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Stability and Hopf Bifurcation of Simplified Fluid
Flow Model for Wireless Network with PD
Control

Na Han *!, Yanhui Zhai"
123chool of mathematical science, TianGong University, Tianjin 300387, China

Abstract — In this paper, based on the control and bifurcation theory, a PD controller is proposed to control the Hopf
bifurcation of the fluid flow model in the wireless network congestion control system. First, communication delay is
selected as a bifurcation parameter to obtain the critical value of communication delay that keeps the original system and
the controlled system stable. When the delay value exceeds the critical value, the system will lose stability at the
equilibrium point and generate Hopf bifurcation. It is found that the addition of PD controller can effectively delay the
generation of Hopf bifurcation, increase the critical value of bifurcation parameters, and expand the stability region.
Besides, the direction of the Hopf bifurcation and the stability of the bifurcating periodic solutions are studied by using the
center manifold theorem and the normal form theory. At last, some numerical simulation results with mathematical
software are confirmed that the feasibility of the theoretical analysis.
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I. INTRODUCTION

In recent years, with the popularization and application of wireless network technology, people pay more and more
attention to the research of wireless network congestion control. A large number of experiments show that the network
congestion control system has nonlinear characteristics, and the system is in an unstable state under abnormal conditions
with bifurcation, chaos and other dynamic characteristics [1]. And congestion may directly lead to higher packet loss rate
the increase of end-to-end delay, and even the crash of the whole system [2-4]. At present, in order to ensure the stable
operation of the network, using bifurcation theory to solve the Internet bifurcation problem has become a research hotspot
for scholars [5-8]. Literature [9-11] studies the Hopf bifurcation problem of wireless network congestion control model,
and selects communication delay as bifurcation parameter. When the delay exceeds the critical value, the system loses
stability and Hopf bifurcation occurs, thus reducing the performance of the system. In the face of these bad behaviors, the
wireless network must be controlled to delay Hopf bifurcation so as to improve the stability of the system. For this reason,
many effective control methods have been proposed, such as delay feedback control [12-13], dynamic delay feedback
control [14], state feedback control [15], mixed control [16-17], etc..In this paper, the proportional differential controller is
applied to the wireless network congestion control system to control the Hopf bifurcation of the system.

Il. MODEL BUILDING

According to literature [10], a simplified fluid flow model for wireless network congestion control is presented
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where W(t) represents the average TCP window size (packets), q(t) is the average queue length (packets), p(t) is the packet
identification probability function, N is the number of TCP connections, C is the queue bandwidth (packet-s?), and R is
the round trip time (seconds). When the queue delay is much less than the transmission delay, it can be assumed that
p(t)=Kq(t). Pu and Pq represent the packet loss probability of downlink and uplink channel respectively and are assumed
to be constant.

First, let the equilibrium point of model (1) be (Wo, o), then it satisfies the following equation:
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A conclusion can be drawn from the reference [10]: for the uncontrolled system, equation (1), when

\/\lac4+4b2 ~a.’ Rl a,
Dy =\—"""FT"——, ]
0 2 o o

o =——arctan

among them,
a, = %(1+ Py )W, Ka —% Ko, b, = —%(1— PU,)K[—%(h Py )W, +%WO}

Q) When R < R, , the system is locally asymptotically stable at the equilibrium point.

2 When R > R, , The system is unstable at the equilibrium point.

3) When R = R, , The system generates Hopf bifurcation near the equilibrium point, and periodic solution appears.

In recent years, many scholars have studied the Hopf bifurcation of wireless network congestion model. In literature
[18], the author studied the Hopf bifurcation problem after adding a state feedback controller to the wireless network
congestion model. In literature [21], the author studied the network congestion model by adding a delay feedback
controller.

Inspired by the above studies, this paper aims to delay the generation of Hopf branch, proportional differential
controller (PD) is added to the wireless network congestion model. In order to add PD controller (PD) to system (1), the
general rule of PD control is first introduced. PD control refers to proportional and differential control, and its rule
expression is as follows:

u(t) =kpe(t) +kq %e(t), (4)

where k; represents the proportional control parameter, kq belongs to the differential control parameter, and e(t) is the
difference between the real-time state variable and the state equilibrium point.
According to Equations (1) and (2), the controlled system with PD controller is obtained:
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For the convenience of writing, write down & = Py, S = B,;,R =7, then the above model is further rewritten as

1 |1 (1+a)W?(t)—2aW(t)
1_kd T 2T

. k
W(t) = Kq(t—-17) +ﬁ(\N(t) W),
—Ky

®)
q(t) :@wa)—c.

I1l. STABPLPTY AND LOCAL HOPF BIFURCATION ANALYSIS

Obviously, the equilibrium point of the controlled system (5) is the same as that of the original system (1), which
means that the structure of the original system will not be changed after PD controller is added.
Let Y,(t)=W(t)-W,, and Y, (t) =q(t)—q, . After linearizing the controlled system (3) at the equilibrium point, the

linearization equation is

Y.1('0 =a Y (t) +a,Y, (t—7),

: (6)
Yo (t) =DbyY; (1)
Among them
Kl+a Ka k Kl+a Ka
T(1-kq) T(1-kq) 1-ky 2r(1-ky) T(1-Kky)
The characteristic equation of the system (6) is
2 —al-abe™ =0. )
Lemma 1. when z < 7, the characteristic roots of equation (7) have a negative real part.
242
Proof. Using quadratic approximation e =1—Ad +% , the above equation becomes
bz, -
(:I-—T)/1 +(aghr—a; )4 —a,b, =0. €))

Routh-Hurwitz stability criterion shows that the closed-loop system is stable if and only if all values are greater than
zero, that is, the following coefficient conditions are satisfied

1- allz)lT >0,a,b,7—a; >0,a,b, >0
that is
a,b, <0 , a, <0.
As 7 gradually approaches zero, equation (7) has no non-negative real part roots, and the system (5) is stable;

When z increases gradually, as long asz is small enough, the system (5) is still stable with critical delay 7, so that
whenz e (0, 7,), Re(4) <0in equation (7), the proof is done.

Lemma 2. If wyz, < % is true, then when 7 =z, equation (7) has a pair of pure virtual roots 1 = +ic, , where

—a,” ++/a," +4a,%b,’
0)0 =

2

: ©
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1 a
7y = —arctan(-—).
@ @

(10)

Proof. First we assume that 1 =iw(w >0) is a root of the characteristic equation (6), then it satisfies the following

equation
—® —iwa, —bjae ™ =0,

that is

—? —iwa, —bja, (coswr —isinwr) = 0.

The separation of the real and imaginary parts, it follows

—w? —bya, cosar =0,
—a,w+ba,sinwr =0.

From (10) we obtain

So, we can get

J— a’ ++/a," +4a,%b,’
w =

2

1 a
7, = —arctan(——).
20 120)

For k =0, then

—a,% +ya +4a,°b’
a)o =

2

1 a
7, = —arctan(——=).
20 20)

That is, when 7 =17,, A =ziw, is a pair of pure virtual roots of the characteristic equation (6), the proof is done.

(11)

(12)

(13)

(14)

Lemma 3. If A(r) =a(r)+iw(z)is the root of the characteristic equation (8) and the conditions «(zy)=0 and

- o di . _ .
w(ry) = w, are satisfied, then the transversely condition Re(d—) ! |;—, >0 istrue.
%o

Proof. By differentiating both sides of equation (7) with regard to 7 and applying the implicit function theorem, we have :

i, —Jabe™” |
dR 7 21-a +abet T
_ —iabjay(cosmyr —isinw,r)
2imy —ay +a,byr(cos wyr —isin wyr)

_ —layhyo, coswyr —a,byw, sin wyr
12y —7sinwy7) + (a7 coswyr — ) '

So

- 2a)02a2b1 COS@y7 + aya,by @, Sin w7

di
RE(—) Ir:ro = . 2 2"
dR (2awy —7Sinwyr)* + (abrcoswyr —a;)

Because a,b; <0, g <0, we know
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da
Re(—)|,_, >0.
(dT)IHO

Obvious
. di ., . dA
sign RE(E) |r—, = sign RE(E) lr—,> 0.
The proof is done.
Lemma 4. When 7 > z,,, equation (7) has at least one root with a positive real part.
According to the above lemma and the Hopf branch theorem of delay differential equation in reference [22], we can
reach the following conclusion.
Theorem 1. For the controlled system (5), the following conclusion holds:
(1) When 7 < 7, the controlled system is asymptotically and uniformly stable near the equilibrium point (Wo, do);
(2) When 7 =z, the controlled system generates Hopf branch at the equilibrium point (Wo, 0p);

(3) When z > 7, the controlled system is unstable at the equilibrium point (Wo, Qo).

IV. DIRECTION AND STABILITY OF THE HOPF BIFURCATION

In the analysis in the previous section, we have obtained the conditions for the system to generate Hopf branch. In this
section, we will use the normative theory and the central manifold theorem in literature [19-20] to study the characteristics
of model (5), such as the direction of generating Hopf branch and stability of periodic solution of branch.

First we consider the Taylor expansion of model (5) at equilibrium (Wo, o):

Y, (1) = 8y, () + 8, Y, (t— 7) +85Y, 2 () +@,Y; ()Y, (E— 7) + @Y, 2 (E)Y, (- 7),
Y, (t) = byY; (8).

(15)

Among them
K(l+a) Ka Kq Kl+a) ., 2 Ka K(l+a)
a =- Wy0o + + yAy =— W, + Wy,a3=——"""-09,
Tor—ky) 0% r(l—kd)qo 1-ky "2 2r(-kg) °  rl-kg) O ° 2r(l—kd)q0
Kl+a)w, —2Ka Kl+a N
g, =Koy —2Ka  Kva) o Ny g
2r(1-kq) 67(1-kyq) T

For the sake of research, let 7 =174+ z, u(t) = (Y,(t),Y,(®))" and u, () =u(t+6), O < [—T,O) , then ¢z =0 means that

the model (5) generates Hopf branch at z, . Model (5) can be expressed as the following functional differential equation:

u(t) =L, +F(u,, &), (16)
there
L, = Bip(0) + Bogp(—7). (17
And
Fp) = {33(012 O+aunelt -0+ asi” (Vs (- r)} 18)

Where L, is a bounded operator of C([-7,0]z%) -z and ¢(6) = (¢1(6),9,(6))" €C[-7,0].
0 0
Bl = al [l BZ = az [l
b, 0 0 0
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By the Riesz representation theorem, there exists a bounded variation function 7(6, 1) : [-7,0] = R>?, such that

0
Lup=[_dn(6.4)p(6).p<C. (19)
In fact, we can choose
70, 11)= B,5(60) + B,5(0+ 7). (20)
Here 5(0) is a Delta function. The operators A and R are defined as follows:
d(eO) (ngg)) , 0 €[-7,0),
A(u)p(0) = (21)

[ dw@.mot). o=o.

0, 0 e[-7,0),
R 0)= 22
(1)9(0) {F(ﬂ, 0. 6=0. (22)
Then equation (16) can be rewritten into the following form:
U = AQ)u, +R()U;. (23)
For e C'[0,1], we define the adjoint operator A"(0) of A(0) as
_dy(s) s<(0.7]
A=  * (24)
[ e cow sy, s=o.
For ¢(0) e C[-7,0) and y € C[0, 7], we define a Bilinear form
0 0
<vio= OpO-[ [ 7(E-0ldn@Ne&)ds, (25)

where 7(6) =7r(6,0) ‘

Lemma 5. The eigenvectors q(6) =Ve'®’ and q*(s)=DV o710 are respectively the eigenvectors corresponding to
the eigenvalues iw, and —iw, of A(0) and A*(0), and

<q",9>=1 <q",q>=0,
where

Vo)V oy BTV eV T
|0)0 al + |a)0

Proof. Since tiw, is the eigen value of A(0), they are also eigen values of A*(0). In order to determine the standard form

of the operator z,, let's assume that q(¢) and q*(s) are eigen vectors corresponding to A(0) and A*(0) 's eigen values i,

and —iay , respectively.

(26)

{A(O)Q(Q) =iayq(9),
A"(0)a"(s) =i@pq” (s).

From (19) and (21), (26) can be written as
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da(6)
de
L(©)d(0) =iwea(0), 0 =0.

=iw,q(0), 0 €[-7,0).
Therefore,

q(6) =q(0)e'™’, 6e[-,0].
q(0) = (,(0),9,(0))" e C?is a constant vector, which can be obtained from (17) and (26)

B,(0) + B,e "*™q(0) = iwy1q(0),

we get
1 1
q(0) =[ J{i}
pl ia)o
we make
V=q0) =2,
i@y,
then
q(6) =Ve'®? .

For non-zero vectors q*(s),s [0, z], we have

B,'q"(0)+B, e q"(0) +iaylq*(0) =0.

P __ b
q*(0)=( 12j= i + 2y |-
1

Vg O = (2 )

|a)0 +al

Similarly

We make

Theng*(s) =V "e7'° , we make q*(s) = DV *e'®* .

Now let's prove that < q",q>=1and <q",q>=1, from equation (25), we get

([@a)=a"a@-[ [ 0 -oun@ns

— —T 0 0 —T . .
~DIV* V- L V' e 0 p(gVelde]

=—7095=0
— —*T 0 —*T 100
=DIV' V| V' [dn@)e V]

— —T . —T
= D[\/’k \Y —Toeilmorov* Bzv]
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So, let D = [\FTV —roe‘i”’OTO\FT B,V1™, we can obtain <q”,q>=1.
Since (v, Ap) = <A*y/,(p>, we have
—imy (07, T)=(q", AT) = (A'q".T) = (-io,q". T) =i, (0", 7). (29)

Therefore < q*, g >=0, this completes the proof.

Next, we will use the method proposed by Hassard et al. to construct coordinates on the central epidemic C, at
W, (6) . Define

z(t)=<q",u, >, (30)
and
W(t,0) =u,(0) —2Re{z(t)q(0)}- (1)
On the center manifold C,, we have
W (t,0) =W (z(t),Z(t),0). (32)

2 2

Where W (z,Z,6) =W, (9)%+W11(¢9)27 W, (3)%+....

For central manifold Cy, z and Erepresent the local coordinates of the central epidemic in the directions of qand

q* respectively. If u; is real, then W is real, and we're only looking at the real solution here, Since 1 =0, it is easy to see

that
2(t) =(q", ) = (", (A0) + R(0)) 11,)
=<q", Ay, >+<q", Ry, > (33)
=iw,z+q " f,(2,7).

Abbreviate (33) as follows

2(t) =iw,z+9(z,7), (34)
Where
ZZ =52
g(zif):gzo?+gllzz+goz?+"" (35)

from (23) and (35), we have

AW —2Req" (0)f,(z,2)q(0), 0cl-7%0) ()

W =t,-2q-7¢= -
{AW—ZRe{q* ©) fo(z.Da(O)}+ fo(z.2), 6=0

The above equation can be rewritten as

W =AW +H(z,2,0). (37)
Where
Z2 72
H(z,z,@):Hzo(@)?Jr H,(0)zz + H02(9)7+---. (38)
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On the other hand, on the central manifold C, there is
W =W,z+W,Z.
Substitute Equations (33) and (35) for W, and Z into (39), respectively, we can get another expression of W

W = iw0W20(0)22 —iwW,, (A7 +---.
Comparing the coefficients of the above equation with those of (38) and (41), we get

(A=2i,)W,(0) = —Hy, (0),
AW, () =-H,(0),
(A+ 21, )Wy, (0) = —H, (0).

Notice that u, (8) =W (z(t), Z(t),#) +zq+zq and g(8) = (L, p,)" &’ , we have
W(z,7 : 1) .
u, = %(t+6) (W (z.2,0) +1 1 e’ 17| _ e,
X, (t+0) W (z,7,0) Py Py

. . 2 52
Y, (t+0) = 26 + 7670 4 W, () % +W,, P ()22 +W,,® (6) % o,

Therefore, we can obtain

2 52
. — ; ) .
Therefore, we have
2 =2
?(0)=2+7 +W,)(0) % +W, (0)2Z +W0 (0) % o,
0 (0) = 2% + 222 + 22 +[2W;; 7 (0) + W, (0)]2%Z +---,
' ' 2 @ 2w @ I
Py (=70) = 2pp " + Zpje' P +W11( (—70)2Z +Wyq (_TO)? +Wp, (—10)7 e,
21(0)9, (—79) = pre ' 0 2% + (1! + pre 0% )27 + pre' 070 72

+ [\Nll(Z) (=79) + %Wzo(z) (=70) + % 5leiw°TOW20(l) (0)+ Plefiworowll(l) (0)]z 27+

(/’12 V)@, (-70) = (Eeiw"r" + 2,0164’”0’0 227+,

From (34) and (35), we obtain

fo(z,2)=[ .

Kyz2 +KyzZ + KoZ2 + K4222J

Where

—iawyry
H

K, =285 +a,(pie' ™™ + pre ™),
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K3 = a3 + a4/_)16|w°T° y

1 1_ T — —lw,T,
Ky = a5[2W3;V (0) + Wo™ (0)] + a4 Wy, ® (~7) + szo(z) (=70) + 2 P10 W, @ (0) + pre 0o, (0)]
+a5 (P70 + 2 eI,

Since §*" (0) = D(p,,1) , we obtain

9(z.2)=q" (0)fo(z,2)

— _ (K22 +K,2Z +K,7% +K,2°Z
=D(p2,1)(1 2 03 4 J

=Dp, (K z? + K, 22 + K372 + K, 2%2).

Comparing the coefficients of the above equation with those in (35), we have

Q20 = 25/_72K1’ O = Bﬁsz’

_ _ (43)
Jo2 =2D ;K3 951 =2Dp,K,.
In order to get the value of g,,, we also need to compute w, (9) and W,,(9). For 8 €[-7,,0), we have
H(2,2,60) =-2Re[q"" (0) fo (2, 2)a(0)]
2? - 72
=—(920?+ 01122 +9027+“')Q(‘9) (44)

22 Z2
—(T2 > + 01172+ Q2 > +--)q(6).
Comparing the coefficients of the above equation with those in (38), we have
Hzo (0) = —QZOQ(Q) - gozq(e)v (45)
H11 (0) =-0,,9 (0) - gllq(e)
When =0, we have
H(z,2,0) = -2Re[q " (0) fy (2, 2)a(0)] + fo(2,2)

72 _ 72
=—(92 7+ 01122+ oo 7+“‘)Q(0)

52 2 2 - =2 2=
_Z _ - _ 1 _ Kz +K,zZz+K,z° +K,z°Z
—(gzo7+91122+9027+“')Q(O)+[ ! 2 0 3 4 ]

Comparing the coefficients with (44), we have

K
H0(0) = —09200(0) — G0q (0) + 2( Olj’

< (46)
Hy,(0) = —93,0(0) — §1,a(0) +( 02 j

Using (46) and (50), we obtain
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W, (0) = 920 q(0)e'” + ;gﬁ q(0)e "’ + E2,

“* o (@)
W, (6) == q(0)e™ + 22 G (0)e ' + E,.
0 0

Where E, = (E®,E2) e R?,E, = (EY, EZ) e R?are two two-dimensional vectors.

According to the definition of A(Q) and formula (41), we have

J‘OT dn(GWoy(0) = 2iwgW,4(0) — H 50 (0),

[ dn@mn(@ =+, 0)
And

2y -IO e'’d7(6))q(0) =0,

-7

(il - [ e dn(@)a() =0

To

Hence, we can get

(iayl - f e 4 (0))E, = 2(K1],

0
0 K
(], dn(@NE, = —( N J

20, -3, —a,e 2\ E,W (K
-b, 2o, ) E® 0)

Therefore, we have

and

48
a &Y EY) (K, (48)
b, 0 E2(2) “lo S
By calculation, we have
E® = 1400 (a3 + a4/319_iw010?
- 4(002 - 2ia1a)0 - azble_ZIworo (49)
@ __ 2@+ aype )
Y 4wy? - 2iaym, —a,be 2
EM =0,
E@ _ 285 +a,(pe" "™ + pe ") (50)
5 = .

a,

Based on the above analysis, we next determine several important values of the properties of Hopf periodic solutions at

the critical value 7 :
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Ci(0) = ;70(920911 - 2|911|2 —%|902|2) +%’
__Re{C,(0)}
27 Re{A'(0)}’ (51)
B =2Re{C,(0)},
_Im{C, (0)}+ 41, (IM{ 2'(0)}) .

T2:

120
Theorem 2. In the case of system (5), the conclusion holds:
) The direction of the Hopf bifurcation is determined by the parameter . Ifz, >0(u, <0), the Hopf

bifurcation is supercritical (subcritical) .
2 The value of g, determines the stability of Hopf bifurcation periodic solution. If 3, <0 (3, >0), then the

branching periodic solution is asymptotically stable (unstable).
3) The value of T, determines the period of the Hopf bifurcation periodic solution. If T, >0 (T, <0), then the

period of the periodic solution increases (decreases).

V. NUMERICAL SIMULATION

In this section, we verified the validity of the above theoretical analysis results by using mathematica, a mathematical
software, for numerical simulation. In order to facilitate the comparison, we chose the same parameters as the literature:
N =50,K =0.001,C =1000, = 5 =0.1.

When ky =k, =0, the system (5) is in the state of no control system, which can be obtained by calculation:

W, =4.4444, p, =0.0960, r, = 0.2103, w, = 3.0620,
When 7 =0.2<7,is taken and z € (0,7,) is known, the system (1) is asymptotically stable at the equilibrium point, as
shown in Fig. 1. When 7z =0.24 > ¢, the system (1) loses stability at the equilibrium point, Hopf bifurcation occurs and
the system is in the limit cycle state, as shown in Fig. 2. Next, the control effect is verified. The above parameters are still

selected. By selecting an appropriate PD control coefficient of ky =-0.5andk, =-0.5, whenz =0.24, the system finally

stabilizes at the equilibrium point, as shown in Fig. 3. However, asz continues to increase, as inz =0.29, the wireless
network congestion model with PD controller added still generates Hopf branch, and the system loses stability, generating
limit cycle, as shown in Fig 4. Then, by selecting PD control coefficient k; =-5andky =-5, when 7 =0.29, the system
finally stabilizes at the equilibrium point, as shown in Fig. 5. Therefore, choosing an appropriate PD control coefficient
can delay the Hopf branch.

VI. CONCLUSIONS

Based on the simplified mathematical model of wireless congestion control algorithm, this paper studies a wireless
congestion control fluid flow model with PD controller. On the basis of theoretical analysis, we simply introduce the Hopf
bifurcation behavior of the controlless system model. In order to delay this behavior, PD controller is added. By selecting
appropriate control parameters, we can get the critical value of communication delay to keep the controlled system stable,
thus effectively delaying the generation of Hopf branch.However, when the delay is large, the system will still block, or
even crash.The numerical simulation results verify the correctness of the theoretical analysis. Therefore, we come to the
conclusion that although the bifurcation behavior is not eliminated by PD controller, we can effectively delay the
generation of Hopf branch, expand the stable interval of wireless network, and achieve better service performance of
wireless network.
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