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Abstract 

Let G be amolecular graph with vertex set V(G) and edge set E(G). We introduce a new topological index namely 

Contra Harmonic index which is defined as 

𝐶𝐻(𝐺) = ∑
𝑑(𝑢)2 + 𝑑(𝑣)2

𝑑(𝑢) + 𝑑(𝑣)
𝑢𝑣∈𝐸(𝐺)

 

where d(u) and d(v) are the degree of the vertices u and v.In this paper, we obtained bounds for contra harmonic index of 

graphs. 
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I. INTRODUCTION 

Molecular graphs are chemical graphs in which vertices corresponds to individual atoms and edges to chemical bonds 

between them. Molecular graphs are necessarily connected graphs. A single number that can be used to characterize the graph 

of a molecule is called a topological index. Such a number is referred to by graph theorists as a graph invariants[8]. The interest 

in topological indices is in the main related to their use in non-empirical quantitative structure – property relationships (QSPR) 

and quantitative structure – activity relationships (QSAR).The first and second Zagreb indices M1(G) and M2(G)  were 

introduced 30 years ago byGutman and Trinajstic [3]. They are defined as  

𝑀1(𝐺) = ∑ 𝑑(𝑣)2

𝑣𝜖𝑉(𝐺)

 

𝑀2(𝐺) = ∑ 𝑑(𝑢)𝑑(𝑣)

𝑢𝑣∈𝐸(𝐺)

 

For any real α, the generalisedrandic number Rα(G) is defined in [5]as follows 

𝑅𝛼(𝐺) = ∑ (𝑑(𝑢)𝑑(𝑣))
𝛼

𝑢𝑣∈𝐸(𝐺)

 

In 1980, SiemionFajtlowicz introduces harmonic index [6] which are defined as follows 

H(G) = ∑
2

𝑑(𝑢) + 𝑑(𝑣)
𝑢𝑣∈𝐸(𝐺)

 

https://www.ijmttjournal.org/archive/ijmtt-v66i12p516
http://www.internationaljournalssrg.org/
http://creativecommons.org/licenses/by-nc-nd/4.0/
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The inverse sum indeg index (ISI index) of a graph G is defined in [13] as follows  

𝐼𝑆𝐼(𝐺) = ∑
𝑑(𝑢)𝑑(𝑣)

𝑑(𝑢) + 𝑑(𝑣)
𝑢𝑣∈𝐸(𝐺)

 

In this paper we introduced a topological indices namely Contra Harmonic indexCH(G) is defined as the sum of the 

term
𝑑(𝑢)2+𝑑(𝑣)2

𝑑(𝑢)+𝑑(𝑣)
over all edges uv of graph G.  

𝐶𝐻(𝐺) = ∑
𝑑(𝑢)2 + 𝑑(𝑣)2

𝑑(𝑢) + 𝑑(𝑣)
𝑢𝑣∈𝐸(𝐺)

 

The Contra Harmonic Co – index is defined as the sum of the term 
𝑑(𝑢)2+𝑑(𝑣)2

𝑑(𝑢)+𝑑(𝑣)
for every edge not in G. 

𝐶𝐻̅̅ ̅̅ (𝐺) = ∑
𝑑(𝑢)2 + 𝑑(𝑣)2

𝑑(𝑢) + 𝑑(𝑣)
𝑢𝑣∉𝐸(𝐺)

 

Theorem 1 

Let 𝐺 be a moleculargraph with 𝑛 vertices and 𝑚 edges. Then 𝐶𝐻(𝐺)  ≥  2𝑚. 

Proof: 

We have 𝑥2 + 𝑦2 ≥ 2(𝑥 + 𝑦) , ∀ 𝑥, 𝑦 ≥  2 

Put 𝑥 =  𝑑(𝑢) and 𝑦 =  𝑑(𝑣) 

d(u) 2 + d(v) 2 ≥ 2(d(u)  + d(v) ) 

d(u) 2 + d(v) 2

d(u)  + d(v)
≥ 2 

Taking summation over all edges, we get  

∑
𝑑(𝑢)2 + 𝑑(𝑣)2

𝑑(𝑢) + 𝑑(𝑣)
𝑢𝑣∈𝐸(𝐺)

≥ ∑ 2 = 2𝑚
𝑢𝑣∈𝐸(𝐺)

 

𝐶𝐻(𝐺)  ≥  2𝑚 

Theorem 2 

For any molecular graph G, CH(G) ≤ M1(G) 

Proof: 

For any non negative integer a and b,we have √𝑎 + 𝑏 ≤ √𝑎 + √𝑏 

Substitute 𝑎 = d(u)2 and 𝑏 = d(v)2 
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√d(u)2 + d(v)2 ≤ √d(u)2 + √d(v)2 

                     = d(u)  + d(v) 

Squaring on both sides, 

d(u) 2 + d(v) 2 ≤ (d(u) + d(v))2 

d(u) 2 + d(v) 2

d(u)  + d(v)
≤ d(u)  + d(v) 

Taking summation for all edges, we have 

∑
𝑑(𝑢)2 + 𝑑(𝑣)2

𝑑(𝑢) + 𝑑(𝑣)
𝑢𝑣∈𝐸(𝐺)

≤ ∑ d(u)  + d(v)
𝑢𝑣∈𝐸(𝐺)

 

CH(G) ≤  𝑀1(𝐺) 

Theorem 3 

For any molecular graph G, CH(G) =  𝑀1(𝐺) − 2 𝐼𝑆𝐼(𝐺) 

Proof: 

CH(G)  =  ∑
𝑑(𝑢)2 + 𝑑(𝑣)2

𝑑(𝑢) + 𝑑(𝑣)
𝑢𝑣∈𝐸(𝐺)

 

= ∑
[𝑑(𝑢) + 𝑑(𝑣)]2 − 2𝑑(𝑢)𝑑(𝑣)

𝑑(𝑢) + 𝑑(𝑣)
𝑢𝑣∈𝐸(𝐺)

 

= ∑ [𝑑(𝑢) + 𝑑(𝑣)] − 2 ∑
𝑑(𝑢)𝑑(𝑣)

𝑑(𝑢) + 𝑑(𝑣)
𝑢𝑣∈𝐸(𝐺)𝑢𝑣∈𝐸(𝐺)

 

=  𝑀1(𝐺) − 2 𝐼𝑆𝐼(𝐺) 

 

 

Note 

The arithmetic geometric inequality 

Let 𝑥1, 𝑥2, … , 𝑥𝑛 be positive numbers. Thenwe have
𝑛

1

𝑥1
+

1

𝑥2
+⋯+

1

𝑥𝑛

≤ √𝑥1𝑥2 … 𝑥𝑛
𝑛 .  

Theorem 4 

For any molecular graph G, 𝑀1(𝐺) − 𝑅1

2

(𝐺) ≤ 𝐶𝐻(𝐺). 
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Proof: 

From the above note, for n = 2, put 𝑥1 = 𝑑(𝑢)and 𝑥2 = 𝑑(𝑣), then 

2
1

𝑑(𝑢)
+

1

𝑑(𝑣)

≤  √𝑑(𝑢)𝑑(𝑣)2
 

√𝑑(𝑢)𝑑(𝑣)2
≥

2𝑑(𝑢)𝑑(𝑣)

𝑑(𝑢) + 𝑑(𝑣)
 

=
[𝑑(𝑢) + 𝑑(𝑣)]2 − [𝑑(𝑢)2 + 𝑑(𝑣)2]

𝑑(𝑢) + 𝑑(𝑣)
 

=
[𝑑(𝑢) + 𝑑(𝑣)]2

𝑑(𝑢) + 𝑑(𝑣)
−

𝑑(𝑢)2 + 𝑑(𝑣)2

𝑑(𝑢) + 𝑑(𝑣)
 

= [𝑑(𝑢) + 𝑑(𝑣)] −
𝑑(𝑢)2 + 𝑑(𝑣)2

𝑑(𝑢) + 𝑑(𝑣)
 

Taking summation for all edges 

∑ √𝑑(𝑢)𝑑(𝑣)2
≥

𝑢𝑣∈𝐸(𝐺)

∑ [𝑑(𝑢) + 𝑑(𝑣)]  − ∑
𝑑(𝑢)2 + 𝑑(𝑣)2

𝑑(𝑢) + 𝑑(𝑣)
𝑢𝑣∈𝐸(𝐺)𝑢𝑣∈𝐸(𝐺)

 

𝑅1

2

(𝐺) ≥ 𝑀1(𝐺) − 𝐶𝐻(𝐺) 

Theorem 5 

For any molecular graph G with n vertices and m edges, the inequality  

CH(�̅�) ≤ (𝑛 − 1)2�̅�(𝐺) + 𝐶𝐻̅̅ ̅̅ (𝐺) − 𝑛(𝑛 − 1)2 + 2(𝑛 − 1)𝑚 

holds if d(u)  +  d(v)  ≤  n − 1 for every edge not in G.  

Proof: 

CH(�̅�)  =  ∑
𝑑 (

𝑢

�̅�
)

2

+ 𝑑 (
𝑣

�̅�
)

2

𝑑 (
𝑢

�̅�
) + 𝑑 (

𝑣

�̅�
)𝑢𝑣∈𝐸(�̅�)

 

= ∑
[𝑛 − 1 − 𝑑 (

𝑢

𝐺
)]2 + [𝑛 − 1 − 𝑑 (

𝑣

𝐺
)]2

[𝑛 − 1 − 𝑑 (
𝑢

𝐺
)] + [𝑛 − 1 − 𝑑 (

𝑣

𝐺
)]𝑢𝑣∈𝐸(�̅�)

 

= ∑
2(𝑛 − 1)2 + 𝑑 (

𝑢

𝐺
)

2

+ 𝑑 (
𝑣

𝐺
)

2

− 2(𝑛 − 1) [𝑑 (
𝑢

𝐺
) + 𝑑 (

𝑣

𝐺
)]

2[𝑛 − 1] − [𝑑 (
𝑢

𝐺
) + 𝑑 (

𝑣

𝐺
)]𝑢𝑣∈𝐸(�̅�)
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≤ ∑
2(𝑛 − 1)2 + 𝑑 (

𝑢

𝐺
)

2

+ 𝑑 (
𝑣

𝐺
)

2

− 2(𝑛 − 1) [𝑑 (
𝑢

𝐺
) + 𝑑 (

𝑣

𝐺
)]

[𝑑 (
𝑢

𝐺
) + 𝑑 (

𝑣

𝐺
)]𝑢𝑣∈𝐸(�̅�)

 

= ∑
2(𝑛 − 1)2

[𝑑 (
𝑢

𝐺
) + 𝑑 (

𝑣

𝐺
)]𝑢𝑣∈𝐸(�̅�)

+ ∑
𝑑 (

𝑢

𝐺
)

2

+ 𝑑 (
𝑣

𝐺
)

2

[𝑑 (
𝑢

𝐺
) + 𝑑 (

𝑣

𝐺
)]

+ ∑
−2(𝑛 − 1) [𝑑 (

𝑢

𝐺
) + 𝑑 (

𝑣

𝐺
)]

[𝑑 (
𝑢

𝐺
) + 𝑑 (

𝑣

𝐺
)]𝑢𝑣∈𝐸(�̅�)𝑢𝑣∈𝐸(�̅�)

 

= (𝑛 − 1)2 ∑
2

[𝑑 (
𝑢

𝐺
) + 𝑑 (

𝑣

𝐺
)]𝑢𝑣∉𝐸(𝐺)

+ ∑
𝑑 (

𝑢

𝐺
)

2

+ 𝑑 (
𝑣

𝐺
)

2

[𝑑 (
𝑢

𝐺
) + 𝑑 (

𝑣

𝐺
)]

− 2(𝑛 − 1) ∑ 1
𝑢𝑣∉𝐸(𝐺)𝑢𝑣∉𝐸(𝐺)

 

= (𝑛 − 1)2�̅�(𝐺) + 𝐶𝐻̅̅ ̅̅ (𝐺) − 2(𝑛 − 1) [
𝑛(𝑛 − 1)

2
− 𝑚] 

= (𝑛 − 1)2�̅�(𝐺) + 𝐶𝐻̅̅ ̅̅ (𝐺) − 𝑛(𝑛 − 1)2 + 2(𝑛 − 1)𝑚 

Theorem 6 

For any molecular graph G with n vertices and m edges and let p be the number of pendant vertices in graph G, then CH(�̅�) ≤

(
1+∆2

1+𝛿2
) 𝑝 +

∆2

𝛿2
(𝑚 − 𝑝). 

Proof: 

CH(G)  =  ∑
𝑑(𝑢)2 + 𝑑(𝑣)2

𝑑(𝑢) + 𝑑(𝑣)
𝑢𝑣∈𝐸(𝐺)

 

=  ∑
𝑑(𝑢)2 + 𝑑(𝑣)2

𝑑(𝑢) + 𝑑(𝑣)
+ ∑

𝑑(𝑢)2 + 𝑑(𝑣)2

𝑑(𝑢) + 𝑑(𝑣)
𝑢𝑣∈𝐸(𝐺)

𝑑(𝑢),𝑑(𝑣)≠1

𝑢𝑣∈𝐸(𝐺)

𝑑(𝑢)=1

 

= ∑
1 + 𝑑(𝑣)2

1 + 𝑑(𝑣)
+ ∑

𝑑(𝑢)2 + 𝑑(𝑣)2

𝑑(𝑢) + 𝑑(𝑣)
𝑢𝑣∈𝐸(𝐺)

𝑑(𝑢),𝑑(𝑣)≠1

𝑢𝑣∈𝐸(𝐺)

𝑑(𝑢)=1

 

≤ ∑
1 + ∆2

1 + 𝛿
+ ∑

∆2 + ∆2

𝛿2 + 𝛿2

𝑢𝑣∈𝐸(𝐺)

𝑑(𝑢),𝑑(𝑣)≠1

𝑢𝑣∈𝐸(𝐺)

𝑑(𝑢)=1

 

= (
1 + ∆2

1 + 𝛿
) 𝑝 +  

∆2

𝛿2
(𝑚 − 𝑝) 
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