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I. INTRODUCTION

In this paper, by a graph G, we mean non-trivial, finite and undirected graph without multiple edges and loops. For graph
theoretic terminologies we refer[4]

In graph G, the usual distance d(u,v) is the length of the minimum path connecting the vertices u and v of G.

The D-distance d”(u,v) between two vertices of a connected graph G is defined as d? (u, v) = min{d(u,v) + deg(u) +
deg(v) + Y, deg (w)} where sum runs over all the intermediate vertices w in the path and minimum is taken over all u-v
paths in G[1].

The D-eccentricity of any vertex v,e? (v) is defined as the maximum D-distancefrom v to any other vertex that is e? (v) =
max {d® (u,v): u € V(G)},where V(G) is the vertex set of graph G [1].

Let 8, = B, = f5 .... = B, denote different eigenvalues of the matrix Dg(G). Since, this matrix is symmetric , all the De
eigen values are real De spectrum is denoted by spec De and denoted as,

spec De = | B B Ps--Br |
p m; mp, Mz...m,
Where m; is the algebraic multiplicity of the eigenvalues ;, for 1 < i < r [11].

For more details on mathematical aspects of the theory of graph spectra one can refer [2,3,6,7]
The theory of hub number was introduced by M. Walsh[9 ]. Aset H <V (G) s a hubset of G , if it has a property that ,

forany X,y € V(G) —H , thereisa H —path between X, Y .The smallest size of a hub set is called a hub number of

G .A H —path between vertices X, Yy of graph G is a path where all intermediate vertices are from H .

In this article ,motivated by the definition of minimum hub distance matix A, (G) of a connected graph G[10] we define
minimum hub D-distance matix and find minimum hub D- distance spectraof some class of graphs.
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Il. The Minimum hub D-distance spectra of a graph
Let G be a graph of order N with vertex set V = {Vl,vz VAN }and edge set E. Let H be a minimum hub set of a graph
G. The minimum hub D-distance matrix of G is denoted asM , » (G) and defined as
M, (G)=1 if i=j and v,eH

—dP i
=d (vi,Vj), otherwise

The minimum hub D-distance eigenvalues of the graph G are the eigenvalues of M 5 (G) . Also,all the eigenvalues are
Hd

real,since M (G)is real and symmetric.
HD

We use the following Lemma to prove the Theorems.

Ay,
A22
non singular then, det(4) = det(4,;) det (A,,—A,,AT1A;;). Also, if A, is non singular then, det(4) =
det(A,,) det (A;,—A1,A57A51).

o . . A . .
Lemma 2.1[5]: If matrix A isann X n matrix partitioned as A = [All ] and A,,,4,, are square matrices. If A, is
21

B, B . L .
Lemma 2.2[5]: Let B = [BO Bl] be a symmetric 2 x 2 block matrix with B, and B; are square matrix of same order.
1 0

Then spectrum of B is the union of spectra B, + B; and B, — B; .

Lemma 2.3[5]: If A and B are square matrices then, |AI +B(J - I)|nxn = |A— B|n_1|A+ (n —1)B| , Where A and B are
of same order.

Theorem 2.4 : For a complete graph K, , N =2 minimum hub D- distance spectra is,

Spec, o (Ky) = {{](_n ey ) (in_g_l)}

Proof: Let K, be a complete graph with vertex set {Vl,v2 RVARNA'A } .The minimum hub number is h(K ) =0.

0 2n-1 2n-1 --- 2n-1]
2n—-1 0 2n-1 ... 2n-1
M, .o (K)={2n-1 2n-1 0 -e 2n=1

|12n-1 2n-1 2n-1 --- O

The characteristic polynomial

-A 2n-1 2n-1 --- 2n-1
2n-1 -4 2n-1 --- 2n-]
M o (K)=Al|=2n-1 2n-1 -2 - 2n-1

2n-1 2n-1 2n-1 --- -4
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=[A+@n-1]" [A-(n-D(2n-1]

Therefore,

(n=1(2n-1) —(2n-1)
SpeCHdD(Kn):{{l n—1
Example 1:

Figure1: K,

-7 21

SPEC 40 (K3) :{3 1 }

Theorem 2.5 : For N > 2 the minimum hub D-distance spectra of a star graph K, is,

(N’ +n=5)+./(n? +n—5)% + 4{(n+3) - (n—1)(2—n—n?)}

-(n+3) 5

spec,, o (Kipy) =
n-2 1

Proof: Let K, be astar graph with vertex set {VO,Vl,VZ, ...... Vn}, V, be the centre.The minimum hub set is

H={v,}.

Then,
"1 n+1 n+1 - n+1]
n+1 O n+3 -+ n+3
MHdD(Kl,nfl): n+l n+3 0 -« n+3
n+1 n+3 n+3 -~ 0 |
1-42 n+1 n+1 -+ n+1
n+1 -4 n+3 -+ n+3
1-2 n+1)J, .,
Mo (K, )-All=n+l n+3 -1 - n+3=
| . . . . : (n +1)‘]1><n—1 (n + 3){‘] n-1 I n—1}_ Al n-1
n+l n+3 n+3 --- -4
By ,Lemma 2.1
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M o (Kioa) =2 = @= 2)detfi(n+ 343, — 1 b= A, )= (143, 0, 0= ) (043,

_ (1—/1)det{{(n+3)(\]n_l 1) -, (iji)z Jn_l}

(n+1)? ~
) Hoa—{n+3)+ 4l 4]

=[-A-(n+3)]"’[A* -(n* +n=-5)A-{(n-3) - (n-D[(n+3) - (n+1)*1}]

_("*+n-5)£/(n* +n-5)* + 4(n+3) - (n-1)(2-n-n*)}
2

= (1- ) det[{(n+3) -

—[-A—(n+3)]"? [z

So,
(0+3) (n? +n—5)+./(n* +n—5)° + #4(n+3)— (n-1)(2—n-n?)}
Spec,, o (Kins) = 2
n-2 1
Example 2:
Figure 2: K 5
-7 —-3.3282 18.3282
SpeCHdD (Kl,S) 2{2 1 1 }

Definition: The bistar S | is a graph obtained from K, , and K, joining their centers .

We use the above definition to prove next theorem,

Theorem 2.6: For n > 3, the minimum hub D-distance spectra of double S, | is
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(3n% +7n—11)+ /(3% + Tn—11 )2 + 4{(n + 4)(2n + 2) — (N—1)[(-3n? —6n — 7]

2(n-2)

2
1

—(n% +3n+3) +,/(n% +3n+3)% —4{—(n—1)(—n—1)? +2n° + 2n’ + 6n}

Proof: For double star S,
H :{uo’vo}

1
n+?2
n+?2

n+2
2n+1
2n+3
2n+3

M o (Son)=

HdP

|2n+3

Since, this is of the form B = {

By Lemma 2.2,

Spec,, o

(B, +B)—Al,|=

Simplifying,
|(BO + Bl)—ﬂln| =

[ 2—(n+4)]2[2 = (302 + Tn—11)A —{(n + 4)(2n + 2) - (N—1)[-3n> —6n — 7]

n

2

whose vertex set V ={V;,V;,V,

n+2 n+2

0 n+4
n+4 0
n+4 n+4
2n+3 2n+3
2n+5 2n+5
2n+5 2n+5
2n+5 2n+5

BO Bl

Bl B0

(2n+2)- A
(3n+5)J,.. 4

n+2
n+4
n+4
0
2n+3

2n+5
2n+5

2n+5

2n+1
2n+3
2n+3
2n+3
1

n+2
n+?2

n+2

Bn+5)J, .,

2n+3
2n+5
2n+5

2n+5
n+2
0
n+4

n+4

(S,..) is union of spectra of [B; + B, ]and spectra of [B, —B,]

Bn+9)J, , —((n+4)+ ),
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2n+3
2n+5
2n+5
2n+5
n+2

n+4
0

n+4

V, 1,Ug,U;,U,....U , } the minimum hub set is

2n+ 3]
2n+5
2n+5

2n+5
n+2
n+4
n+4
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Spec, . (B, +B,)=

0. (142 (3% +7n—11) /(3% + 7Tn —11)? +4§(n+4)(2n+2)—(n —1)[-3n% —6n-7]
n-2 1

and

(B =By = A= (—:2)_311 (=n —1)3(:]—_(1()5121) N

Simplifying,

(B, —B,) A, |=

[FA-(n+D]" [ +(Bn® +3n+ YA +{-(n-D(-n-1)* + 2n(n + 4) — (n* =1)(-2n)}]
So,

spec,, .o (B, —B,) =

{ (h+4) ~(n* +3n+3)£/(n* +3n+3)* —4{~(n-1)(-n—-1)* + 2n° + 2n® + 6n} }

2
n-2 1

Therefore,

spec, . (Spn) =

(n+4) (3n% +7n—11) +/(3n% + Tn—11 )2 + 4{(n + 4)(2n + 2) — (N—1)[(-3n? — 6N — 7]
2
2(n-2) 1
—(n% +3n+3)+,/(n% +3n+3)° —4{—(n—1)(—n—1)? +2n° + 2n° + 6n}
2
1
Example 3:
Figure:3 S, ,
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4 1 1 1 1

-8 —-26.9564 —-4.0436 69.5574 —4.5574
spec_, (S..)=

Theorem 2.7: For the complete bipartite graph Kn,n ,N >3, the minimum hub D-distance spectra is,

SPec (Kyn)=

{5n? —3n— 3+ /{50 —3n —3}* + 4{(6n? +10n + 4) + (5n +3)* (N —1) — (N—1)(10n? +16n +16)}

-(3n+2) 5
2(n-2) 1
— (% +5n+3) £,/(n% +5n+3)% + 4{(=2n)(3n + 2) — (> —1)(3n + 1)}

2

Proof: For a complete bipartite graph K ,, N> 3 with vertex set V ={u,,U,,Us,....U,;V;,V,,V;..V, }, consider a

nn?

minimum hub set to be H ={u,,v,}.

1 3n+2 3n+2 - 3n+2 2n+1 2n+1 2n+1 --- 2n+1]
3n+2 0 3n+2 --- 3n+2 2n+1 2n+1 2n+1 --- 2n+1
3n+2 3n+2 0 -+ 3n+2 2n+1 2n+1 2n+1 --- 2n+1

M (K )= 3n+2 3n+2 3n+2 --- 0 2n+1 2n+1 2n+1 --- 2n+1
HPAT T on+1 2n+1 2n+1 -~ 2n+1 1 3n+2 3n+2 -+ 3n+2
2n+1 2n+1 2n+1 --- 2n+1 3n+2 0 3n+2 -+ 3n+2

2n+1 2n+1 2n+1 --- 2n+1 3n+2 3n+2 0 -« 3n+2

| 2n+1 2n+1 2n+1 -~ 2n+1 3n+2 3n+2 3n+2 -~ 0 |

BO Bl
Since, this is of the form B =
Bl BO

By Lemma 2.2,

spec_, (K,,)is union of spectra of [B, +B;] and spectra of [B, —B,]
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(2n+2)-1 Gn+3)J,
(B, +B,)— 4l |=

Gn+3)J,.,., Gn+3)J, ,—-((Bn+2)+ I, ,
Simplifying,
|(B0 + Bl)—/lln| =

[ 2—@n+2)]"?[42 —{5n* —3n— 3} —{(6n> +10n + 4) + (5n + 3)> (N —1) — (N —1)(10n° +16n + 6)}]
So,

SpeCHdD (BO + Bl) =

{_ (Bn+2) {5n? —3n— 3+ /{50 —3n — 3} + 4{(6n? +10n + 4) + (5n + 3)> (N —1) — (N —1)(10n® +16n +6)}

2

n-2 1

and
-2n—-A4 n+1)J
|(BO_Bl)_ﬂ«|n|= ( ) n—1x1
(M+DJppy (N+DI,, —(Bn+2)+ )1,

Simplifying,
(B —B,)—Al,|=

[- 2= @n+2)]"2[2% +{=n? + 5n + 34 —{(-2n)(3n + 2) — (> = 1)(3n + 1)}

spec,, .o (B, —B,) =
—(3n+2) (”2+5n+3)i\/(n2+5n+3)2+24{(2n)(3n+2)(nz1)(3n+1)}}
n-2 1
Therefore,
spec (Kyn)=
_(3n+2) {5n? —3n— 3+ /{502 —3n —3}* + 4{(6n% +10n +4) + (5n +3)* (N —1) — (N —1)(10n° +16n +16)}
2
2(“—2) 1
—(n? +5n+3) £,/(n? +5n+3)2 + 4{(~2n)(3n + 2) — (n* —1)(3n + 1)}
2
1
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Example 4:

Figure:4 K,

2 1 1 1 1

-11 1.3523 -10.3523 -10.3375 43.3375
SpeCHdD (K3,3):

Theorem 2.8 : For the Friendship graph F,n > 2, the minimum hub D-distance spectra is |X1||X2||X3| =0, where
X,|=[~4-(@n+6)2-5°]"
|X2| =[(-1+(2n+6))* = (n=D((2n +6)* +5)]

(2n)(2n + 3)? ]
- A1+5+(2n+6)(2n-2)

|x3|=[<1—a>—(

Proof: Let F,,n > 2 be the Friendship graph, having V ={V,,V;,V,.....V,, } and V, is the centre and the hub number
is h(F ) =1

1 2n+3 2n+3 2n+3 2n+3 - 2n+3 2n+3]
2n+3 0 5 2n+6 2n+6 --- 2n+6 2n+6
2n+3 5 0 2n+6 2n+6 --- 2n+6 2n+6

M _ 2n+3 2n+6 2n+6 0 5 -+ 2N+6 2n+6

Hd 2n+3 2n+6 2n+6 5 0 -+ 2n+6 2n+6
2n+3 2n+6 2n+6 2n+6 2n+6 --- 0 5

12n+3 2n+6 2n+6 2n+6 2n+6 --- 5 0 |
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Applying the column operations, C; — (2n + 3){
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1-2  2n+3 2n+3

-A
5

2n+3 2n+6 2n+6
2n+3 2n+6

We get,
1-2-X  2n+3
0 -1
0 5
M EY_all 0 2n+6
woo (F)=A1=) g 2n+6
0 2n+6
0 2n+6
2
Where X — (2n)(2n+3)
—A+5+(2n+6)(2n-2)
Hence

M, o (F)=Al|=1-2-X]

-1
5
2n+6
2n+6

2n+6
2n+6

2n+3 2n+6 2n+6
2n+3 2n+6

2n+3 2n+3

5 2n+6 2n+6

-A 2n+6 2n+6
-A 5

2n+6 5 -1

2n+6 2n+6

2n+6 2n+6 2n+6

C,+C,+........ +C,,

2n+3

2n+6
2n+6

2n+6
2n+6

5
-1
2n+6
2n+6

2n+6
2n+6

2n+3
2n+6
2n+6

2n+6
2n+6

2n+6
2n+6
-1
5

2n+6
2n+6

We can observe that , the second determinant is of the form,

a b b ...b

b ab - b

A= : : . :
b

b b . a

53

- A+5+(2n+6)(2n-2)

2n+3
2n+6
2n+6

2n+6
2n+6

2n+6
2n+6
2n+6

2n+6
2n+6

2n+3
2n+6
2n+6
2n+6
2n+6

|

2n+3 2n+3
2n+6 2n+6
2n+6 2n+6
2n+6 2n+6
2n+6 2n+6

2n+6
2n+6
2n+6
2n+6

2n+3
2n+6
2n+6
2n+6
2n+6

(2n+1)x(2n+1)

2n+6
2n+6
2n+6
2n+6

2n+6
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-4 5 2n+6 2n+6
Where a = c and b =

—/IM 2n+6 2n+62x2

Hence, using the Lemma 2.3,
we obtain the spectra of Friendship graph by solving,

(2n)(2n +3)?
- A+5+(2n+6)(2n-2)

[c4-@n+6)2 =52 "[(=4 + (2n+6))% - (n—1)((2n+6) + H)][(L— 1) — 1=0

Example 5:

Figure:5 F2

-5 —-15 314391 -54391

Spec F,)=
p HdD(Z) 2 1 1 1

Conclusion: In this paper, we obtain the minimum hub D-distance spectra of complete graph, star gaph, double star graph,
complete bipartite graph ,friendship graph.

References

[1] Reddy Babu, D. and P.L.N. Varma D-distance in graphs, Golden Research Thoughts, 2(2013), 53-58.

[2] Philip J. Davis, Circulant Matrices, John Wiley & Sons, NewYork-Chichester-Brisbane, (1979).

[3] S.R.Jog, P.R.Hampiholi and Anjana S Joshi, On Energy of some graphs, Annals of Pure and Applied Mathematics, (2013), 15-21.

[4] Frank Harary, Graph Theory, Addison-Welsy Publishing Co., Reading, Mass-Menlo Park, Calif. London, (1969).

[5] Roger A. Horn and Charles R. Johnson, Topics in matrix analysis, Cambridge University Press, Cambridge, (1994).

[6] Iswar Mahato, R. Gurusamy, M.Rajesh Kannan, and S. Arockiaraj Spectra of eccentricity matrices of graphs, Discrete Appl.Math., 285(2020), 252—
360.

[7] Cam McLeman and Erin McNicholas, Spectra of coronae, Linear Algebra Appl., 435(5) (2011), 998-1007.

[8] Jianfeng Wang, Mei Lu, Francesco Belardo, and Milan Randic, The anti- adjacency matrix of a graph: Eccentricity matrix, Discrete Appl. Math.,
251(2018), 299-309.

[91 M.Walsh,The hub number of graphs,International Journal of Mathematics nd Computer Science,1 (2006),117-124

[10] Veena Mathad,Sultan Senan Mahd, The minimum hub distance energy of a graph, International Journal of Computer Applications,Volume 125-
No0.13(2015)

[11] | Gutman, The energy of graphs,Ber.Math-Statist.Sekt.Forschungsz,Graz,103(1978),1-22

[12] S.B.Bozkurt ,A.D.Gungor and Z.Zhou,Note on distance energy of graphs, MATCH Communication in Mathmaticl and in Computer
Chemistry,64(2020),129-134

[13] S.B.Bozkurt ,A.D.Gungor,On distanc spectral rdius and distance energy of graphs,Linear,Multi Linear Algebra,59(2011),365-370.

54



