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Abstract — The main aim of this paper is to develop the study of semihyperrings in real algebra. By introducing the
notions of semireal semihyperrings, preorderings and orderings on semihyperrings, we discuss the interplay between them.
For the 0-regular semihyperrings, we establish analogous Artin-Schreier theory.
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I. INTRODUCTION

The research on hyperstructures can be traced back to 1934. F.Marty[8] introduced the concept of hyperoperation at the
Eighth Congress of Scandinavian Mathematics Conference and defined hypergroups as a generalization of groups. In 1956,
M.Krasner [9,10] introduced a kind of hyperrings, called Krasner hyperrings. Krasner hyperrings have two operations,
where addition is a hyperoperation, and multiplication is an operation. This type of hyperring is widely studied [2,12,14].
In 2007, R.Ameri and H.Hedayati [13] introduced a kind of semihyperrings in the sense of Krasner and discussed some
properties about the k-hyperideals of semihyperrings.

The concept of orderings on fields was first introduced by E.Artin and O.Schreier[4,5,6] for solving Hilbert” s 17th
Problem in 1927. Later, orderings were introduced to some other algebraic categories, such as ring category[16,17],
module category[3,7] and semiring category [1,15]. In 2006, M.Marshall [11] introduced the concept of multirings and
established partial Artin-Schreier theory in this category. The concept of multirings is similar to the concept of Krasner
hyperrings, and the only difference between them is about the distributive property. In view of the importance of the study
on the orderings(preorderings) of rings(fields) in real algebraic geometry, we introduce the concept of
orderings(preorderings) in semihyperring category and develop analogous Artin-Schreier theory.

1. SEMIHYPERRINGS

In this section we quickly review some basic definitions and properties of semihyperrings which will be used in this
paper.

Let H be a non-empty set. Recall that a hyperoperation >on H is a map from HX H to P*(H), where P*(H) denotes the set
containing all non-empty subsets of H.

A hypergroupoid (H,*) is non-empty set H equipped with a hyperoperation °. For any two non-empty subsets A and B of
H, we define

A°B= , a°b.
aeA,beB

For simplicity, we write A °x, x °B instead of A {x},{x} B respectively.

A hypergroupoid (H,9) is called a semihypergroup if H satisfies associative law: x {y °z) = (x °y) -z for all x,y,z € H,
thatis x {y <z}={x -y} °z. A semihypergroup H is said to be commutative if its hyperoperation is commutative, that is x °
y=y oxforall x,y € H.

Definition 2.1[13]. A semihyperring (S,+,-) is an non-empty set S equipped with a hyperoperation + and a usual
operation - which satisfy the following conditions:

(1) (S,+) is a commutative semihypergroup;

(2) (S,-) is a semigroup;

(3) - is distributive with respect with +, i.e. ,V X,y,z € S, X(y +2) = Xy +Xz, (X+y)z = Xz + yz.

A semihyperring S is called with zero element, if S contains an element 0 such thatx - 0=0 - x=0and x + 0 = {x} for
allx e S.

A semihyperring S is called with identity element, if S contains an element 1 suchthatx- 1=1. x=xforallx € S.

A semihyperring S is said to be commutative if its multiplicative operation is commutative, that is x-y =y - x for all x,y
€ S.

By convention,we write 0 + x =X, xy instead of 0 + x = {x}, x-y respectively.

Throughout the paper, all semihyperrings are assumed to be commutative and contain 0 and 1#0 unless otherwise stated.

Let A be a non-empty subset of semihyperring S. The negative set of A, denoted —A, is the set {b €S|0 Ea+b for some a
€ A}. By convention, we write - x instead of —{x}.
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It easy to check that —a =, - a . Notice that the negative set of a subset of S does not always exist. However, it
follows by definition that if — A is not empty and x < - A, then - x is not empty too. Indeed,a « - x impliesthat x e -a .

Proposition 2.2. Let S be a semihyperring. Assume that the following negative sets always exist. Forall x, y, z, we s,

(1) zero element is unique;

(2) identity element is unique;
3 o=-0;

(4) xe-(-x);

() ~x-yc-(x+y);

(6) x(-y) = —xy, (-x)y = -xy;

(7) (X+ y)(Z+ W) S XZ+ XW+ YZ+ yw.

Remark 2.3. In general, the doubly distributive property is not hold for semihypering, i.e., the (7) in the Proposition 2.2
cannot be rewritten as (x + y)(z + w) = xz + xw + yz + yw.

Definition 2.4. Let S be a semihyperring. A non-empty subset T of S is called a subsemihyperring of S if T contains 0,1
and for all X,yeT, x+ycT and xyeT.

Definition 2.5. Let S be a semihyperring. A nonempty subset | of S is a hyperideal if:

(1) Vx,yel,x+ycl;

(2) Vxel,reS,xrel.

Definition 2.6. Let S be a semihyperring. A hyperideal | < s isprimeifforall x,y s with xy <1 ,wehave xe 1 or
yel.

Definition 2.7. Let S be a semihyperring and a be an element of S. S is called a-regular if S satisfies the following
property:a e b+c, where b,ce s, impliesthat b+ ¢ = {a} . Let A be subset of S. S is called A-regular if S is a-regular for

a" ae A.
Obviously, if a semihyperring S is regular with respect to all elements of it, then S is a semiring.

Example 2.8. Let s = {a|a>0,a is a real number} . The multiplicative operation is the usual multiplication of real
numbers. The (hyper)addition is given as follows:

( X if y=0
x@yzl y if x=0
[[max{x,y},ﬁ-oc) if x>0,y>0

It is easy to check that S is a semihyperring and S is O-regular. Notice that for any non-zero element a of S, S is not a-
regular.

Definition 2.9. An element a in a semihyperring S is invertible if there exists b € s, such that ab = ba =1 . Also we call
an invertible element a unit. The unit set of S, denoted U(S), is the set of all units of S.

Proposition 2.10. Let S be a semihyperring and a be an element of S. If S is a-regular, then S is ua-regular for all
ueU (s). Inparticular, if S is u-regular for some u < U (s), then S is U(S)-regular.

Proof. Suppose that uaeb+c With b,ce s ,thenaecu'b+u'c.Hence a=u"'b+u'c sinceS is a-regular. It follows
that ua =b+c . Therefore, S is ua-regular. Suppose that S is u-regular for some u<u (s) . Notice that, for any

veU(S),v=(vu")u and vu™eu (s). This means that S is v-regular, and thus, S is U(S)-regular.

Proposition 2.11. Let S be a O-regular semihyperring and a be an element of S. If —a is not empty, then -a is a
singleton.

Proof. If p,cec —a,thenoca+band oc a+c. It followsthat o =a+b and 0 =a+c, since S is 0-regular. Hence, we
have

b=b+0=b+(a+c)=(b+a)+c=0+c=c.

Therefore, -a is a singleton.

By this Proposition, some results of Proposition 2.2 can be rewrote as follows:

Proposition 2.12. Let S be a 0-regular semihyperring. And let x,y ¢ s, A, B < s . If their negative sets exist, then
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(D) x=-(-x%;

(2) —x-y=-(x+y);
@) x(-y)=-xy = (-x)y;
(4) (-x)(=y) = xy;

(5) (-A)(-B)c AB .

111. PREORDERINGS AND ORDERINGS ON SEMIHYPERRINGS

In this section, we first introduce the concepts of preorderings and orderings on semihyperrings, and then give some
necessary and sufficient conditions for a semihyperring to possess preorderings and orderings.
Let S be a semihyperring. Then we obtain two multiplicatively closed subsets of S as follows:

[ |
> s’ =43 a’|n is a positive integer, and a, € S fori=1,2,"",nt;
i J

1+3 8% = {1+tlte 3 7).

Definition 3.1. A semihyperring S is called a semireal semihyperring if 0 ¢ 1+ £ 5% .
Definition 3.2. A semihyperring S is called a real semihyperring if S satisfies the following property: for any positive

integer n, if oc 3 " x?.then x = x, = x -o0.
We clearly have that S is real implies S is semereal.

Definition 3.3. Let S be a semihyperring. A subset T < s is called a preordering on S if T satisfies the following
conditions:

DT+7 T,

@117

(3) x* 1 forall xes;
(4) o 21+T71 (orequivalently, 1 -T ).

Theorem 3.4. Let S be a semihyperring. Then S is semireal if and only if S possesses a preordering.

Proof. If S is semireal, set T := £ s®, then T is a preordering on S. Conversely, assume that S possesses a preordering T.
By Definition 3.3 (1) and (3), we have = s? < 7 . It follows by Definition 3.3 (4) that 0 ¢ 1 + £ s? . Hence, S is semireal.

Now we consider O-regular semihyperrings.

Lemma 3.5. Let S be a 0-regular semihyperring and P a multiplicatively closed set of S. If x,y e =P , then xy e P .

Proof. If x,y e —p , then there exist p,qe P, such that xe -p and ye —q . Hence, pe-x and qe -y . By
Proposition 2.11, we have p = —x and q = —y . It follows by Proposition 2.12 that xy = (-x)(-y) = pge P .

Proposition 3.6. Let T be a preordering on a O-regular semihyperring S. If Tu(-T)=s,then T~ (-T) is a
hyperideal of S.

Proof. Notice that T is multiplicatively closed. It is follows by Lemma 3.5 that this Proposition holds.

Lemma 3.7. Let T be a preordering on a O-regular semihyperring S, and let a,b € s . If ab e -T , then at least one of
Tla]:=T +aT , T[b]:=T +bT isapreorderingonS.

Proof. It is easy to check that T[a],T[b] satisfy the conditions (1),(2) and (3) in Definition 3.3. If neither T[a] nor
T[b] is a preordering, then we would have o e T[a] and 0 < T[b]. Hence, there exist t, e T,i =1,2,3,4, such that

0Oel+t +at, and 0 e1+t, +at, . It follows that at, « —(1+t,) and bt, « -(1+t,). Therefore, by Proposition 2.12 and
by Proposition 2.2, we have

abt,t, = (at,)(bt,) e [-(L+t)I[-(1+t,)1c L+t)A+t,)cl+(t, +t,+tt)cl+T.
Since ab ¢ T, there exists t, e T such that ab = —t,. Hence, there exists t, « T, such that -t,t,t, e 1+1t, . It follows

that 0 e (-t t,t

Jats) + bt o1+t +ttt, c 14T, Thus, 1 -T , a contradiction.
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Definition 3.8. Let S be a semihyperring and let A be a subset of S. The support set of A, denoted supp(A), is the set
An(-A).

(1) Ais called prime if abe supp(A), where a,b e s, implies that a< supp(A) or be supp(A);

(2) Ais called N-prime if ab e — A, where a,b e s ,impliesthat ae A of be A}

(3) Ais called C-prime if abe supp(A), where a,b e s, impliesthat a< A or be A.

Remark 3.9. Clearly, A is prime = A is C-prime, A is N-prime = A is C-prime.

Definition 3.10. A preordering T on a semihyperring S is called an ordering on S if it satisfies the following conditions:
DTu(T)=5;

(2) Tis C-prime.

Proposition 3.11. Let T be an ordering on a O-regular semihyperring S. Then T is N-prime.

Proof. Let abe -T . Assume that a¢T and beT . Since T U (-T)=5, we have aec-T and b e -T , and thus,
ae-s,be-t with some s,t T . It follows by Proposition 2.12 (4) that ab e (-s)(-t) = {st} < T . This means that
abeT n (-T)=supp(T). Since T is C-prime, we have a < T Of b e T , a contradiction.

For a semihyperring S, we set

N(S):={xe S|—-xisnotempty} M (S):=S\N(S)={xe S|—-xis empty}.
Proposition 3.12. Let S be a O-regular semihyperring, and let T be a preordering on S. If T U (-T) =5, and N(S)
satisfies the property: ab e N (s) implies ae N(s) and b e N (s), then the following statements are equivalent.

(1) T is prime;

(2) T is N-prime;

(3) T is C-prime.

Proof. By Remark 3.9 and Proposition 3.11, it only remains to prove (2) = (1). Assume that T is N-prime. If
abe supp(T),then a T or beT .Forproving that T is prime, there are two cases to consider.

Case 1. aeT and beT . In this case, it is enough to show that a<-T or be-T . Since
abesupp(T)c -T < N(S) , by assumption, we have aeN(S) and beN(S) . Therefore,

(—a)(~b) = ab e supp(T) c -T . It follows by T's N-primeness that —a<T or -beT , and thus, ac-T Orbe-T .

This implies that a< supp(T) or be supp(T).
Case 2. Exactly one of a, b belongs to T. Without loss of generality, we may assume that a<T but b ¢ T . Since
(-a)b = —ab e -T ,and T is N-prime, we have —a e T . Hence a e -1 . This implies that ae supp(T). This completes

the proof.

In commutative ring category, the condition that ab e N (s) implies a e N(s) and b e N (s) is obviously satisfied.

Therefore, by Proposition 3.6, the condition (2) in Definition 3.10 is equivalent to (2°) supp(T) is a prime ideal. This is
consistent with the definition of orderings in the commutative ring category[16, Definition 3.1].

The following result gives another characterization of an ordering on 0-regular semihyperring.

Theorem 3.13. A preordering T on a O-regular semihyperring S is an ordering on S if and only if it satisfies the
following conditions:

D mE)eT;

(2) T is N-prime.

Proof. Let T be an ordering on S. T's N-primeness follows from Proposition 3.11. For (1), since M (S) = S =T U (-T),
and M (S)n (-T)=2 ,wehave M (S)c T .

Conversely, since (2) holds, T is C-prime. Let xe S =N (S)u M (S). If xe T ,then x ¢ M (s). This means that

x e N(s), and thus, - x is not empty. Since (-x)x = -x" < -7 and x ¢ T , and by condition (2), we have —x < T .
Hence, x e -7 . This implies that x e T v (-T) . Therefore, T u (-T) = s . This completes the proof.

Theorem 3.14. Let S be a O-regular semihyperring, and let T be a maximal preordering on S. Then T is an ordering on S.
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Proof. We will prove this Theorem by using Theorem 3.13. First we claim that T is N-prime. Indeed, assume that
ab e -T , by Lemma 3.7, at least one of T[a], T[b] is a preordering on S. Since T is maximal, we have T[a] =T or T[b] =T.
Hence, either a<T or beT .

It only remains to prove that m (s) < T . Assume, instead, that m (S)/g/T . Then there exists an element x « M (s) but
x ¢ T . Now we consider the set T[x]. Notice that T[x] satisfies the conditions (1),(2), and (3) of Definition 3.3, and

x e T[x]\T . By the maximality of T, we have 0 < 1+ T[x]. Hence there exist t,,t, « T, such that 0 € 1+ t, + xt, . Thus,

0=x-0e x+xt + xztz . This means that - x is not empty, that is ,x ¢ M (s), a contradiction. Therefore, M (s) < T .
This completes the proof.

Corollary 3.15. Any preordering T on a O-regular semihyperring is contained in an ordering.

Proof. The proof is similar to the classical case.

Now we are able to establish the Artin-Schrier theorem in semihyperring category.

Theorem 3.16. Let S be a 0-regular semihyperring. Then the following statements are equivalent.
(1) S is semireal;

(2) S has a preordering;

(3) S has an ordering.

Proof. Follows from Theorem 3.4 and Corollary 3.15.

ACKNOWLEDGMENT

This research was supported by the Hainan Natural Science Foundation (Grant No. 118MS003), and the Young Talents'
Science and Technology Innovation Project of Hainan Association for Science and Technology (Grant No. QCXM201806).

REFERENCES

Z. Ao, P. Chen and H.Song, “The orders of semirings and semireal semirings”, J. Jiangxi Normal Univ.,32(2),186 — 188, 2007.

B. Davvaz, A.Salasi, “A realization of hyperrings”, Comm. In Algebra,34(12),4389 — 4400, 2006.

D. Huang, “Orderings and Preorderings on Modules”, J. of Math. and Comp. Sci.,4(3),574 — 586, 2014.

E. Artin, Uber die Zerlegung definiter Funktionen in Quadrate, Abh. Math. Sem. Univ. Hamburg,5,100 — 115, 1927.

E. Artin and O. Schreier, Algebraische Konstruktion reeller Korper, Abh. Math. Sem. Univ. Hamburg,5,85 — 99, 1927.

E. Artin and O. Schreier, Eine Kennzelchnung der reell algeschlossennen Korper, Abh. Math. Sem. Univ. Hamburg,5,225 — 231, 1927.
G. Zeng, On formally real modules, Comm. in Algebra,27(12),5847 — 5856, 1999.

F. Marty, Sur une generalization de la notion de groupe, 8th Congress Math. Scandenaves, Scandenaves, Stockholm,45 —49, 1934.

M. Krasner, Approximation des Corps Values Complets de Charactristlque p 6= 0 parceux de Characteristique 0, Colloque d’Algebre Superleure,
Bruxelles,1956 .

M. Krasner, A class of hyperrings and hyperfields, Int. J. Math and Math. Sci.,2,307 — 312,1983.

M. Marshall, Real reduced multirings and multifields, J. of Pure and Appl. Algebra,205,452 — 468,2006.

J. Jun, Algebraic geometry over hyperrings. Advances in Math.,323,142-192, 2018.

R. Ameri and H. Hedayati,On k-hyperideals of semihyperrings. J. of Disc. Math. Sci.and Cry.,10(1),41 — 54, 2007.

R. Nadesan, Commutative Hyperalgebra. University of Cincinnati, 2013.

T. Craven, Orderings on semirings, Semigroup Forum,43,45 — 52, 1991.

T.Y.Lam, An introduction to real algebra, Rocky Mountain J. of Math..14(4) :767 — 814, 1984.

Z. Z. Dai, Introduction to Real Algebra. Jiangxi University Press, NanChang, 1999.

62



