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ABSTRACT: In this paper, we introduce and Study the concept of anti fuzzy soft Gamma ring and investigated some of
the properties related to them. Further we study anti Fuzzy soft ideals on gamma rings and established a one-one

correspondence between anti fuzzy soft left ideal of a gamma ring R and Level set 5,,t € [0, 1] left ideal of R.

Keywords: Soft set, Q-fuzzy set, Q-fuzzy soft set, Anti Q-fuzzy soft gamma ring, Anti Q-fuzzy soft gamma ideals

INTRODUCATION: Researchers studying to solve complicated problems in Economics, Engineering,
environmental Science, sociology, medical science and many other fields deal with the complex problems of modeling
uncertain data. While some Mathematical theories such as probability theory, fuzzy set theory [24, 25], rough set theory
[18,19], vague set theory [9] and the interval mathematics [10] are useful approaches to describing uncertainty, each
of these theories has its inherent difficulties as mentioned by Molodtsov [17]. Consequently, Molodtsov [17] prosed a
completely new approach for modeling vagueness and uncertainty. This approach called soft set theory is free from the
difficulties affecting existing methods. Soft set theory has potential application in many fields, including the smoothness
of functions, game theory, operations research, Riemann integration, Perron integration, probability theory and
measurement theory. Most of these applications have already been demonstrated in Molodtsov’s paper [17]. At present,
works on soft theory are progressing rapidly. Maji et al [15] investigated the applications of soft set theory to a decision
making problem. Maji [16] defined and studied several operations on soft sets. Jun and Park [13] discussed the application
of soft sets in ideal theory of BCK/BCI algebras. Aktas and Cagman [2] compared the soft sets to the related concepts of
fuzzy and rough sets. They also defined and studied soft groups, soft subgroups, normal soft subgroups and soft
homomorphism. Feng et al.[8] introduced and investigated soft semi ring, soft sub semirings, soft ideals, idealistic soft
semi ring and soft semiring homomorphism. The algebraic structure of set theories dealing with uncertainties has also
been studied by some anthers. Rosenfeld [21] proposed the concept of fuzzy groups in order to establish the algebraic
structures of fuzzy sets. Abou-Zaid [1] introduced the notion of a fuzzy subnear-ring and studied fuzzy ideals of a near-
ring. This concept is also discussed by many authors [6, 7, 14, 22]. Rough groups were defined by Biswas et al. [4] and
some other authors (e.g., [5, 11]) have studied the algebraic properties of rough sets as well. In [23], Sezgin et al.
introduced union soft subnear-rings (ideals) of a near-ring and union soft (N -ideals) of an N -group by using Molodtsov’s
definition of soft sets and investigated their related properties with respect to soft set operations, soft anti-image and
lower a-inclusion of soft sets. Throughout this study, applying to soft set theory, we define the notion of soft subnear-
rings, soft ideals and soft N -subgroups of near-rings and give several illustrating examples. We also establish the bi-

intersection and product operation of soft subnear rings, soft ideals and soft N -subgroup of near-rings.
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PRELIMINARIES:
Definition 1: Let R and I" be two additive Commutative semi groups. Then R is called gamma ring if there
exists a mapping R X I' X R — R satisfying the follow conditions:

R1: aa(b + c) = aob + aac;

R2: (a+ b)ac = aac + bac;

R3:a(a + B)c = aac + afc;

R4 : aa(bfc) = (aab)fc,Va,b,c € R,a,p € T.
Example: Let N be the Set of natural numbers and I' = {1, 2, 3}. Then {N, max} and {I', max} are Commutative
semi groups. Define a mapping by N X I' X N — N byaob = min{a,0,b}, Va,b € Nanda € I'. Then N is a
gamma ring.
Definition 2: A non-empty subset S of a gamma ring R is called a sub gamma ring of R if (s, +) is a sub-semi group
of (R, +)and aab € S,foralla,b € S,y €T.
Definition 3: A non-empty subset S of a gamma ring R is called a gamma ideal of R if (s, +) is a sub-semi group of
(R,+)andxya € Sandayx € S, foralla € S,x e Randy € T.
Definition 4: Let R be the any non-empty set. A mappingé: R x Q — [0,1] is called a Q-fuzzy soft subset R.
Definition 5: Let & be any Q-fuzzy soft subset of a set R and let t € [0, 1] .The set
ot ={x € R/3(x,q) <t} is called a lower level subset of &. The set of all lower level subsets of & is denoted
by Fé.(i.e)F8 = {8t/t € Im(8)}.
Definition 6: Let 6 and A be any two Q-fuzzy soft subsets of a set R. Then § is said to be contained in A, denoted
by 8 € A,if 8(x,q) < A(x,q),forallx € Rand q € Q. If 8(%,q) = A(%,q), for all X € R, then & and A are said to be
equal.
Definition 7: Let 6 and A be any two Q-fuzzy soft subsets of R, then
Union : (8 U A)(x,q) = max{d(x,q), A(x,q)}
Intersection : (6 N A)(x,q) = min{d(x,q),A(x,q)} forallx € Randq € Q.
Definition 8: The union and intersection of any family {3i/i € I} of Q-fuzzy soft subsets of a set of R are defined by

(U &) xa) = L 8iC0)

iel
<ﬂ51> (x,q) = M38i(x,q) Vx € R.
el

IHI-ANTI Q-FUZZY SOFT GAMMA RING
Definition 9: Let 6 be a Q-fuzzy soft subset of a gamma ring R. Then 3 is called a Q-fuzzy soft gamma ring if
(COFSttR — 1) : 8(x + y,q) < max{8(x,q),5(x,q)}
(COFSttR — 2):8(xyy, q) < max{d(x,q),5(x,q)} forallx,y € Randy €T
Example 1: Let R be the set of natural numbers with zero and let ' = {0,1}. Define the mappingR XI' xR —
R by a, 0, b usual product of a, o, b, for alla,b € R,a € T". Then R isa gammaring. Defined: R x Q — [0,1] by
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0.7 if x=0
3(x @) =10.6 if xis odd Then & is a anti Q-fuzzy soft gamma ring.
0.5 if xis even

Example 2: Let R be the set of negative integers and I' be the set of negative odd integers. Then R, I" are additive
commutative semi groups. Define the mapping RX T X R — R by a,a, b usual product of a,0,b,Va,b € R;a €T.

Then R isa Gamma ring. Define 3: R x Q — [0, 1] by

0.3 if x=-1
3(xq) ={0.6 if x = —2 Then § is a anti Q-fuzzy soft gamma ring.
0.5 if x <=2

Example 3: Consider the additive abelian groups Zg = {0,1, 2,3,4,5,6,7}andI" = 0, 1, 3, 5.
Define Zg X I' X Zg = Zg by a,a,b usual product of a,a,b,Va,b € R;a € I.Then Zg is a Gamma ring. Define
d:ZgxQ—[0,1] by

_(03if x=0 o |
S(xq) = i
xq) {0.6 if « = o - Then I'is anti Q-fuzzy soft gamma ring.

Theorem 1: Let R be a gamma ring. A Q-fuzzy soft subset & of R is a anti Q-fuzzy soft gamma ring iff its lower
level set 5., t € [0, 1] is a sub gamma ring of R.
Proof: Let R be a gamma ring and let 6 be a Q-fuzzy soft subset of R. Suppose & is anti Q-fuzzy soft gamma ring.
Claim: §, = {x € R/3(x,q) < t} isa sub gammaring of R. Let x,y € 5, and y €T
= 46(x,q) < t4(y,q) <t
= max{s(x,q),8(y,q) < t}
= d(x +y,q < tando(xyy) < t
= X+Y € J,Xyy € 9.
Then &, is sub gamma ring of R. Conversely, suppose &, is a sub gamma ring of R.
Claim: § is anti Q-fuzzy soft gamma sub ring of R. Letx,y € Randy € T.
Let 6(x,y) = |; 8(y,q) = m, Lett = max{l, m}.
Then 0x,q) =1<td(r,9)=m<t
= X,y € &
= X +y € J and xyy € 9,
= d(x +y,q) <tandd(xyy,q) <t
= 8(x + y,q) < max{d(x,q),5(y,q)} and
d(xyy,q) < max{d(x,q),d(y,q)}. Then d is anti Q-fuzzy soft gamma ring of R.
Theorem 2: Let R be a gamma ring. Let 6; and &, be anti Q-fuzzy soft gamma rings of R. The 8; N 3, is anti Q-
fuzzy soft gamma ring of R.

Proof: Let R be gamma ring and 8, and &, be two anti Q-fuzzy soft gamma ring of R.

Letx,yeR;yerl

(CFSGR~-1): (81 N &) (x+y, @) = min {31(x +Y, q), &(x +y, 4)}
< Min {max {3:(x,q),5:(y,a)},max {32(x,q),52(y, d)}}
=max {min {5:(x,q),51(y,a)},min {52(x,q),52(y, a)}}
=max {min {31(x,q),52(x, a)}, min {3:(y,q), 3(y,a)}}
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=max {(8: N 8,) (x, q), (81 N 32) (y, A)}

(CFSGR —2): (81 N &2) (xyy, @) = min {8, (xyy, q), 82 (xyy, Q)}
< min {max {d:(x, q), 81(y, )}, max {d2(x, q), (X, a)}}
= min {min {8:(x, ), 3.(y, a)}, min {32(x, q), 52(x, d)} }
=max {min {51(x,q),32(x,a)}, min {5:(y,q),d(y, a)}}

= max {(61 n 62) (Xa q)v (61 n 62) (pv q)}
Thus 8, N 3, is the Q-fuzzy soft gamma ring of R.

In general union of two anti Q-fuzzy soft gamma rings may not be anti Q-fuzzy soft gamma ring.
Example 4: Consider the additive groups Z; = {0, 1,2, 3,4, 5} and " = {0, 2}.

Define Zg X T' X Zg = Z4 by aab usual product of a,a, b,Va,b €R; a € T.

Then Z, is a gamma ring

Define 8,:Zg X Q = [0,1]and 8,:Zs X Q — [0,1] by

06 ifx=0 0.3 if x=2
81(x,q) =40.8 if x=1 And 62(x,q) =40.8 if x=0
0.3 otherwise 0.4 otherwise

Then 8;and 6, are anti Q-fuzzy soft gamma rings of Z¢

But &, U 3, is not anti Q-fuzzy soft gamma ring, In particular, we have the following theorem.
Theorem 3: Let R be a gamma ring. Let §;and &, be two anti Q-fuzzy soft gamma rings of R. Then 5;and 8,is anti
Q-fuzzy soft gamma rings of R if 5; S 3, or 3, SJ;.

Proof: Let R be a gamma ring.

Let 34, 6, be two anti Q-fuzzy soft gamma rings on R. Suppose 8; S 6,

Letx,y€ER;y€ET

(CFSGR —1): (8, U8,)(x +y,q) = max {8;(x +y,q),8,(x +y,q)}

5, (x + y,q)

max {5, (x,9), 3, (y,q)}

max{max{d; (x, q), 8, (x, q)}max{d; (y, q), 3, (y, q) }}
max{(8; U 8,)(x,q), (8; U 3,)(y, )}

(CFSGR — 2): (8; U 8,)(xyy) = max{8; (xyy,q), 5, (xyy,q)}

82(xvy, )

max{8, (x,q),02(y, 4}

max{max{d; (x,q), 8, (y, q), max{8, (¥, q), 3, (y, 1) }}

max {(8; U 33)(x,q), (61 Ud2)(y, 1)}
Thus (8, U 8,) is anti Q-fuzzy soft gamma ring.

A1

A

Similarly (8; < 8,), we get (8, U 8,) is anti Q-fuzzy soft gamma ring.

Theorem 4: Two anti Q-fuzzy soft gamma rings 3 and Q of a gamma ring R such that cord Im § < o and cord
ImQ < o are equal iff Imd = ImQ and F; = F,.

Proof: Let R be a gamma ring. Let 8 and Q are two anti Q-fuzzy soft gamma rings of R such that cord Imé < « and
cord ImQ < oo, suppose 3, Q are equal
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Claim: Imé = ImQ and F; = F

Lettel
© ixq) =t
< Q(x,9) = t (because 4 = Q)
& teImQ
~Imd = ImQ
Fs= {8/teImé} = {Q,/ImQ} = F,
Fs = Fq

Conversely, Suppose Imé = ImQ and F; = Fy

Claim: 6=Q. Let t e Imé = t€ ImQ.

Then 3(x,9) =t and Q(x,t) =t, (i.e)d(x,q) = t = Q(x,q), forallx e Rand ge Q
=6=0Q

Theorem 5: Let R be the gamma ring. Let & be a anti Q-fuzzy soft gamma ring on R. Define 8" on RU {0} by 8" =

{x € R/3(x,q) = 5(0,q)}. Then §"is a sub gamma ring on R.

Proof: Let § be anti Q-fuzzy soft gamma ring of R.

Letx,y €8 = 8(x,q) = 8(0,q) and 5(y, p) = 8(0,q)

(CFSGR —1):8(x +y,q) < max{3(x,q),5(y,q)}

max {5(0,9),3(0,q)}

= 5(0,9)

= x+y€sd.

< max {5(x,9),8(y,q)}

= max {5(0,q9),3(0,q)}

= 8(0,9)

= xyy € 8",

(CFSGR — 2): 5(xyy, q)

Thus §" is a sub gamma ring on R.
ANTI Q-FUZZY SOFT GAMMA IDEALS
Definition 10: Let 6 be a Q-fuzzy soft subset of a gamma ring R. Then 3 is called anti Q-fuzzy left (right) ideal of R
if
(CFSGI —1):8(x+y,q) < max{8(x,q),3(y,q)}
(CFSGI — 2):8(xyy,q) 3(y,(8(x,q)), VX,y ERYET,qEQ.
d is anti Q-fuzzy soft gamma ideal if it is both Q-fuzzy soft left and right ideal.

IA

Definition 11: Let S is a subset of a gamma ring R. The characteristic function of S taking values in [0, 1] is a Q-

fuzzy soft set given by

_(1if x¢S
X(X'q)_{o if xeS

Then y is anti fuzzy characteristic function of S in [0, 1].

Theorem 6: Let R be a gamma ring. A Q-fuzzy soft subset 8 of R is a anti Q-fuzzy soft left (right) ideal of a gamma
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ring R iff the lower level subset 5,,t € Im3 is a left (right) ideal of R.
Proof: Let R be a gamma ring. Let d be a anti Q-fuzzy soft left ideal of R.
Claim: 8,,t € Imd is a left ideal of R. Let x,y € 8, andy € T.
= 3(x,q) <tandd(y,t) <t
(CFSGI — 1):8(x+vy,q) < max{d(x,q),d(y,qQ)} <t
= x+YyEJ,.
Letx€dt;aeRyeET = 6(xq) < t
(CFSGI — 2):8(ayx,q) < 8(y,qQ) <t= ayx € J,.
Thus 8,,t € Imd is left (right) ideal of R. Conversely, suppose that ,is left (right) ideal of R.
Claim: & is anti Q-fuzzy soft left ideal. Letx,y € R; y € T".
Suppose 8(x,q) = a,8(y,q) = b, wherea,b € [0,1].Let t = max {a, b}
Therefore 6(x,q) <tandd(y,q) <t

= X,y €9,

> X+YyE S

= 8(x +y,q) < t = max{s(x,q),5(y,q}
Nowxyy € o, andyyx € .. Supposea < b =>t=a.
Therefore 3(yyx,q) <t=a=1905(xq).
Suppose b < a, we get 8(xyy, q) < 8(y, q). Thus & is anti Q-fuzzy soft left (right) ideal of R.
Theorem 7: Let S be a non empty subset of a gamma ring R. Then y_ is anti Q-fuzzy soft left (right) ideal of R iff S
is a left (right) ideal of R.
Proof: Suppose y, is a anti Q-fuzzy soft left (right) ideal of R. Let x,y e R,a€ R,y € T.
Now  x (x+y,q) < max{y (x,q),x D}

= x+y€S Also
% (0yx,q) < x,(x,q) =1 = ayx € S. Then Sis a left ideal of R.
Conversely, suppose that S is a left (right) ideal of R. Letx,y € S, then x4+ y € Sand xyy € S
= %, &+y @ =1 = max{y,(xqQ), 1,y D} = 1=y, q ofxy &S.
Thenx + y € Sandxyy € S,
& +y,@) = 0 = max{y (x,q),% (9} andz (xyy,q) = 0 = 1 (y,9).
If one of the xand y notin S, then x +y ¢ Sand xyy & S
=, &+y,q =0 = min{y (x,q),xs(y, @} and x (xvy,q) = 0 = ¢ (v,9)

Then y is anti Q-fuzzy soft left (right) ideal of R,
Theorem 8: Let R be agammaring. Let 8; and 8, be anti Q-fuzzy soft left (right) ideal of R. The 6, N 6, isaanti
Q-fuzzy soft left (right) ideal of R.
Proof: Let R be a gamma ring and let 8, 8, be two fuzzy soft left (right) ideal of R.
Let X,y € R;y €T. Now,
(CFSGI=1) : (8, N &) (x +y,q) = min{§; (x +y,q), 8, (x +y,q)}
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IA

min{max{3; (x, q), 8, (y, 4}, max{3, (x,q), 3, (v, 9)}}
= min{min{3; (x, q), 8; (v, )}, min{3, (x,q), 5, (y, 9)}}
= max{min{3; (x, q), 8, (x,q)}, min{3; (v, 4), 5, (y, 9)}}
= max{(8; N3;)(x,q), (81 N 32)(v, 9}

(CFSGI — 2):(8; N&2) (xvy,q) = min{d(xyy,q),5,(xyy, P}

< max{8;(y,q), 5, (v, 9)}
= (81 N3)(y, Q)

This (6, N 3,) is aanti Q-fuzzy soft left (right) ideal of R.

Theorem 9: Let {5;/i € I} be a family of anti Q-fuzzy soft left (right) ideals of gamma ring R. Then 12161 is anti Q-

fuzzy soft left (right) ideals of R

Proof: Let {5,/i € I} be a family of anti Q-fuzzy soft left ideal of a gamma ring R.

Claim: 6 = iglsl anti Q-fuzzy soft left (right) ideals of R. Letx,y e R,y €T’

(CFSGI—1) : 3(x+y,q) = 28 (x+y,q)

e Six+y,q)
Ter tmax(8;(x, q), 8;(y, 0)}}
max{ ¢, &;(x q), Tg, 8y, A}
maxi{sup{s,(x,q)/i € 1}, supi4d; (y, q) /i € 1}}
max{ ;¢ 8(x ), ¢ 8 (v, )}
maxi{b(x, q), 8(y, q)
(CFSGI—2) : 8(xyy,q) = ;¢ 8 (xvy, )

= Te1 8i(xyy, Q)

=105,

= igl 8i(y,q)

=38(y,q)
Hence igl d; is anti Q-fuzzy left (right) ideal of R

I o IA

CONCLUSION: In this paper, the concept of anti Q-fuzzy soft gamma rings is introduced and we established a
one-one correspondence between anti Q-fuzzy soft gamma ring and its lower level set. Further we investigated a
one-one correspondence between anti Q-fuzzy left (right) ideal of a gamma ring and its lower level set left (right)
ideal of a gamma ring.

APPLICATION: These structures are useful in developing fuzzy prime ideals, fuzzy maximal ideals and fuzzy
semi prime ideals of a gamma ring.
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