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Abstract - In this paper, the convolution theorem and uniqueness theorem for the new integral transform is proved.
Further, a new integral transform and convolution theorem is applied to solve convolution type Volterra integral equation
of first kind.
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I. Introduction

There are many integral transforms which support the tools for solving ordinary and partial differential equations. A new
integral transform which was introduced by Artion Kashuri and Akli Fundo ™ can also be used to solve ordinary and
partial differential equations. Elzaki transform %! found to be effective tool in solving convolution type Volterra integral
equation of first kind and higher order ordinary differential equations. Agrawal and Gupta ™ applied Sumudu transform for
the solution of Abel’s integral equation. Janki Vashi & M. G. Timol ! established the relationship between Laplace and
Sumudu transform and also provided some applications of Sumudu transform in Physics and electric circuits. The main
purpose of this paper is to show the applicability of a New Integral Transform to solve convolution type Volterra integral
equation of first kind and Abel’s integral equation.

I1. Preliminaries

Definition. Consider the class of functions F [1], where
It]

F=1f(6)|3 M, ky, ky > 0 such that |f(t)] < MeX:,if t € (1) x [0, )

1)
For a given function in the set F, the constant M must be finite number, ki, k, may be finite or infinite. A new integral
transform denoted by the operator K (.) is defined by

-t
K] =Hw) = 5 I, e f(O)dt,t > 0,—k; <v < ks )
New integral transform of some special functions
i) K[l =v
i) K[t"] = nl vt
atl v
iii) Kle] = —
- . _ av
iv) Klsinat] = ——
_ v
V) Klcosat] = —— 3
N . _ av
Vi) K [sinh(at)] = P

v

vii) K[cosh(at)] = o
Here we provide the proof of two new integral transform for further reference
viii)  K[t™*] =T — a)v~2¢*! where >0
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Proof. By definition of new integral transform, we have
—t
—a1 _1[(® = .-«
K[t ]_vfo evZt~dt
1 o0 _ - - t

= ;fo e ¥ (uv?)~%v2du, putting S=u
= p—2a+l fo"o e Y u~%du
= p—2a+l fow e~ U y1--174y,

=T(1 - a)p—2e+1 3
iX) K[t 1] =T(w)v?e?!

Proof. Again, by definition of new integral transform, we have

—t
K[te 1] = %fo‘” e t*1dt
= %fooo e (uv?)* vidu

= p2¢ foooe‘“ u®du , putting viz =u

=T (a)v?*?! (4)
Theorem 1 Let G(v) be a new integral transform of f(t), then
) Ko =22

i) x[ro) =200

v v3 v

Theorem 2[Duality relation] [1] Let f(t) € F with Laplce transform F(s). Then a new integral transform G (v) of f(¢t)
is given by:

Gw) =2f () (5)

Theorem 3. [1] Let f(t) and g(t) be defined in F having Laplace transform F(s) and G(s) and a new integral transform
A(v) and B(v). Then a new integral transform of the convolution of f and g:
t

f * (@) = f FG)g(t - x)dx
0

is given by
K(f * g)(t) = vA(w)B(v)

Proof: The Laplace transform of (f xg) is given by

L(f xg)(@®) = F(s)G(s)
By the duality relation (5) we have

1
K+ 9] = S LI+ 9) ()]

and since
40 =5 (2) 800 =36 (3)
Then
w00 = e (5)o ()]
= %[UA(U)UB(U)]
= vA(v)B(v) (6)

Which proves the theorem.
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Theorem 4[Uniqueness theorem ] If A(v) and B(v) are new integral transforms of f(t) and g(t) respectively, then:
A(wv) = B(v) = f() = gV
Proof. Consider
A(v) = B(v)
Xf () v] = Klg®);v]

L)oo

L] = Lo

By uniqueness of Laplace transform we obtain f(t) = g(t).

I11. Main Result

Consider the convolution type Volterra integral equation of first kind

t

f) = J k(t — x)u(x) dx

0
= k(t) *u(t) ()
Let X[f(D](v) = F(), X[k](v) = K(v),K[u](v) = U(v)
Applying the new integral transform on both sides of (7), we get
KIf©O] = K[k(@®) = u(®)]
F(v) = vK(v)U(v), by convolution theorem

= U@w) =2 @®)

vK (V)

Applying the inverse of a new integral transform, we get

- F(v)
w(t) =K1 {va)} 9)
Now we solve Abel’s integral equation
_ ot ou)
f@) = fo Tm)? dx, 0<a<1 (10)

Solution. The integral equation (10) can be written in convolution type as
f@®) = u@®)*t™ (11)
Taking new integral transform of both sides of (11), we obtain
KIf(®)] = vK[u(®)]K[c™* ]

= F(v) = vU@W)I'(1 —a)v~2%*1,  from(3)

UWIr(1l —a)v-2e+2

F(v)
r(l_a)v—201+2

= U() =

_ Fw)p2a-2
T ra-o
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{r(@F@)v**~?}

F(a)F(l a)

= M (@F (v)v*e?)

1 sinmta {F(a)F(v)UZ“ 1}

- i“’;”“ I (@F @)v*e)

v2

_ 1 sinma JC[f(f) * t(“ 1)] from (4)

= Ku@®] =

T n

1 sinna :K.[J- (t—x)“ 1f(x)dx]
_ :2 su;na [G(t)]

Where [G(t)] = [ (t — x)** f(x)dx, G(0) = 0. Let K[G(t)] = H(v)

We know that

H(v) G(0) _ H®)

KIG'(®)] = =0
_ nvz_x[u(r)]iz = O]
= K[u(®)] == K[G' ()]
> u(t) =22 [6(6)]
> u(t) —“’;”“ 0]
> u(®) =27 L[ -0 fdx]

Which is the solution of Abel’s integral equation.

IV. Applications

(12)

In this section we solve particular Abel’s integral equation and provide the verification by Laplace transform.

Example 1. Solve the integral equation

Of dx=t(1+1¢t)

(t— x)3

Solution. Equation (13) can be written as

Taking new integral transform

u(t) * t_% =t(l1+1)
K [u(t) * t_%] = K[t] + K[t?]
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v [u(t)]K [t_%] =3 +2v°

vK [u(®)]T (1 - %) v% =3+ 20°

v3 4 20°

Ku@®)] = W

Klu®] =

Taking inverse of a new integral transform, we have

u(t) = %{7(‘1 [vg] + 3t [vg]}

Verification by Laplace transform:

Taking Laplace transform on both sides of equation (14), we have

L [u(t) * t‘%] = L[t] + L[t?]

2
r(3) 1 2
Llu(t)] 2 =5t
ps PP
1 1 2
Lu®]=—5 1=+
r (§) p3 p3
Taking inverse Laplace transform, we have
1 1 1
u(t) = N Lt -7 + 2Lt —
1 4
t3 t3
= +2

3v3 1
—t3(2 + 3t)
4
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Example 2. Solve the integral equation

t

J-et"‘u(x) dx =t
0 (15)

Solution. Equation (15) can be written as

u(t) et =t (16)

Applying new integral transform, we get

vd = vl_v—vZJC[u(t)]

> Ku@®)]=v—-v3

Applying inverse of a new integral transform, we get

u(t)=1-—t

Verification by Laplace transform

Applying Laplace transform on both sides of (16), we get

1

1
—] Llu(®)] = 2

1 1
= Llu(@)] = » P2

Applying inverse Laplace transform, we get

ul®)=1-t

V. Conclusion

Author found that the new integral transform is the powerful mathematical tool to solve convolution type Volterra integral
equation of first kind.
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