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Abstract - In this paper, the notion of direct product of BP-algebra are introduced and some of related properties are
investigated. Also, the notion of direct product of 0-commutative BP-algebra and BP-homomorphism are studied. Then,
the notion of direct product in BP-algebra is expanded to finite family of BP-algebra and some of its properties are
investigated.
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I. INTRODUCTION

A B-algebra was introduced by Neggers and Kim [7] in 2002, which is a non-empty set X with a constant 0 and a
binary operation “x” denoted by (X; *, 0), satisfying the following axioms: (B1) x * x = 0, (B2) x * 0 = x, and (B3) (x *
V) *Z =X * (z * (0 * y)) for all x,y,z € X. Then, Ahn and Han [1] introduced the generalized of B-algebra called BP-
algebra, which is a non-empty set X with binary operations * and a constant 0, and satisfies the following axioms: (B1),
(BP1) x* (x*y) =y, (BP2) (x xz) x (y xz) = x =y for all x,y,z € X. Ahn and Han [1] also provide the concept of O-
commutative BP-algebra, which is a BP-algebra (X; *, 0) is said to be 0-commutative if satisfying x = (0 xy) = y * (0 *
x) for all x,y € X. The concept of homomorphism is also studied in abstract algebra. A map ¥ : A - B is called a BP-
homomorphism if Y (x * y) = ¥ (x) x P (y) for all x,y € A, where A and B are two BP-algebras. The kernel of 1 denoted
by ker i is defined to be the set {x € A : ¥(x) = 05}. A BP-homomorphism v is called a BP-monomorphism, BP-
epimorphism, or BP-isomorphism if one-one , onto, or a bijection, respectively. The concepts of B-algebra and BP-algebra
have been discussed by researchers, for instance the concept of direct product. The notion of direct product was first
discussed in group and some of properties are obtained, such as the direct product of the group is a group and the direct
product of the abelian group is also an abelian group. Then, the notion of direct product of group is applied in other
algebraic structures. Lingcong and Endam [6] discuss the notion of direct product of B-algebra, 0-commutative B-algebra
and B-homomorphism. The results define direct product of B-algebra and some of related properties are obtained. One of
them is the direct product of two B-algebras is also a B-algebra. Then, they extend the concept of direct product of B-
algebra to finite family B-algebra and some of related properties are investigated. Furthermore, Widianto et al. [9]
discussed the concept of direct product in BG-algebra, 0-commutative BG-algebra and BG-homomorphism and some of
related properties are investigated.

The objective of this paper is to construct the concept of direct product of BP-algebras, and then investigate direct
product of 0-commutative BP-algebras and BP-homomorphism. Finally, we study direct product of finite family BP-
algebra and some related properties are explored.

Il. PRELIMINARIES

In this section, we recall the notion of B-algebra and BP-algebra and review some properties which we will need in the
next section. Some definitions and theories related to direct product of BP-algebra that have been discussed by several
authors [1, 5, 6, 7] will also be presented.

Definition 2.1. [7] A B-algebra is a non-empty set X with a constant 0 and a binary operation “ *  satisfying the following
axioms: forall x,y,z € X,

(Bl) x *x = 0,

(B2) x * 0 = x,

(B3) (x *y) x 2 = x * (2 % (0 Y)).

Definition 2.2. [5] A B-algebra (X ; *, 0) is said to be 0-commutative if x * (0 * y) =y * (0 * x), for any X,y EX.

Example 1. Let A = {0, a, b} be a set with Cayley’s table as follows:
Table 1: Cayley’s table for (A ; , 0)

* 0 a b
0 0 b a
a a 0 b
b b a 0

0]S[O)]
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From Table 1 we get the value of main diagonal is 0, such that A satisfiesx * x =0, forall x € A  (B1 axiom). In the
second column we see that for all x € 4, then x « 0 = x (B2 axiom) and it also satisfies (xxy)xz=x*(z*
(0 xy)), for all x,y,z € A. Hence, (A ; , 0) be a B-algebra. It easy to check (A ; *, 0) satisfies x * (0 * y) =y = (0 = x), for
all x,y € A. Hence, A be a 0-commutative B-algebra.

A non-empty subset S of B-algebra (X ; *, 0) is called a subalgebra of X if x xy € S, forall x,y € S.
Example 2. Let A = {0, a, b, ¢, d, e} be a set with Cayley’s table as follows:

Table 2: Cayley's table for (X; *, 0)
* 0 a b c d

® Qo (O |T | O
® Qo (O |T | O
O | Q| O |T
o |0 (o O ||
o | (O |o (a0
D 1O |T O [ |
O |T (@ o |6 | |®

Then, (X; *, 0) is a B-algebra and the set S = {0, a, b} is a subalgebra of X.

Definition 2.4. [6] Let A = (4;*,04) and B = (B; *,05) be B-algebras. Define the direct product of 4 and B to be the
structure A X B = (A X B; ®,(04,05)), where A x B is the set {(a,b) : a € A, b € B} and whose binary operation ® is
given by as (a,, b;) ® (a,, b,) = (a; * a,, by * by).

Definisi 2.5. [1] A BP-algebra is a non-empty set X with a constant 0 and a binary operation “ *  satisfying the following
axioms: for all x,y,z € X,

(Bl) x*xx=0,

(BP1) x * (xxy) =y,

(BP2) (x xz) * (yxz) = x *y.

Definisi 2.6. [1] A BP-algebra (X; *, 0) is said to be a 0-commutative if x * (0 * y) = y * (0 * x) forany x,y € X.
Example 4. Let X = {0, 1, 2, 3} be a set with Cayley’s table as follows:

Table 3: Cayley’s table for (X; *,0)
* 0 1 2 3

0 0 3
1 1 2
2 2 1
3 3 0

N (WO (-
= O W N

Then, from Table 3 it can be shown that (X ; *, 0) is a BP-algebra.

Theorem 2.7. [1] If (X; %, 0) a BP-algebra, then for all x,y € X,
() 0x(0x*x)=x,
(i) Ox(yxx)=xxy,
(iif) x*0 = x,
(iv) fx*y=0thenx*y=x,
(V) If 0xx=0x*ythen x =y,
(vi) 0xx =ythen0*y =x,
(vii) 0xx =xthenx xy =y = x.

Proof. The Theorem 2.7 has been proved in [1].
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Let (X;*,0) and (Y; *,0) be two BP-algebras. A map y:X — Y is called a BP-homomorphism if ¥(a * b) =
Y(a) xY(b) for any a,b € X. The kernel of ¢ denoted by ker v is defined to be the set ker ¢ = {x € X:p(x) = 0,}. A
BP-homomorphism v is called a BP-monomorphism, BP-epimorphism, or BP-isomorphism if one-one , onto, or a
bijection function, respectively.

111. DIRECT PRODUCT OF BP-ALGEBRA

By using the same idea in Lincong and Endam'’s research in [6] we get the definition of direct product in BP-algebra
and its properties are obtained. The concept can be extended to the finite famiy BP-algebra. Then, we have some of the
related properties.

Let A= (4;%0,) and B = (B; *,05) be BP-algebras. Define the direct product of A and B to be the structure
A XB = (AXB; ®,(04,05)), where A X B is the set {(a,b) : a € A, b € B} and whose binary operation ® is given by
as (aq, by) ® (ay, by) = (a; * a,, by * by). By definition of direct product of BP-algebra we obtain Theorem 3.1.

Theorem 3.1. The direct product of two BP-algebras is also a BP-algebra.
Proof. Let P = (P; x,0p) and Q = (Q; *,0,) are two BP-algebras, then the direct product of P and Q is a structure

PXxQ=(PxQ;®,(0p,00)) forall (p,,q,) € P x Q we have
P, q1) ® 01, 91) = P1* P, G * Q1) = (OP:OQ)x
then the axiom B1 is satisfied. For any (p,,q,), (p,,q,) € P X Q obtained
1,90 ® ((P1,90) ® (2,92)) = P1,91) ® (P1 * P2, q1 * G2)
= (p1 * (py *P2), qq * (qq * QZ))
P, 49,) ® ((p49) ® (0,9,)) = (,9,),
then the axiom BP1 is satisfied. Then, forany (p,, q,), (»,,q,), (P, q;) € P X Q we get
(P, 91) ® (P3,93)) ® (P2, 92) ® (P3,G3)) = (P1 *P3, 91 * q3) ® (P2 * P3,q2 * q3)

= ((p1 * p3) * (D2 * P3), (41 * 43) * (42 * q3))

= (p1 * D2, 41 * q2)
((P1,a1) ® (03,93)) ® ((P2,92) ® (P3,93)) = (P1,91) ® (P2, 92),

then the axiom BP2 is satisfied. Since P x Q satisfies all axioms of BP-algebra, hence P x Q is a BP-algebra.

The concept of direct product in BP-algebra is extended to finite family of BP-algebra. Let I, = {1, 2, ..., n} and
let {P; = (P;; *, 0;) : i € I,} be a finite family of BP-algebra. Define the direct product of BP-algebras Py, ..., P, to be

the structure
n n
[[7=([]7-00nm00),
i=1 i=1

where

3

Pi = P]_ X .. X Pn = {(pl""lpn) ¢ bi € Pi,i € In},
i=1

and whose operation ® is given by (P, ., Pn) ® (q1, ) qn) = (P1 * q1, -, Pn * qn) Tor all p;,q; € P,i € 1,.
Obviously, ® is a binary operation on [T-, P;.
Now, we discuss some related properties of direct product of finite family in BP-algebra.
Corollary 3.2. If {P; = (P;; », 0;) : i € I,,} is a family BP-algebra, then [ [, P; is a BP-algebra.
Proof. Let {P; = (P; + 0;) : i € I,} is a family BP-algebra. The direct product of Py, ..., P, to be a structure [ [, P; =

(T, P;; ®, (0, ..., 0,)) for each (pl, ...,pn) € [, P, we have

(pl, ...,pn) ® (pl, ...,pn) =(p, * Py e Dy * pn) = (04, ...,0,),

then the axiom B1 is satiesfied. For each (pl, s pn), (ql, s qn) € H?Zl P; obtained

(D1, Pn) @ (P10, P0) ® (q1, 2 ) = @1, -, P) © (01 * Quy ooy Pn * Q)
= (py* (01 * 1), s Pu * (P * @)
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(D1 Pn) ® (1, -, Pn) ® (G, -, Gn)) = (1, -, ),
then the axiom B1 is fulfilled. For each (py, ..., pn), (@1, -, Gn), (11, -, 1) € [17=; P; We get

(@1 s ) ® (11, 1)) @ (@1, 2 G0) ® (T4, o0 15)) = (D1 * Ty ooy P ¥ 1) @ (G * Ty, oo, G * T)
= (@1 *1) * (@1 *70), es Pn ¥ 1) * (qn * 1))
= (P1 * 41, Pn * qn)
(@1 s ) ® (11, 1)) ® (1, s 40) @ (11, s 1)) = (P10 D) ® (s ),

then the axiom B1 is fulfilled. Since [ [, P; satisfies all BP-algebra axioms, such that [[, P; is a BP-algebra.

Next, we get the properties of the direct product in the 0-commutative BP-algebra given in Theorem 3.3 and
Corollary 3.4.
Theorem 3.3. Let P = (P; *,0p) and Q@ = (Q; ,0,) are two BP-algebras. Then each P and @ is 0-commutative if and

onlyif Px Q@ = (P X Q; ®, (0p,04)) is 0-commutative .
Proof. By Theorem 3.1 we have P x Q is a BP-algebra. Let (p,,q,), (p,,q,) € P xQ, thenp,,p, €P, q,,q, € Q.
Since P and Q be O-commutative BP-algebra, then p, * (OP * pz) =p,* (OP * pl) and q, * (OQ * qz) =q,*
(OQ * ql), thus
#,:4,) © ((0,,0) © @ ,4,) = (,,0,) ® O * . 0 * 4,)
= (p1 * (0p *p3),qy * (OQ *q3))
= (p2 * (0p xpy),qz * (OQ *q1))
= (P2,q2) ® (0p * p1,0g * q1)
(r1,91) ® ((OpIOQ) ® (pz»‘h) = (02,q2) ® ((Op'OQ) ® (p1'CI1)-
Therefore, P x Q is 0-commutative. Conversely, let P x Q = (P X @; ®, (0p,0,)) be O-commutative. If p ,p, € P,
9,9, € Q. then (p, q,), (p,,q,) € P X Qand

#,,4,) © (00,00 © @.4,) = 0,4, @ (0,00 © @ .4,
Thus,

(p1 * (OP * pz)'ql * (OQ * qz)) =y 9,) ® (OP * Py g * qz)
=Puq) ® ((Op:OQ) ® (pz:‘b)
=2,92) ® ((Op:OQ) ® (P1:CI1)
= (92, 92) ® (0p * py, 00 *q1)

(P1 * (0p *p2), qq * (OQ * QZ)) = (Pz *(0p *py),qy * (OQ * CI1))-

Then p, * (OP * pz) =p, * (OP * pl) and q, * (OQ * qz) =q,* (OQ * ql). It is show that each P and Q is O-
commutative. m
Based on Theorem 3.3, the following 3.4 result is obtained.

Corollary 3.4. Let {P; = (P;*, 0;):i €1I,} is a family BP-algebra. P; is 0-commutative if and only if []L, P, =
(I, P;; ®, (04, ...,0,)) is 0-commutative.
Proof. From Corollary 3.2 we have [[i, P; is BP-algebra. Let (p,,...,p,), (q,, -, q,) € [Ii1 P, then p,q, € P,.
Since P; is 0-commutative BP-algebra, then p, * (Oi * ql.) =q,* (Oi * pi) for each i € I, such that

(D1 Pn) ® (04, -, 0,) ® (G1, -, Gn)) = (D1, Pn) ®© (01 % g1, ., 0y * )
(1 * (01 % 1), e, Pp * (0p % q))
(@1 * (01 * 1), ey G * (Op % Pn))
= (G qn) ® (01 * Py, ..., 0 % py)
(P1s s Pn) @ (01, ., 02) ® (1,2 40)) = (Gus s Gn) @ (01, -0, 00) ® (D1, -ov, P))-

Thus, it is show that [ ], P; is 0-commutative. Conversely, let []™, P; is 0-commutative. If p, q, € P; foreach i € I,

then (pl, - pn), (ql, . qn) € H?zl P;, and
(P12 Pn) @ (01, -, 02) @ (Gu, 2 Gn)) = (1, -, Gn) ® ((01, -, 0,) ® (P1, -, P0))-
Thus, obtained

(P1 * (01 % q1), -, Pn * (05 4n)) = (D1, -, Pn) ® (01 % qy, ..., 0 % q)
= (P1, -+ Pn) ® (04, ..,0,) ® (G, -, Gn))
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= (q1, -+ qn) ® (04, .., 0,) ® (P1, -, Pn))
= (q1) 1 qn) ® (01 % pq, .., 05 % py)
(P1 * (01 * q1), o, Pn * (05 % qn)) = (q1 * (01 * 1), oo, G * (O * ).

Then, it can be concluded that p, = (0 x q,) = q, = (0 * p,) for each i € I, So, it is proved that P; is 0-commutative.
L L
The direct product concept in BP-algebra can also be developed on BP-homomorphism and the following
properties are obtained.
Theorem 3.5. Lety :P; - Q, and ¥,: P, - Q, are two BP-homomorphisms. If i is the map y:P; X P, > Q1 X Q;

given by (p1, p2) — (Y1(p1), Y2 (p2)) then
(i) 1 is a BP-homomorphism,

(if) kery = ker ¥, X ker i,
(iiN) Y(Py X Py) = 1 (Py) X P (Py).

Proof.
(i) Letyy:P - Qq and y,: P, — Q, are two BP-homomorphisms and y: P; X P, > Q1 X Q; given by (py, p;) —

(¢1(P1)'¢2(P2))- If (p1,p2), (11, 72) € P; X P, then

1/)((771,p2) ® (rprz)) =Yy * 11,02 *72)
= (1/)1(P1 *11), Y2 (P2 * 7'2))
= (1P1(p1) * )1 (1), Y2 (p2) * (7”2))
= (1 (p1), ¥2(02)) ® (W1 (1), P2(12))
w((Pl’Pz) ® (rl'rz)) = Y1, p2) ®YP(ry,13).

Thus, it is show that ¥ is a BP-homomorphism. The converse this theorem to be true in general.

(ii) Let (p,,p,) € kerp, then
Y(p1,p2) =(04,0,)
(1/’1(p1)' Y, (pz)) = (04,0y).

This statement shows that 1, (p;) = 0, and ¥,(p;) = 0, then p, € kery, and p, € kery,, such that (py,p;) €
ker Y, X ker ,. Therefore, it is proved that ker ¢ = ker i, X ker .

(iii) Let (ry,72) € Y (P, X P,), then there exist (p;,p,) € P; X P,, such that

(ri, 12) = Y1, p2) = W1(P1), 2 (p2))-
There is p, € P, so that 7, =1, (py) € ¥(P; ) and there is p, € P, , such that r, = 1,(p,) € Y(P,), then (ry,7,) €

Y, (P,) x p,(P,). Therefore, it is proved that Y (P X P,) = 11 (P;) X 1, (Py).

Based on Theorem 3.5 the following result is obtained.
Corollary 3.6. Let {y;: P, > Q; : i € I,} is a family BP-homomorphism. If ¢ is a map [[~, P, - [, Q, given by
(D1 ) > (P1(P1)) -, Yu(Pn)), then
(i) 1 is a BP-homomorphism,
(i) kery = [, kery;,
(iii) Y (qTi=y P) = [Tz i (P).

Proof.
(i) Let ¢:P;, > Q,:i€l,} is a family BP-homomorfism and [[L;P; —[[L,Q, given by (py,..,p,) —

W10, s Yu@n))- W @y 0, (ry o) € [Ty Py, then

Y(P1, - Pn) @ (11,0, 10)) = PPy *1y, , Pr ¥ 1)

= (ll}l(pl * rl): ---:ll}n(pn * 7”n))

= (Y1(01) * Y1(11), o, Yu (D) * Yn (1))

= W11 - Yn(Pn)) ® W10, o, Y (1))
YD1, Pn) ® (11, . 1)) = Y(P1, D) @ P(11, e, ).
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Hence, ¥ is a BP-homomorphism. m
The converse of Corollary 3.6 need to be true in general.
(i) Let(p,,..,p,) € ker, then

1!’(171, ---:pn) = (Olv ) On)
(lpl(pl)' llpn(pn)) = (01' R On)

This shows that 1;(p;) = 0; each i € I,, then p, € ker i, each i € I, then (p,,...,p,) € ker [T~ ker Y,
Therefore, it is proved that ker y =[], ker¢;.m

(iii) Let (ry, ..., 1) € Y2, Py), then thereis (py, ..., pn) € [1i=, P; SO that
(1) s 1) = Y @1, s P) = @1(P1)s oo, P (P1)).

There is p, € P; so that r; = (p;) € Y(P;) each i € I, then (ry, ..., 7,) € [Ii=; ¥y (P,). Therefore, it is proved that
Y(TZ P) = Iz Yi(P). w

Theorem 3.7. Lety,: Py = Q,,¥,: P, > Q,,and i Py X P, > Q1 X Q; by (py,p2) — (1,01(1)1),1,02(}72)), then
(1) y isaBP-monomorphisms if and only if 1, and 1, are BP-monomorphisms,
(ii) 1 is a BP-epimorphism if and only if 1, and v, are BP-epimorphisms.
Proof.
(i) Let 1 is a BP-monomorphism. If ., (p,) = ¢, (ry) for each p,, 7, € P; and 1, (p,) = (1) for each p,, 7, €
P,, then

Y(p1,p2) = (4}1(?1):1/’2(1’2))
= (1/)1(7’1):1p2(7’2))
Y1, 02) =Yy, 12),

Since ¥ is a BP-monomorphism, then vy is one-one function, such that (pl,pz) = (ry,r,) implies p, =7y and
p, = 7. Thus, it is proved that 1, and ¥, are one-one functions, such that 1, and y, are BP-monomorphisms.
Conversely, let 1, and 1, is BP-monomorphisms. If y(py, p;) = (ry, ;) for each (pl,pz), (rp,r,) € P, x
P,, then

(1/)1(171)'1/)2(272)) =Y (py, p2)
=Y(r, 1)
(1/)1(?71):1/’2(172)) :(1/’1(7'1)'1/’2(7'2)),

Since ¥, and v, is BP-monomorphisms, then ¥, and i, are one-one functions, such that p, = r; and p, = 1,
yields (pl, pz) = (ry,7,). Thus, it is proved that 1 is a one-one function, such that  is a BP-monomorphism.

(i) Lety is a BP-epimorphism. Let g, € @, and q, € Q,, then (ql,qz) € Q, X Q,. Since ¥ is a function onto, then
there is (p,,p,) € Py X Py that (41,42) = ¥ (1, p2) = (Y1 (1), ¥>(p,)), which results g, =, (p,) and
q, =9, (pz). Thus, it is proved that ¥, and v, are functions onto such that 1, and i, are BP-epimorphisms.
Conversely, Let ¢, and v, are BP-epimorphisms. Let (q1,q,) € Q; X Q, then q, € @, and q, € Q,. Since ¥,
and v, is a onto function, then there are p, € P, and p, € P, so that q; = ¥,(p,) and g, = 1, (p,) which

results (g1, q2) = (Y1 (1), ¥2(p2)) = Y(py, p,). Therefore, it shows that 1 is a onto function, its mean 1 is also
a BP-epimorphism. m

Based on Theorem 3.7, the following corollary 3.8 result is obtained.

Corollary 3.8. Let,: P, > Q, : i € I, and ¥: [Ty P = [Ty Qi bY (1, ) — W1 (P1), o 1 (Pn)), then
(1) 1 isaBP-monomorphism if and only if 1, is a BP-monomorphism,
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Y isa BP-epimorphism if and only if 1, is a BP-epimorphism.

Let 3 is a BP-monomorphism. If ¥.(p,) = w,(r,) for each p, r; € P,,i € I,,, then

Y®1, s Pn) = (1D, s ¥n(P0))
= (lpl(rl)v '"vlpn(rn))
Y@y, s Pn) =Py, o, 1),

Since  is BP-monomorphism, then i, and v, is a one-one function, such that (py, ...,pp) = (ry, ..., 7,) Yields
p, = r; for each i € I. Thus it is proved that y is a one-one function, such that ¢, is a BP-monomorphism.

Coversely, Let i, is a BP-monomorphism. If {(py, ..., pn) =P (ry, ..., 1) for each (py, ..., pn), (ry, .., 1) €
[T, P;, then

(W1®1), s Yu ) =Y (P1, -, P1)
=Y(ry, ., 1)
(lpl(pl)r ---:lpn(pn)) = (lpl(rl): ---:lpn(rn))-

Since i, is a BP-monomorphism, then 1, is one-one function, such that p, = r; for each i € I,, which results
(P1) -»Pn) = (11, ..., 7). Thus, it is proved that y is a one-one function. Hence, 1, is a BP-monomorphism. m

Let ¢ is a BP-epimorphism and let g, € Q, for each € L, then (g, ..., q,) € [T, @;. Since 1 is a onto function,
then (py,..,p,) € [If=; P; each p, € P, each i € 1,50 (G, ... qn) = Y1, e, Pn) = (Y1(P1)s e, Y (P1)),
resulting in g, = ¥, (pi) each i € I,,. Thus, it is proven that ¥, is a onto function, such that ¢ is a BP-
epimorphism. Conversely, let 1, for each i € I,, be a BP-epimorphism and (qy, ..., g,) € [1i=; Q;, then g, € Q, for
each i € I,. Since 1, is a function onto, then there is p, € P; for each i € I,,, then q, = 1, (pi) foreach i€,

implies (qq, ..., qn) = (1/)1(p1), ...,wn(pn)) = Y(py, ..., pn). Therefore, it is proved that y is a onto function.
Hence, v is also a BP-epimorphism. m

IV. CONCLUSION

In this paper, the notion of direct product of BP-algebra is equivalent to B-algebra. We obtain some of their properties
being similar. Then, the notion of the direct product of BP-algebra applied to finite family BP-algebra, finite family 0-
commutative BP-algebra, and finite family BP-homomorphism.
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