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Abstract - In this paper, the convolution theorem and uniqueness theorem for the new integral transform is proved. 

Further, a new integral transform and convolution theorem is applied to solve convolution type Volterra integral equation 
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I. Introduction 

  

There are many integral transforms which support the tools for solving ordinary and partial differential equations. A new 

integral transform which was introduced by Artion Kashuri and Akli Fundo 
[1]

 can also be used to solve ordinary and 

partial differential equations. Elzaki transform 
[2,3]

 found to be effective tool in solving convolution type Volterra integral 

equation of first kind and higher order ordinary differential equations. Agrawal and Gupta 
[4]

 applied Sumudu transform for 

the solution of Abel’s integral equation. Janki Vashi & M. G. Timol 
[5]

 established the relationship between Laplace and 

Sumudu transform and also provided some applications of Sumudu transform in Physics and electric circuits. The main 

purpose of this paper is to show the applicability of a New Integral Transform to solve convolution type Volterra integral 

equation of first kind and Abel’s integral equation. 

 

II. Preliminaries 

 

Definition. Consider the class of functions F [1], where   

𝐹 = {𝑓(𝑡)| ∃ 𝑀, 𝑘1, 𝑘2 > 0 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 |𝑓(𝑡)| ≤ 𝑀𝑒

|𝑡|

𝑘𝑖
2
, 𝑖𝑓 𝑡 ∈ (−1)𝑖 × [0, ∞)} 

   

                                                                                                                                                                               (1)  

 For a given function in the set F, the constant M must be finite number, k1, k2 may be finite or infinite. A new integral 

transform denoted by the operator 𝒦(.) is defined by 

 

𝒦[𝑓(𝑡)] = 𝐻(𝑣) =
1

𝑣
∫ 𝑒

−𝑡

𝑣2∞

0
𝑓(𝑡)𝑑𝑡, 𝑡 ≥ 0, −𝑘1 < 𝑣 < 𝑘2                                                                                    (2) 

 

New integral transform of some special functions 

i) 𝒦[1] = 𝑣 

ii) 𝒦[𝑡𝑛] = 𝑛! 𝑣2𝑛+1 

iii) 𝒦[𝑒𝑎𝑡] =
𝑣

1−𝑎𝑣2 

iv) 𝒦[𝑠𝑖𝑛𝑎𝑡] =
𝑎𝑣3

1+𝑎2𝑣4  

v) 𝒦[𝑐𝑜𝑠𝑎𝑡] =
𝑣

1+𝑎2𝑣4  

vi) 𝒦[sinh (𝑎𝑡)] =
𝑎𝑣3

1−𝑎2𝑣4  

vii) 𝒦[cosh (𝑎𝑡)] =
𝑣

1−𝑎2𝑣4 

Here we provide the proof of two new integral transform for further reference  

viii) 𝒦[𝑡−𝛼] = Γ(1 − α)𝑣−2𝛼+1, where α > 0 

 

https://www.ijmttjournal.org/archive/ijmtt-v66i10p508
http://www.internationaljournalssrg.org/
http://www.internationaljournalssrg.org/
http://creativecommons.org/licenses/by-nc-nd/4.0/
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Proof. By definition of new integral transform, we have 

        𝒦[𝑡−𝛼] =
1

𝑣
∫ 𝑒

−𝑡

𝑣2∞

0
𝑡−𝛼𝑑𝑡 

                          =
1

𝑣
∫ 𝑒−𝑢∞

0
(𝑢𝑣2)−𝛼𝑣2𝑑𝑢,   putting 

𝑡

𝑣2 = 𝑢 

                          = 𝑣−2𝛼+1 ∫ 𝑒−𝑢∞

0
𝑢−𝛼𝑑𝑢 

                          = 𝑣−2𝛼+1 ∫ 𝑒−𝑢∞

0
𝑢(1−𝛼)−1𝑑𝑢  

                          = Γ(1 − α)𝑣−2𝛼+1                                                                                                                         (3) 

   

ix) 𝒦[𝑡𝛼−1] = Γ(α)𝑣2𝛼−1 

 

Proof. Again, by definition of new integral transform, we have 

𝒦[𝑡𝛼−1] =
1

𝑣
∫ 𝑒

−𝑡

𝑣2∞

0
𝑡𝛼−1𝑑𝑡  

                =
1

𝑣
∫ 𝑒−𝑢∞

0
(𝑢𝑣2)𝛼−1𝑣2𝑑𝑢  

                = 𝑣2𝛼 ∫ 𝑒−𝑢∞

0
𝑢𝛼−1𝑑𝑢 , putting 

𝑡

𝑣2 = 𝑢 

       = Γ(α)𝑣2𝛼−1                                                                                                                                (4) 

Theorem 1 Let 𝐺(𝑣) be a new integral transform of 𝑓(𝑡), then 

i) 𝒦[𝑓′(𝑡)] =
G(v)

𝑣2 −
𝑓(0)

𝑣
 

 

ii) 𝒦[𝑓′′(𝑡)] =
G(v)

𝑣4 −
𝑓(0)

𝑣3 −
𝑓′(0)

𝑣
 

 

Theorem 2[Duality relation] [1] Let 𝑓(𝑡)  ∈  𝐹 with Laplce transform 𝐹(𝑠). Then a new integral transform 𝐺(𝑣) of 𝑓(𝑡) 

is given by: 

 

𝐺(𝑣)  =
1

𝑣
𝑓 (

1

𝑣2)                                                                                                                                                 (5) 

 

 

Theorem 3. [1] Let 𝑓(𝑡) and 𝑔(𝑡) be defined in 𝐹 having Laplace transform 𝐹(𝑠) and 𝐺(𝑠) and a new integral transform 

𝐴(𝑣) and 𝐵(𝑣). Then a new integral transform of the convolution of 𝑓 and 𝑔: 

(𝑓 ∗ 𝑔)(𝑡) = ∫ 𝑓(𝑥)𝑔(𝑡 − 𝑥)𝑑𝑥

𝑡

0

 

is given by 

𝒦(𝑓 ∗ 𝑔)(𝑡) = 𝑣𝐴(𝑣)𝐵(𝑣) 

                         

 Proof: The Laplace transform of (f ∗g) is given by  

 

𝐿(𝑓 ∗ 𝑔)(𝑡) = 𝐹(𝑠)𝐺(𝑠) 

By the duality relation (5) we have 

𝒦[(𝑓 ∗ 𝑔)](𝑡) =
1

𝑣
𝐿[(𝑓 ∗ 𝑔)(𝑡)] 

 and since 

𝐴(𝑣) =
1

𝑣
𝐹 (

1

𝑣2
) , 𝐵(𝑣) =

1

𝑣
𝐺 (

1

𝑣2
) 

Then 

𝒦[(𝑓 ∗ 𝑔)](𝑡) =
1

𝑣
[𝐹 (

1

𝑣2
) 𝐺 (

1

𝑣2
)] 

 

                                                    =
1

𝑣
[𝑣𝐴(𝑣)𝑣𝐵(𝑣)] 

                                                   = 𝑣𝐴(𝑣)𝐵(𝑣)                                                                                                        (6) 

Which proves the theorem. 
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Theorem 4[Uniqueness theorem ] If 𝐴(𝑣) and 𝐵(𝑣) are new integral transforms of 𝑓(𝑡) and 𝑔(𝑡) respectively, then: 

𝐴(𝑣)  =  𝐵(𝑣)  ⇒  𝑓(𝑡)  =  𝑔(𝑡) 

Proof. Consider 

𝐴(𝑣)  =  𝐵(𝑣) 

𝒦[𝑓(𝑡); 𝑣]  =  𝒦[𝑔(𝑡); 𝑣] 
 

1

𝑣
𝐿 [𝑓(𝑡);

1

𝑣2
] =

1

𝑣
 𝐿 [𝑔(𝑡);

1

𝑣2
] 

𝐿 [𝑓(𝑡);
1

𝑣2
] = 𝐿 [𝑔(𝑡);

1

𝑣2
] 

 

By uniqueness of Laplace transform we obtain f(t) = g(t). 

 

 

 

III. Main Result 

Consider the convolution type Volterra integral equation of first kind 

𝑓(𝑡) = ∫ 𝑘(𝑡 − 𝑥)𝑢(𝑥)

𝑡

0

𝑑𝑥 

                                           =  𝑘(𝑡) ∗ 𝑢(𝑡)                                                                                                                 (7) 

Let  𝒦[𝑓(𝑡)](𝑣)  =  𝐹(𝑣), 𝒦[𝑘](𝑣)  =  𝐾(𝑣), 𝒦[𝑢](𝑣)  =  𝑈(𝑣) 

Applying the new integral transform on both sides of (7), we get  

𝒦[𝑓(𝑡)] =  𝒦[𝑘(𝑡) ∗ 𝑢(𝑡)] 

                                   𝐹(𝑣)  =  𝑣𝐾(𝑣)𝑈(𝑣), by convolution theorem 

                            ⇒  𝑈(𝑣)  =
𝐹(𝑣)

𝑣𝐾(𝑣)
                                                                                                                                (8) 

Applying the inverse of a new integral transform, we get  

                                  𝑢(𝑡)  = 𝒦−1  {
𝐹(𝑣)

𝑣𝐾(𝑣)
 }                                                                                                               (9) 

Now we solve Abel’s integral equation 

                                  𝑓(𝑡)  =  ∫
𝑢(𝑥)

(𝑡−𝑥)𝛼  𝑑𝑥
𝑡

0
,  0 < 𝛼 < 1                                                                                        (10) 

Solution. The integral equation (10) can be written in convolution type as  

                                  𝑓(𝑡)  =  𝑢(𝑡) ∗ 𝑡−𝛼                                                                                                                  (11) 

 Taking new integral transform of both sides of (11), we obtain 

𝒦[𝑓(𝑡)]  =  𝑣𝒦[𝑢(𝑡)]𝒦[𝑡−𝛼 ] 

                             ⇒  𝐹(𝑣)  =  𝑣𝑈(𝑣)𝛤(1 − 𝛼)𝑣−2𝛼+1,      from(3)  

                  

                                                 =  𝑈(𝑣)𝛤(1 − 𝛼)𝑣−2𝛼+2 

                                 ⇒  𝑈(𝑣)  =
𝐹(𝑣)

𝛤(1−𝛼)𝑣−2𝛼+2 

                                                 =
𝐹(𝑣)𝑣2𝛼−2

𝛤(1−𝛼)
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                                                 =
1

𝛤(𝛼)𝛤(1−𝛼)
{𝛤(𝛼)𝐹(𝑣)𝑣2𝛼−2}  

                                                 =
𝑠𝑖𝑛𝜋𝛼

𝜋
{𝛤(𝛼)𝐹(𝑣)𝑣2𝛼−2}  

                                                 =
1

𝑣

𝑠𝑖𝑛𝜋𝛼

𝜋
{𝛤(𝛼)𝐹(𝑣)𝑣2𝛼−1}  

                                                 =
1

𝑣2

𝑠𝑖𝑛𝜋𝛼

𝜋
{𝑣𝛤(𝛼)𝐹(𝑣)𝑣2𝛼−1}  

                                                 =
1

𝑣2

𝑠𝑖𝑛𝜋𝛼

𝜋
 𝒦[𝑓(𝑡) ∗ 𝑡(𝛼−1)], from (4) 

 

                               ⇒ 𝒦[𝑢(𝑡)] =
1

𝑣2

𝑠𝑖𝑛𝜋𝛼

𝜋
 𝒦 [∫ (𝑡 − 𝑥)𝛼−1𝑡

0
𝑓(𝑥)𝑑𝑥]  

                                                  =
1

𝑣2

𝑠𝑖𝑛𝜋𝛼

𝜋
 𝒦[𝐺(𝑡)]                                                                                              (12) 

Where [𝐺(𝑡)] = ∫ (𝑡 − 𝑥)𝛼−1𝑡

0
𝑓(𝑥)𝑑𝑥, 𝐺(0) = 0. Let  𝒦[𝐺(𝑡)] = 𝐻(𝑣) 

We know that 

                                    𝒦[𝐺′(𝑡)] =
𝐻(𝑣)

𝑣2 −
𝐺(0)

𝑣
=

𝐻(𝑣)

𝑣2  

                                                    =
𝜋𝑣2𝒦[𝑢(𝑡)]

𝑠𝑖𝑛𝜋𝛼

1

𝑣2  =
𝜋𝒦[𝑢(𝑡)]

𝑠𝑖𝑛𝜋𝛼
 

                               ⇒ 𝒦[𝑢(𝑡)]  =
𝑠𝑖𝑛𝜋𝛼

𝜋
 𝒦[𝐺′(𝑡)]  

                                ⇒ 𝑢(𝑡)  =
𝑠𝑖𝑛𝜋𝛼

𝜋
 [𝐺′(𝑡)]  

                                ⇒ 𝑢(𝑡)  =
𝑠𝑖𝑛𝜋𝛼

𝜋

𝑑

𝑑𝑡
 [𝐺(𝑡)]  

                                ⇒ 𝑢(𝑡)  =
𝑠𝑖𝑛𝜋𝛼

𝜋
 

𝑑

𝑑𝑡
[∫ (𝑡 − 𝑥)𝛼−1𝑡

0
𝑓(𝑥)𝑑𝑥] 

Which is the solution of Abel’s integral equation. 

 

IV. Applications 

In this section we solve particular Abel’s integral equation and provide the verification by Laplace transform. 

Example 1. Solve the integral equation  

                           

 ∫
𝑢(𝑥)

(𝑡 − 𝑥)
1
3

 𝑑𝑥

𝑡

0

= 𝑡(1 + 𝑡) 

                                                                                                                                                                             (13) 

Solution. Equation (13) can be written as 

                                                             𝑢(𝑡) ∗ 𝑡−
1

3 = 𝑡(1 + 𝑡)                                                                                                                                                                       

                                                                                                                                                                             (14) 

Taking new integral transform 

𝒦 [𝑢(𝑡) ∗ 𝑡−
1
3] = 𝒦[𝑡] + 𝒦[𝑡2] 
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𝑣𝒦[𝑢(𝑡)]𝒦 [𝑡−
1
3] = 𝑣3 + 2𝑣5 

𝑣𝒦[𝑢(𝑡)]Γ (1 −
1

3
) 𝑣

1
3 = 𝑣3 + 2𝑣5 

𝒦[𝑢(𝑡)] =
𝑣3 + 2𝑣5

Γ (
2
3

) 𝑣
4
3

 

𝒦[𝑢(𝑡)] =
1

Γ (
2
3

)
(𝑣

5
3 + 2𝑣

11
3 ) 

Taking inverse of a new integral transform, we have 

                                                                  𝑢(𝑡)  =
1

Γ(
2

3
)

{𝒦−1 [𝑣
5

3] + 𝒦−1 [𝑣
11

3 ]}  

                                                                                =
1

Γ(
2

3
)

{[
𝑡

4
3−1

Γ(
4

3
)
] + 2 [

𝑡
7
3−1

Γ(
7

3
)
]}  

                                                                               =
1

Γ(
2

3
)

[
𝑡

1
3

1

3
Γ(

1

3
)

+ 2
𝑡

4
3

(
4

3
)(

1

3
)Γ(

1

3
)
 ]  

                                                                               =
3𝑡

1
3

Γ(
1

3
)Γ(

2

3
)

(1 +
3𝑡

2
)  

                                                                              =
3√3

4𝜋
𝑡

1

3(2 + 3𝑡)  

 

Verification by Laplace transform: 

 Taking Laplace transform on both sides of equation (14), we have 

𝐿 [𝑢(𝑡) ∗ 𝑡−
1
3] = 𝐿[𝑡] + 𝐿[𝑡2] 

𝐿[𝑢(𝑡)]
Γ (

2
3

)

𝑝
2
3

=
1

𝑝2
+

2

𝑝3
 

𝐿[𝑢(𝑡)] =
1

Γ (
2
3

)
[

1

𝑝
4
3

+
2

𝑝
7
3

] 

Taking inverse Laplace transform, we have 

𝑢(𝑡) =
1

Γ (
2
3

)
[𝐿−1 (

1

𝑝
4
3

) + 2𝐿−1 (
1

𝑝
7
3

)] 

=
1

Γ (
2
3

)
[

𝑡
1
3

1
3

Γ (
1
3

)
+ 2

𝑡
4
3

(
4
3

) (
1
3

) Γ (
1
3

)
 ] 

=
3√3

4𝜋
𝑡

1
3(2 + 3𝑡) 
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Example 2. Solve the integral equation  

                           

 ∫ 𝑒𝑡−𝑥𝑢(𝑥) 𝑑𝑥

𝑡

0

= 𝑡 

                                                                                                                                                                             (15) 

Solution. Equation (15) can be written as 

                                                             𝑢(𝑡) ∗ 𝑒𝑡 = 𝑡                                                                                            (16)     

Applying new integral transform, we get 

𝑣3 = 𝑣
𝑣

1 − 𝑣2
𝒦[𝑢(𝑡)] 

⇒ 𝒦[𝑢(𝑡)] = 𝑣 − 𝑣3 

Applying inverse of a new integral transform, we get  

𝑢(𝑡) = 1 − 𝑡 

Verification by Laplace transform 

Applying Laplace transform on both sides of (16), we get  

1

𝑝 − 1
𝐿[𝑢(𝑡)] =

1

𝑝2
 

⇒ 𝐿[𝑢(𝑡)] =
1

𝑝
−

1

𝑝2
 

Applying inverse Laplace transform, we get 

𝑢(𝑡) = 1 − 𝑡 

  

V. Conclusion 

Author found that the new integral transform is the powerful mathematical tool to solve convolution type Volterra integral 

equation of first kind. 
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