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ABSTRACT : We concern in this paper a new study of Pointwise approximation by q - Bernstein operators in the mobile
interval x € [—1, 1 — 1/n] with use of exponential operators and obtain the Direct theorem and Weighted approximation
theorem for that operators with Rate of convergence.
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I. INTRODUCTION AND AUXILIARY RESULTS

In the year 1912 S.N.Bernstein introduced famous proof of the Weierstrass approximation theorem and the
defined operators called Bernstein operators.

Definition: Bernstein [12] : If f : [0, 1] — R. Then the Bernstein operators of f is
Bof(X) = 270 f£Gi/m) (1) X(@-0™ (D)
For each positive integern=1,2,3,..................

Bernstein proved that if f € C[0,1] then the sequence Bif(x) converges uniformly on [0,1].

Definition: Phillips [5] : If f : [0, 1] — C., g > 0 then q - Bernstein operators of f is

Bug(FX) = X0 FAH A1 —a'x) (e s )

[nlq
Wheren=123,.........cooiiiiiiiiiiinnnn

Here if g = 1 the polynomials By 1 (f;x) are classical Bernstein polynomials.

Theorem 1.0.1. (Bernstein): If feCJ[0, 1] then Bn1(f;x) = F(X) for x € [0, 1] asn — oo for q € (0, 1) convergence of
the sequence Bng(f ; X) was introduced by A.lllinskii. It follows directly from the definition of

q - Bernstein polynomials possess the end point interpolation property i.e.

Bn, q(f; 0) = f(0)

Bn,q(f; 1) =f@) (3)

for all g > 0. and here n=1,2,3,......

In 2019 Adrian Holhas gave the general exponential operators let I € R be an open interval and let « > 0 be
a real numbers consider a continuous function ® : (0, o) — R and we denote by Cy,. the space of

continuous functions f € C(l) with the property that exist M > 0 such that |f(x)] < Me*"!, for every

X € |. Because of the symmetry and to simplify the notation we consider in the following that I < (0,00).
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Lemma 1.0.2. Consider asequence of positive linear operators (L) preserving the constants and having the property that for every f
€ Cyqthereexistsaninteger n, € N suchthat L, f exists for every n >n,. Suppose that L,(e**) converges pointwise on

I.Then, for every x € | and for every o >0
Ln(max(e®®, e2?): X) < Mg(X),n = Ng,

Where M,(X)>0 depends on a and x but not on n.

In 2018 Cai at al.[11] gave some lemma and corollary for A Bernstein operators and uses Bezier bases.

Lemma 1.0.3. For 2-Bernstein operators, they have the following equalities.

B.a(1;X)=1; e (4)
B . - 1—2x+ x4 (1—x)"*1

na(t; X) =X + 1) A e 5)
B 5. — 2 X1 2x—4 x?+ 2xn+1 (A=x)H1pxn+1_q

n (1%, X) = X% + - + A[ oy e I R (6)

Corollary 1.0.4. For fixed x € [0,1] and A € [-1,1], using above lemma (1.0.3) and by some easy computation, we have

1-2x+ x"Jrl+(1—x)"+1/1 1—2x+ x4 (1—x)n*1

B -X: =
na (t-X; X) 1) < oD e @)
v _ x(1—x) 2x(1—x)MH1_2xTt+1y pxn+2 (A=)t q
Bra((t—x )’ X) +A[ n(n-1) n2(n-1)
x(1—x) 2x(1—x)H1—2xM+1y pxn+2 (A=x)Hlgxn+1_q
< XA 4 e e e e (8)
limnoonBra(t — xX; X)=0; )

limn_nNBra(t—x)2; X) = x(1 —x), x € (0, 1).

Lemma 1.0.5. Assuming asequence of new Bernstein operators By, (f; X) preserve the constants and having the property that for all
T € Co.uthenthereexistsan integers n, € N. Suppose that Bn,a(f; x) converges

pointwise on | then for x € CJ[I] and for every @ = 0

Bna(f;X) < Mu(X),V n= Ng,

Where Mg(x)> 0 depends on ,aandx notonn.

I1. Direct Estimate

In this section we give Rate of convergence for q - Bernstein operators.
Theorem 2.0.6. Let fe C[—1, 1 — 1/n] with new mobile interval then we have

[Bn.a(f 5 X) = ()| = Ma(X).
Proof. Since Bn q(f ; X) when g = 1 then we give classical Bernstein operators in the mobile interval

C[-1, 1-1/n] as n — oo and fe C[1] we have
[Bro(f ;%) = F(X)| = [Bn,(e“®1*], e*®1*1 5 x) — F(x)]
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< Bn, (maxe®®1t+x1: x) < B g(f ; X) < Mu(X).
Hence proved that theorem by using above lemma (1.05). @]

Theorem 2.0.7. Let fe C[—1,1 —1/n] then we have

Bna(f; ) = F(OI < (1 + B)(F +/2a)

Proof. By Exponential operators technique

If () — F()| < (Me®0ltl — Me®01x1) < M (eIt — gx01x1)

Ma(x)

< Ln (max (e%01tl, e91xly: x) < (O —+ 1) SMu(x) (11)

Where M,(X)> 0 depends on «a and x but not on n . Now we use linearity and positivity

property of {Bnq(f; X)} and foralln e Nand xe C[—1,1 —1/n]we get
[Bng(f; X) = f(X)| <Bng (| F() =TI X) (12)
By equation (11) and (12)

Ma(x)
S5

Ma() . 1+ x)

IBn.a(f 5 x) = F0OI = (f, 8) ( 5

+ L;x)<(f,8)(

Using Cauchy- Schwartz inequality and above corollary (1.0.4) equation (8) .

a(x Agx
Bna(f ; x) — F(0)| < (f, 5)(( ('MT”')Z)UZ)H) < (f, 5)( (J_T) + 1) ............ (13)
If we take § = /4, in equation (13) hence proved desired result. @]

Theorem 3.0.8. Direct theorem:

Let fe C[—1,1—1/n] and Bnq(f; x) definition of q - Bernstein operator suchthat 0 <g<1landg—1lasn
— oo then exist such that

| Baa(f ;%) = F(x) || < C n*MZ(x)
Proof: We know that corollary (1.0.4)

limn Bng((t-x)2X) <CniM2(x) (14)

n—-oo

Let us

1-2x+ x4 (1—x)n 1

Mng(f;x) = f(x) —f( e YSMo(X) (15)
And let
Lng(f5X) = Bng(f;x) +Mag(f;x) (16)
Then we have
Mng(f;x) = f(E22E i €l ) < Me®@U*D < M, (X) (17)

n(n-1)
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Now

Lng(1;x) =1
Lng( (t-x) ;X) = O0ANnd Lng( (t-x)?;xX)< CnIM2(x)  ....ccooeiiiiio... (18)

So that

[Loa(f.x) -f Q1< [La((f-9) . ¥)la +[f () =g(X) la+|La(g.X) -9 (X)]g

SM () + Me(X) +|La(g. %) -9 Xl (19)
Now using Taylors expansion with integral remainder

g(t) = 900 + g0 (t—x) + [ (t —w) g’(u)du

then by P.687[7].

ILa(g.%) -9 (g =|Ln [L(t —w) g (U)duxlg < | Bn [1(t — u) g(u)du,Xlq

1—2x4+ x4 (1—x)n+1

1-2x+ x4 (1—x)n+1

S I R — -u)  g(u)du |

x(1—x) _
<07 D guydu h<CGMEK) e, (20)
Atg=1

By equation (19) and (20 ) gives us
| Lo (f,X) - F(X) [q<2 My (X) + C;TMZ(X)
Hencef € C[-1, 1-1/n] so
I Bra(f; ) —fO) < | La(f,X) - f() o+ | La(f,X) g
Then by equation (15) and (20)
<2 My(X) + M, (X) + C,TM2(X) < C;TM2(X).

Hence proved the famous Direct theorem. @]

V. Weighted Approximation with exponential functions defined as :
We give another type of modification of Mishra [14].
1- Bx[-1,1-1/n] is a space of functions f defined [-1, 1-1/n] satisfying
[f(X)| <M e%xl 'M>0.
2 - C4[-1,1-1/n] be the subspace of all continuous function in Bx[-1,1-1/n].

3 - Cy [-1,1-1/n] is the subspace of functions f & [-1, 1-1/n] for which
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fx)

eaf|x|

is finite.

lim,,_,

Note that the space Bx[-1,1-1/n] is a normal linear space with the norm

— fx)
Il £ lla= supx=o eablx]

V. Weighted Theorem
Theorem 5.0.9. Consider g = gn such that 0 < gn <1 and as n — o we get g,—1 for any
f eC; [-1,1-1/n] we have
lim;, |, o SUPx ¢ [~1,1-1/n] Lt ;;;)p; A2}
Proof: We take L.H.S.

1B (F,30)— f (0] IBAL(f 20— f(x0)] IBAT (F,2)— £(x)|
SUPx e [-1,1-1/n] TWBT = SUDy <x,] naeT +  SUPy 2y, naeT

1B (e01¥x)|

< ” Br?,rclt(frx) - f(x)||c[—1,x0] + ” f(X) ”X SUpPy 2x0] eab|x|

|f )l
+ SUup, 2x0] eaBx|

Where |f(x)] < M e%®*l for arbitrary &> 0 large value of xo such that

I @llx _ €
eaf|x| 3

By using lemma (0.0.2) and theorem of rate of convergence

+ Ma(X) + M(X) < S + 2Ma () < €.

<

w|m

So we get if € — 0 then we have

) IBAL(f.0)— FOO| _
hmn—mosupx €[-1,1-1/n] %Tm =0.

L.H.S. =R.H.S.

0]
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