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Abstract — In this paper, we introduce the definition of positive and negative fuzzy numbers based on the concept of area
of fuzzy numbers on the right side of r-axis and the left side of r-axis (in the first quadrant and the second quadrant). From
the concept of positive and negative fuzzy numbers, an alternative arithmetic for pentagonal fuzzy numbers is constructed.
Then the multiplication form of pentagonal fuzzy numbers can be obtained in some cases. Finally, from the multiplication
operations, it can later be applied to determine the multiplication identity and inverse of pentagonal fuzzy numbers.
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I. INTRODUCTION

The concept of the fuzzy set was first introduced by Lotfi A. Zadeh in 1965 [19, 20]. As science develops, many
articles discuss and develop fuzzy algebra. Some articles have discussed pentagonal fuzzy numbers [3, 4, 5, 6, 10, 11, 12,
13, 15, 18].

In [12, 13] the basic concepts of arithmetic of pentagonal fuzzy numbers are discussed. Furthermore, in [6, 10, 14]
pentagonal fuzzy numbers are discussed using the o-cut method and provided the same arithmetic operations on
pentagonal fuzzy numbers. Then [6] also introduces arithmetic operations in parametric and inverse of fuzzy number in the
formof i~! = 1/ii, provided that none of its components has a value of 0. In [15] pentagonal fuzzy numbers are discussed
using the method of incenter of centroid and introduced arithmetic operations with different parametric forms using the a-
cut method. Then in [18] pentagonal fuzzy numbers are discussed using the Cholesky decomposition method and the
singular value decomposition to solve a fully fuzzy linear system.

Each of these discussions provides various forms of arithmetic operations. However, they only discuss arithmetic
operations for positive fuzzy numbers so that most of the solutions obtained are not compatible. Based on the above
conditions, the authors feel the need to define fuzzy numbers in positive and negative form which are explained by
comparing the area of the area on the positive r-axis and the negative r-axis. From the positive and negative concepts of
pentagonal fuzzy numbers, an alternative arithmetic for pentagonal fuzzy numbers is constructed consisting of the
operations of addition, subtraction, scalar multiplication and multiplication of two fuzzy numbers. From the arithmetic
alternatives given, it can later be used to determine the multiplication identity and inverse of pentagonal fuzzy numbers.

Il. PRELIMINARIES

In fuzzy terms there are fuzzy numbers and pentagonal fuzzy numbers. Some definitions of fuzzy numbers and
pentagonal fuzzy numbers have been discussed by some authors [1, 2, 6, 7, 8, 9, 14, 16, 17].

Definition2.1(Fuzzy Number) A fuzzy number £ in the real line R is a fuzzy setf : R — [0, 1] that satisfies the following
properties:

a. f is piecewise continuous..

b. There exists an x € Rsuch that f(x) = 1.

c. fisconvex, if x;,x, € Rand A € [0,1] then f(Ax; + (1 + D)xy) > f () A f(xy).

Definition2. A fuzzy number @i: R — [0, 1]with & = (a4, a,, as, a,, as) satisfies
a. 1i(x) is upper semi continuous.
b. #i(x) = 0 outside the interval [a,, as]
c. There exist real number x in interval [a,, ag] such that,
i. Zi(x)monotonic increasing in interval [a,, a,] and [a,, as]
ii. %i(x)monotonic decreasing in interval [as;, a,] and [a,, as]
d. i(x)=1forx = a;
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A pentagonal fuzzy number @ = (a,, a;, as, a4, as)with a,, a,, as, a,dan asare real number and a; < a, < a; <
a, < as has been discussed in [4, 6, 12, 13, 15, 18]. Membership function of pentagonal fuzzy number @ is given as
follows:

0 X<a
X—a
(—1) a, <x<a,
a -
X—a,
a,<x<a,
a3 —a,
pz (%) = 1 X=8
a, — X
K a,<x<a,
a, —a,
a; — X
a;<x<a,
a; —a,
0 a; <X

The parametric form of pentagonal fuzzy number @i = [gl(r),gz ), uy(r), uy (r)] is given as follows:

gl(r)=2r(az _a1)+a1
u,(r)=2r(a;—a,)+2a,—a,
u,(r)=2r(a, —a;)—a, +2a,
u(r)=-2r(a; —a,)+a,

In this paper, we discuss pentagonal fuzzy number in the form of @i = (a, a, B, y, §) with a is centroid point ,« is the
distance of left spread from centerato points (a — &) and g is the distance of left spread from the point (a — ) to point
(a — a — B). Furthermore, y is the distance of right spread from center a to point (a + y) and § is the distance of right
spread from center (a + y) to point (a + y + &). Pentagonal fuzzy number{j = (a,a,ﬁ, 7, 5) can be illustrated as in Figure
1.

1 (a,1)

w,(r)

a—oa—f3 a aty+o

Figure 1: Pentagonal Fuzzy Number @i = (a, a,8,y, 6)

Definition 2.3A fuzzy number @i: R — [0, 1] with & = (a, a, 8, y, §) satisfies the following properties:
a. 0(x)Iis upper semi continous.

b. U(x)=0 outside the interval [a — a — B,a +y + &]
c. There exist a real number x in interval [a — a — ,a + y + &§] such that
i. U(x) monotonic increasing in interval [a — a — §,a — a] and [a — a, a]
ii. U (x) monotonic decreasing in interval [a,a + y] and [a + y,a + ¥ + 8]
d u(X)=1forx=a

Membership function of pentagonal fuzzy number @i = (a, a, 8,y, §) is given as follows:
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1+1((x—a+a)} a-a-pf<x<a-a
2 2 B
1+1((x—a)j © a-a<x<a
2 a
1 ()= O
1((x—a))
1-=— ; asx<a+y
2\ 7y
1—1(()(_(“—}/)} aty<Xx<a+y+a
2 2 a
0, others

The parametric form of pentagonal fuzzy number @ = [gl(r),gz ), uy(r), uy (r)] is given as follows:

u(nN=a—-(2-2rp—(a-p4)
u,(r)=a—(2-2r)a
U,(r)=a+(2-2r)y

() =a+@2-2r)56+(y-9)

A fuzzy number @in R defined as a function @ = [gl(r),gz ), u(r), uy (r)]has the following properties:
a. uy(r) is abounded left continuous nondecreasing function over [0, 0.5]
b. u,(r) is a bounded left continuous nondecreasing function over [0.5, 1]
C. u,(r)is abounded right continuous nonincreasing function over [1,0.5]
d. wu,(r) is a bounded right continuous nonincreasing function over [0.5,1]

I11. POSITIVE AND NEGATIVEPENTAGONAL FUZZY NUMBERS

The following the definition of positive or negative pentagonal fuzzy numbers is given using the ratio of area in
several cases:

a. Ifa— a — B > 0,then the pentagonal fuzzy number @i = (a, @, B,y, &) is said to be a positive pentagonal fuzzy number,
as shown in Figure 2.

Figure 2: Positive Pentagonal Fuzzy Number @i = (a, a, 8,7, 6)

b. Ifa+y+ 6§ <0,then the pentagonal fuzzy number @ = (a,a,f,y,6) is said to be a negative pentagonal fuzzy
number, as shown in Figure 3.
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Figure 3: Negative Pentagonal Fuzzy Numbera = (a, @, 8,7, 5)

c. Ifa>0anda—a <0,itisillustrated in Figure 4.

Figure 4: Pentagonal Fuzzy Number fora > 0 anda —a < 0

Figure 4 shows that there are two areas which are formed from the positive r-axis (L,area) and negative r-axis
(L,area). Furthermore, to determine the area in Figure 4, the following definitions are used:

L, = LAAB] + LOjJBCI
L, = LOICDH + LOHDGE + LAGEF

The areas of L, and L, are obtained as follows:

L = +3a+ﬁ+a2
LT AT T T Y T 4

3y a?
L, = 4 r_
i

Furthermore, the difference of the area of the positive r-axis (L, area) and negative r-axis (L, area) is denoted by
C, to determine the type of positive or negative fuzzy numbers is as follows:

C=L2—L1
c=(a+24+ @ +3a+ﬁ+a2
T\ Taq) T\ T T T g

§ B 3y 3a a®
C—<2“+Z‘Z+Z‘T‘z
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Finally, in case (c) the pentagonal fuzzy number @i = (a,a, 8,y,6) is said to be a positive fuzzy number when
§ a 3y 3a a?

2a+-—-+————— > 0 and it is said to be a negative fuzzy number when2a + S_Byr 3 @ <0.

4 4 4 4 2a 4 4 4

d. Ifa =0, itisillustrated in Figure 5.

Figure 5: PentagonalFuzzy Number fora = 0

Figure 5 shows that there are two areas which are formed from the positive r-axis (L, area) and negative r-axis

(L, area). Furthermore, to determine the area of the area in Figure 5, the following definitions are used:

Ly = LAABI + LOIBCH

L, = LOHCDG + LAGDE

The areas of L, and L, are obtained as follows:

,8 3a
L —_d —
1737
3y 6
L,=—+4—
2= 1y

Furthermore, the difference of the area of the positive r-axis (L, area) and negative r-axis (L, area) denoted by C,

to determine the type of positive or negative fuzzy numbers as follows:

3y
4

C=L2_L1

c-(+2)- (%)

C=(3y 3a 6 ﬁ)

4 4 4 4

Finally, in case (d) the pentagonal fuzzy number @& = (a,a, 8,7, ) is said to be a positive fuzzy number when
3a+6 B .- . . 3y 3a & P

——+-—=>0anditissaid to be a negative fuzzy number when —- — — + - —= < 0.
4 4 4 4 4 4

If a<O0anda+y < 0,itisillustrated in Figure 6.
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i a

Figure 6: PentagonalFuzzy Number fora < 0 anda +y > 0

Figure 6 shows that there are two areas which are formed from the positive r-axis (L, area) and negative r-axis
(L, area). Furthermore, to determine the area of the area in Figure 6, the following definitions are used:

L, = LAAB] + LOJBCI +LoOICDH

Ly

LOHDEG + LAGEF
The areas of L, and L, are obtained as follows:

L=at 28,2
LT AT T Ty

L= 2a+6+3y a?
2T 4 4 4 4y

Furthermore, the difference of the area of the positive r-axis (L, area) and negative r-axis (L,area) is denoted by C,
to determine the type of positive or negative fuzzy numbers as follows:

Finally, in case (d) the pentagonal fuzzy number @i = (a, a, 8,y, 6) is said to be a positive fuzzy number when —3?‘1 +

2 .. R )
8_By3r_3¢_2 5 pand it is said to be a negative fuzzy number when — 32 + 2 — £
4 4 4 4 2a 2 4 4

3 3¢ a?
+X_22_2 <.
4 4 2

IV. ALTERNATIVE ARITHMETIC PENTAGONAL FUZZY NUMBER
This section discusses arithmetic for pentagonal fuzzy numbers consisting of addition, subtraction, multiplication

of two fuzzy numbers, and scalar multiplication. Suppose there are two different pentagonal fuzzy numbers, withii =
(@, a1, B1,v1,61) and ¥ = (b,a,,B2,¥2,8,) with the parametric forms @ = [u(r), u, (), %, (r), u; (r)] and & =
[21 (r), v, (1), v, (1), vy (r)] as follows:

gl(r):a_(z_zr)ﬂl_(al_ﬂl) Uz(r):a+(2—2r)7l
u,(r)=a-(2-2neg, ’ (r)=a+(2-2r)6,+(,-4)
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vi(r)=b—-(2-2r)8, - (a;~f,) V,(r) =b+(2-2r)y,
V,(r)=b—(2-2r)a, ’ Y(r)=b+(2-2r), +(r, - 6,)

a. Addition of two pentagonal fuzzy numbers.

For r €[0,0.5]
T@ 7= [u () + v, (1), (r) +v, ()]
_ [a +b—2-2r)(B +B2) — (a1 + az) + (B1 + B2),
at+b+2—-2r)(6,+68) — (y1 +72) + (8, +62)

Forr [0.5.]

udv= [Hz(r) + vo(0), up(r) + v2(1')]

a+b—(2-2r)(a; + ay),

[a+b+ 2-2r)(y1 +7v2)

The parametric form of the addition operation is transformed into the pentagonal fuzzy number, then it is obtained
GOV =(a+b,a, +a,, B+, 7y + 12 6y +3,)

b. Subtractionof two pentagonal fuzzy numbers.

For r €[0,0.5]
107 = [u()—v,(0), 5@ — v, (0]
_ [a —b—2—-2r)(B; +62) — (ay — 1) — (y2 — 62),
a—b+(2—=2r)(6; +F2) — (1 + 1) + (az — B2)

Forr €[0.51]

107 = [u@) —v,0), 00 - v.0)]
_ [a —b—(2-2r)(a; +72),
S la-b+ @2 -2+ ay)

The parametric form of the subtraction operation is transformed into the pentagonal fuzzy number, then it yields
GO v=(a—ba;+vypf1+ 8,71+ a8 +p5;)
c. Scalar product
i. Fori>0
A =[ra—2-2r)A8—Ma— ), a—(2—2r)da, 2a+(2—2r)A5 + Ay — 8), Aa+(2—2r) Ay ]

The parametric form of the scalar product A > 0 is transformed into the pentagonal fuzzy number, then it gives

Al =(2a, Aat, AB, Ay, AS)

ii. Fori<0
M =[-2a—(2-2r) 48— Ala— B)—1a—(2—2r)Aa,~Aa+(2—2r) A5 + Ay — 8),—Aa+(2—2r) 7]

The parametric form of the scalar product A < Qis transformed into the pentagonal fuzzy number, then it is obtained
that
AU =(2a-Aa,~AB.~Ay~Ad)
d. Multiplication of two pentagonal fuzzy numbers

Ifi = [u, (1), u, (1), U, (1), w4y ()] and & = [, (r), v,(r), v, (), 7, (r) | are two pentagonal fuzzy numbers, then the
multiplication operation that applies is W = @i®% for r € [0,1]. The following shows some cases for the multiplication
operation of pentagonal fuzzy number.
i IfU positive and v positive, then

Forr €[0,0.5]

w(r) =u; (N)v,(0.5) + ,(0.5)v, () — u,(0.5)v,(0.5)

=ab— (2 —2r)(af, — a1, — bfy — azf1) — aa, + aya, + by —ba; +af, — a1,

W) = %, (r)v,(0.5) + 1, (0.5)7, (r) — 1, (0.5)7,(0.5)
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= ab + (2 - 27‘)(b51 + 51]/2 + a52 + 52)/1) + a)/z + ylyﬁz - b51 + byl + a52 - y162

Forr €[0.51]

w(r) = U (MNv2 (1) + u (D, (r) — up (Vw2 (1)
=ab— (2 - 2r)(a;b + a,a)

w(r) = U (MV,(1) + U (D, (1) — u(1Dv,(1)
=ab+ (2 - 2r)(y1b + y,a)

The parametric form of the multiplication operation is transformed into the pentagonal fuzzy number, then it is
obtained that

u®v= (ab’ (b +a,d), (a8, —au 8, +bf, — Bia,), (rb + 7,8), (06, + 7,6, + a0, + 7251))_
If U positive and V negative, then
For r <[0,0.5]
w(r) =u (r)v;(0.5) + U (0.5, () — U, (0.5),(0.5)
=ab — (2 —2r)(=b8; + a6, + af; — v1B2) + by, — v1a, — b8y + 81a; — aa; + af; +y1f,

w(r) = u, (r)v,(0.5) + u,(0.5)v, () — u,(0.5)v,(0.5)
=ab + (2 —2r)(=bf; — B1y2 + ad, — 8,a;) — ba; —yia, + by + P1y, + ay; — ad, + 465,

For r €[0.5,]

w(T) = U, (v, (1) + U, (D (r) — u (v, (1)
=ab — (2 —2r)(aya — y,b)

w(r) = u(NV2(1) + U (DY, (r) — u(Dv,(1)
=ab+ (2 - 2r)(y,a — a.b)

The parametric form of the multiplication operation is transformed into the pentagonal fuzzy number, then it yields

0 ®V =(ab, (a,a—by,), (-b5, +@,8, +ap, +1,8,). (r,a-a,b), (-bB, — By, —asd, +a,5,))
if U negative and V positive, then
For r €[0,0.5]
w(r) = u, (r)v,(0.5) + 1, (0.5)v, () — 1, (0.5)v,(0.5)
=ab — (2 = 2r)(bB, + 1y, — ad, + 8,a,) — bay; —y1a; + bfy + By, + ay, —ad, + a6,

w(r) = u,(r)v,(0.5) + u;(0.5)v; (r) — u;(0.5)v,(0.5)
=ab + (2 —2r)(b6; — ay6; — af, — v1B2) + by, —v1a; — b6 + 81a, —aa, +af, +v15;

For r €[0.5,1]

w(r) = u(Mv2(1) + U (D, (r) — u(1)v,(1)
=ab— (2 - 2r)(—a.b + y,a)

U, (Mv2(1) + U (Vv (1) — u (Vv (1)

ab + (2 —2r)(y;b — aya)

w(r)

The parametric form of the multiplication operation is transformed into the pentagonal fuzzy number, then it is
earned

UV = (ab, (r.a—ayb), (bB, + By, —ad, +@,6,),(by, —a,a), (05, —a,0, —aB, — 1.3, ))
IfU negative and v negative,then

For r €[0,0.5]
w(r) =y (r)v,(0.5) + %, (0.5)v; (r) — %,(0.5)7,(0.5)
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=ab — (2 —2r)(—=b8;, — 8,y, — ad, — &,y1) + ay, +v,1¥B, — by + by; + ad, —v16;

w(r) = u; (Mv,(0.5) + 1, (0.5)v; (r) — u;(0.5)v,(0.5)
=ab+ (2 —2r)(—af, — a1, — bP; + azf1) — aay + aya, + bB; — ba; +af, — a5,

For r €[0.5,]
w(r) = U (Mv,(1) + U (D,(r) — u(Dv,(1)
=ab — (2 —-2r)(—y1b — ;)

w(r) = U, (Mvo(1) + U (D, (1) — ux (Dvo (1)
=ab+ (2-2r)(—a.b — aya)

The parametric form of the multiplication operation is transformed into the pentagonal fuzzy number, then it
provides

0 ®V = ((ab),~(,b +7,8),~(b5, + 7,5, +ad, +7,8,),~(ba, + a,8),~(aB, —a, B, —bp, — fa,)) .

V. CONCLUSION

In this paper, we obtain a new definition of positive fuzzy numbers and negative fuzzy numbers based on comparisons
of the area. In addition, an alternative arithmetic pentagonal fuzzy number is also obtained which is applied to the
multiplication operation of any two fuzzy numbers (positive or negative), so that from the multiplication operation, the
multiplication identity and inverse of the pentagonal fuzzy number can be formed.
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