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I. INTRODUCTION 

In this paper, by a graph G, we mean non-trivial, finite and undirected graph without multiple edges and loops. For graph 

theoretic terminologies we refer[4] 

In graph G, the usual distance d(u,v) is the length of the minimum path connecting the vertices u and v of G. 

The D-distance 𝑑𝐷(u,v)  between two vertices of a connected graph G is defined as 𝑑𝐷(𝑢, 𝑣) = 𝑚𝑖𝑛{𝑑(𝑢, 𝑣) + deg(𝑢) +

deg(𝑣) + ∑deg⁡(𝑤)} where sum runs over all the intermediate vertices w in the path and minimum is taken over all u-v 

paths in G[1]. 

The D-eccentricity of any vertex v,𝑒𝐷(𝑣) is defined as the maximum D-distancefrom v to any other vertex that is 𝑒𝐷(𝑣) =

max⁡{𝑑𝐷(𝑢, 𝑣): 𝑢 ∈ 𝑉(𝐺)},where 𝑉(𝐺) is the vertex set of graph G [1]. 

Let 𝛽1 ≥ 𝛽2 ≥ 𝛽3… .≥ 𝛽𝑟  denote different eigenvalues of the matrix Dε(G). Since, this matrix is symmetric , all the Dε 

eigen values are real  𝐷𝜀 spectrum is denoted by 𝑠𝑝𝑒𝑐⁡𝐷𝜀 and denoted as, 

𝑠𝑝𝑒𝑐⁡𝐷𝜀 = {
𝛽1⁡⁡⁡𝛽2⁡⁡⁡⁡⁡𝛽3… . 𝛽𝑟
𝑚1⁡⁡⁡𝑚2⁡⁡⁡⁡⁡𝑚3… .𝑚𝑟

} 

Where 𝑚𝑖 is the algebraic multiplicity of the eigenvalues 𝛽𝑖⁡, 𝑓𝑜𝑟⁡1 ≤ 𝑖 ≤ 𝑟⁡[11]. 

For more details on mathematical aspects of the theory of graph spectra one can refer [2,3,6,7] 

The theory of hub number was introduced by M. Walsh[9 ]. A set )(GVH  is a hubset of G , if it has a property that , 

for any HGVyx − )(, , there is a −H path between yx, .The smallest size of a hub set is called a hub number of  

G .A −H path between vertices yx, of graph G is a path where all intermediate vertices are from H . 

 

In this article ,motivated by the definition of minimum hub distance matix )(GAHd of a connected graph G[10] we define 

minimum hub D-distance matix
 
and find minimum hub D- distance spectraof some class of graphs. 

 

 

 

https://www.ijmttjournal.org/archive/ijmtt-v66i12p507
http://www.internationaljournalssrg.org/
http://creativecommons.org/licenses/by-nc-nd/4.0/
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II. The Minimum hub D–distance spectra of a graph 

Let G be a graph of order  n with vertex set  nvvvvV ....,, 321= and edge set E.  Let H be a minimum hub set of a graph 

G. The minimum hub D-distance matrix of G is denoted as )(GM DHd
 and defined as    

otherwisev

HvandjiifGM

v ji

iHd D

),,(d

1)(

D=

==
 

The minimum hub D-distance eigenvalues of the graph G are the eigenvalues of )(GM
DHd

 . Also,all the eigenvalues are 

real,since )(GM
dHD

is real and symmetric.  

We use the following Lemma to prove the Theorems. 

Lemma 2.1[5]: If matrix A is an⁡𝑛 × 𝑛 matrix partitioned as 𝐴 = [
𝐴11 𝐴12

𝐴21 𝐴22
] and 𝐴11,𝐴22 are square matrices. If 𝐴11 is 

non singular then, det(𝐴) = det(𝐴11) det⁡(𝐴22−𝐴21𝐴11
−1𝐴12). Also, if 𝐴22 is non singular then, det(𝐴) =

det(𝐴22) det⁡(𝐴12−𝐴12𝐴22
−1𝐴21). 

 

Lemma 2.2[5]: Let 𝐵 = [
𝐵0 𝐵1
𝐵1 𝐵0

]  be a symmetric 2 × 2⁡ block matrix with 𝐵0⁡𝑎𝑛𝑑⁡𝐵1 are square matrix of same order. 

Then spectrum of B is the union of spectra  𝐵0 + 𝐵1⁡⁡𝑎𝑛𝑑⁡𝐵0 − 𝐵1  . 

Lemma 2.3[5]: If A and B are square matrices then, BnABAIJBAI
n

nn
)1()(

1
−+−=−+

−


, where A and B are 

of same order. 

Theorem 2.4 : For a complete graph 2, nKn  minimum hub D- distance spectra is, 
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Proof:  Let nK  be a complete graph with vertex set  nvvvv ,......,, 321 .The minimum hub number is 0)( =nKh . 
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Therefore, 
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Example 1: 

 

Figure 1 : 4K  
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Theorem 2.5 : For 2n ,the minimum hub D-distance spectra of a star graph 1,1 −nK  is, 
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Proof: Let 1,1 −nK  be a star graph with vertex set  nvvvv ,......,, 210 , 0v  be the centre.The minimum hub set is 

}{ 0vH = . 

Then, 
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By ,Lemma 2.1 
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Example 2: 

 

Figure 2: 3,1K  
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Definition:The bistar mnS , is a graph obtained from 1,11,1 −− mn KandK  joining their centers . 

We use the above definition to prove next theorem, 

Theorem 2.6: For ,3n the minimum hub D-distance spectra of  double nnS ,  is 



 P.R.Hampiholi et al. / IJMTT, 66(12), 44-54, 2020 
 

48 

=)( ,nnHd
Sspec D





































+++−−−−−++++−

−

−−−−−+++−+−+
+−

1

2

}622)1)(1({4)33()33(

1)2(2
2

]763)[(1()22)(4{(4)1173()1173(
)4(

232222

2222

nnnnnnnnn

n

nnnnnnnnn
n

 

Proof: For double star nnS ,  whose vertex set }....,,,.....,,{ 12101210 −−= nn uuuuvvvvV ,the minimum hub set is 
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By Lemma 2.2,
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Example 3: 

 

Figure:3 4,4S  
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Theorem 2.7: For the complete bipartite graph 3,, nK nn , the minimum hub D-distance spectra is, 
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Proof: For a complete bipartite graph 3,, nK nn ,with vertex set }...,,;,....,,{ 321321 nn vvvvuuuuV = , consider a 

minimum hub set to be },{ 11 vuH = . 
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Example 4: 

 

Figure:4 3,3K  
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Theorem 2.8 : For the Friendship graph 2, nF n , the minimum hub D-distance spectra is 0321 =XXX , where 
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Proof: Let 2, nF n ,be the Friendship graph, having }.....,,{ 2210 nvvvvV =  and 0v is the centre and the hub number 

is 1)( =nFh  

































+++++

+++++

+++++

+++++

+++++

+++++

++++++

=

056262626232

506262626232

626205626232

626250626232

626262620532

626262625032

3232323232321

















nnnnn

nnnnn

nnnnn

nnnnn

nnnnn

nnnnn

nnnnnn

M
DHd

 

 



 P.R.Hampiholi et al. / IJMTT, 66(12), 44-54, 2020 
 

53 

IFM n
Hd D

−)( =

)12()12(
56262626232

56262626232

62625626232

62625626232

62626262532

62626262532

3232323232321

++
−+++++

−+++++

++−+++

++−+++

++++−+

++++−+

++++++−

nn
nnnnn

nnnnn

nnnnn

nnnnn

nnnnn

nnnnn

nnnnnn































 

Applying the column operations, 
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We can observe that , the second determinant is of the form, 
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Where 
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−
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


a  and 
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
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=
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Hence, using the Lemma 2.3, 

we obtain the spectra of Friendship graph by solving, 
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Example 5: 

 

 

Figure:5   F2 
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Conclusion: In this paper, we obtain the minimum hub D-distance spectra of complete graph, star gaph, double star graph, 

complete bipartite graph ,friendship graph. 
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