SN V(G) = 0. Then 5 = V(H). If § = V(H), then the proof of statement (i) is
satisfied. Suppose that 5= V(H). Let w\in VIH)\ 5 and v#u such that w.ve VIG+HI S,
Then, |Ng. x() n 5| = INoox(v) N 5| since 5 is a fair dominating set of G + H. If v & V(H)\ 5, then
Ny () n 5| = |Ngz(v) n 5] = k for some positive integer k. This implies that 5 is a k-fair dominating set
of H. If ve V(G), then k= |Ngxlw) n 5| = |Npupwlw) N 5| = |Nguz(w) 0 5] = |5]. This complete the
proof of statement (ii}.

Case 3. Consider that Sn V(G}#© and SN V(H)=0 Let S;=5nV({E) and
Sz=5n V(H).Then§ = 5;U Sy where 5; = V() and 5z = V(H). Suppose that to the contrary, 5; is not
a fair dominating set of G. Then there exists distinct vertices u and v in VIG)Y S; such that
INz() n 5] = [Nz () n 5] Thus,

INeomlud N 5] = |Ngxld n Sz U 53))
= [Nzl N 50U (Ve xGd 05y
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|(INglu) N Sl U Syl sincen € V(E)N S

INg(2) N Sgl+ |54l

INg(w) N Sg| + |Sx]

Nz () N S50 Sy

|(Ngox(d N S U (Neox(ed N 5450 sincev e V(G S
INe,x() N (SgU S3)]

INg,z(v) N 5|

I n

This contradict to our assumption that 5 is a fair dominating set of & + H. Therefore, 5z must be a fair
dominating set of &. Similarly, Sz is a fair dominating set of H. Thus, for every vertex u € Vi) S;.
\Nz{w) N S5;| = r for some positive integer =, and for every vertex v € VIH) Y\ Su. |[Nxlvln 54] == for
some positive integer s. This implies that 5; is an »-fair dominating set of & and 5 is an s-fair dominating set
of H. Now, letu € VI(G) % S;andv e V(H}' 5. Then,

INe.zlud N 5] = N xld N (Sz U 53))

(N, gl N 50U (Neog@d N 5)
(N (u) N 500 54

|(N(u) N Se) + 15&]

r 4+ |5_H| and,

Nouu@) N S| = INg,w@) N (Sg U Syl
= |Wexw) 0 Sl U (Ng,x(w) N Sy
= 15U (Ng@) 0 S,)]
= 1551+ [N () N Syl
= |55l +s.

Since § is a fair dominating set of G+ H | 3Ngxlwn 5= |Nexzlvdn 5|, that
is, 7 +|5x| = 15z]| + 5. Hence, ¥ —s = |5;]| — |§&] proving statement (i}

For the converse, suppose that statement (i} is satisfied. If & = V{{&), then 5 is a fair dominating set of
& + H by Remark 2.13 and clearly, a restrained fair dominating set of & + H. Suppose that 5 is a k -fair
dominating set of G where k=|5]. Let wue VIG+HI\S If wue VG S
then |Nglul n 5] = |N;(wln S| =k=|5]. If ue V(H). then |[Ng.xlu)n 5]=|5. Thus, for
any wove VG +HI\ § | |Ngzdn 5 = |Ngoxlv) N S| that is, § is a fair dominating set of
G+H Let xe V(G +HI\ 5 If xe V(H). then there exists v € § such that xv € E(G + H) since
5 < V(6) and there exists vy € V(H)} such that xy € E(H) = E{G + H) since H is nontrivial connected
graph. If x € V{G) ' 5. then there exists v € 5 such that xv € E(G) = E(G + H) since § is dominating
and xy € E{G + H)} for all v € V(H). Thus, 5§ is a fair restrained dominating set of & + H. Similarly, if
statement (i} is satisfied, then 5 is a fair restrained dominating set of & + H. Finally, if statement (iii} is
satisfied, then 5 is a fair restrained dominating set of & + H by Lemma 2.14. m

The next result is a consequence of Theorem 2.15.

Corollary 2.16 Let = and  be a nontrivial connected graphs. If 5z is an +-fair dominating set of & or 5_H is
an s-fair dominating set of # with |S¢| — |Sg| = v — 5. then y;,.; (6 + H) < min{|Sg|. |54|. |Sg|+ |Sx[}

Proof: Suppose that 5z is an r-fair dominating set of G. If + = |5_G|. then 5_G is a fair restrained dominating
set of G + H by Theorem 2.15(i). Thus, ys4 (G +H) = |S5|. If r # |5¢]. then consider that 5 is an s-fair
dominating set of H. If s = |§|. then 5z is a fair restrained dominating set of & + H by Theorem 2.15(ii}.
Thus, ¥#4 (G +H) = |54). If s = |5|. then let 5 = 5; U 54. Since 5; = V(&) is an »-fair dominating set
of &, 55 = V(H}is an s-fair dominating set of H. and » — s = | 55| — |5&]. it follows that 5 is a fair restrained
dominating set of G+ H by Theorem 2.15 (i) Thus,
Vira (G + H) = |S] = [S5U Syl = |Sg] + |Sx]-Hence, y,4 (6 +H) < min{IS;l. |Sxl. [Se|+|Sx[}®
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I11. CONCLUSIONS

In this work, we introduced a new parameter of domination of graphs - the fair restrained domination of
graphs. The fair restrained domination in the join of two graphs was characterized. The exact fair restrained
domination number resulting from this binary operation of two graphs was computed. This study will pave a
way to new research such bounds and other binary operations of two graphs. Other parameters involving fair
restrained domination in graphs may also be explored. Finally, the characterization of a fair restrained
domination in graphs and its bounds is a promising extension of this study.
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