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Abstract: This paper uses Stein’s method for Poisson and negative binomial distributions together with the
covariance associated with the generalized Waring random variable to determine error bounds for measuring
the accuracy of approximations of generalized Waring distribution with parameters (a,kt, o) in a generalized
Waring process, where a>0, k>0, p>0 and t>0.The bounds in the present study are pointed out that (i) for

c= pT‘l >0, the generalized Waring distribution can be approximated by the negative binomial distribution with

parameters (a,ﬁ) when ¢ and/or k are large and (ii) for =20, the generalized Waring distribution with

parameters (a,kt,c) can be approximated by the Poisson distribution with mean it when ¢ is large or At is
small.
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I. INTRODUCTION
Let the counting process {N(t), t>0} be a generalized Waring process with parameters (a,k,p), where
a>0, k>0 and p>2. Then the process has to satisfy the following conditions: (i) N(0)=0, (ii) N(t) is a
Markov process, (iii) N(t+h)—N(t) has a generalized Waring distribution with parameters (a,kh,p) for h>0
and ([12]). The condition (iii) indicates that N(t) has a generalized Waring distribution GW (a,kt, p) with the
probability function as follows:
1 P a(ny (k) n)
nl@+p) ) (p+a+kt)p)’

where o = r(r"a)ﬂ), a>0and g>0. The mean and variance of N(t) are uyg = E[N(®)]= ;—‘i‘l and of =
akt(p+kt—1)(p+a—1)
(p-2(p-1*
modeling informetric data ([3]) and in the context of modeling web access patterns ([12]).
Let us consider the probability function in (1.1), it can be expressed as
T'(a+n)T(po+a)(p+kt) T'(kt +n)
(a)n! '(p) C(k)[(p+kt+a+n)’
Let &(akt, p) :% , We have
I'(p-D+a+l) 1
T((p-1)+1) [((p-1+kt)+a+1)
T((p-1+kt)+1)
_(p—l+a]l"((p—l)+a) 1

p-1 I'(p-1) p-l+kt+a\ T((p—1+kt)+a)
p-l+kt | T(p-1+kt)
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[(p-1+kt)(p-1+kt)?

P(N(t) =n) = ne{0.1..}, (1)

Var[N(t)] = respectively. Applications of the generalized Waring process can be found in

PIN® =n) =

ne{0,1..}. 2)

s(akt,p) =

I'(p+a)l'(p+kt)

Replacing &(a,kt, p) = (o) (pikira)

in to (2), we obtain
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From (4), it can be seen that if p,k >« and pjfm tends to a constant, then by the property (15) in [7] and

using [11], it follows that g(a,kt,;;)—>(pfl’+1kt)a and P(N(t)=n) > rr((a‘a;:!)(pf'iikt)n(pflfkt)a for every

ne{0,1..}. That is, if pk—>w and c=22>0 is a constant, then P(N(t):n)arr((i;:!)(ﬁ)n(ﬁ)a for every

ne{0,1..}. Thus the generalized Waring distribution with parameters (a,kt,c) can be approximated by the

negative binomial distribution with parameters (a, ) when ¢ and/or k are large. Let M(t) be the negative

Cc
C+t
binomial random variable with the probability function

_p_Farm( ¢ (Cj
PM®)=n= r(a)n! (c+t] c+t (nef0d..} ©)
Let z(t) be the Poisson random variable with the probability function
e_;{t(/lt)n
P(Z(t)=n) == e{0,1,..}. (6)
Additionally, in the case of a:;—fl:/ic and A >0, the probability function in (1.5) can be written as
Ac
[mim} ,n=0,
AC
Ac
P(M(t)=n) = gﬁ[miﬂt} , n=1, )
Ac
Ac
(cA+n-1)t
%[ : :ft L gﬁ}[ﬂciﬂ] N=2,..
AC

From which, if ¢ —» o and At remains a constant, then P(M (t) =n) — P(Z(t) =n) for every ne{0,1...}. Therefore,
the negative binomial distribution with parameters (a,ﬁ) converges to the Poisson distribution with mean At

when c is large.

The results mentioned above indicate that both negative binomial and Poisson distribution are limiting
distributions of the generalized Waring distribution in the process. However, these limiting forms do not give
any criteria for measuring the accuracy of each approximation. In this paper, we give two error bounds to be the
mentioned criteria, that is, one bound for the total variation distance between the distributions of N(t) and
M (t), denoted by d(N(t),M(t)), and the other bound for the total variation distance between the distributions of
N(t) and z(t), denoted by d(N(t),Z(t)). The distances can be defined as follows:

d(N(t),M(t)= sup \P(N(t) e A-P(M(t) e A)\ (8)
AcNU{0}

and
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d(N(t),Z(t))= sup 0}\P(N(t) e A-P(Z(t) e A). 9

AcN
The following theorems present two error bounds for d(N(t),M(t)) and d(N(t),Z(t)) which are our main
results.
Theorem 1.1. For Ac Nu{0}, let p=-5, then the following inequality holds:

ct+t

a+l
d(N@),M (1)) samin{l,k(cht)(l_p)}. (10)
ck ck -1
Theorem 1.2. For Ac Nu{0}, let A= g, then we have the following:
—At
d(N(@), Z() < =8 [u (a”)(c”)}. (11)
c ck -1

Remark. 1. Theorem 1.1 tell us that the generalized Waring distribution with parameters (a,kt,c) can be

approximated by the negative binomial distribution with parameters (a,ﬁ) when ¢ and/or k are large.

Similarly, the result in Theorem 1.2 indicates that the generalized Waring distribution with parameters (a,kt,c)
can be approximated by the Poisson distribution with mean At when ¢ is large or At is small. In these
situations, simpler forms of both negative binomial and Poisson distributions are appropriate choices for
approximating the generalized Waring distribution.

a+l a
2. Consider the bounds in Theorems 1.1 and 1.2, because 1(;21;1 <1;§ ([6]) and by Taylor’s expansion,
= 1 [ﬂf - -en K(c+t)(1-p3*t
e P :1+’Tp+ "2! +L >%:> p>e P =>pise P =1-pi<i-e M, these give %min{l,%}ﬁ

@-p*Me+t)@a)g _ (1-p*)e+t)@ar)) _ (e M) (ard)(ct) 1A [t+(a+1)(c+t)

F D@ G D > o] ] Therefore, it can be concluded that the

+1
bound in Theorem 1.1 is sharper than the bound in Theorem 1.2. In addition, it is seen that &min{l,%jlpa)}

(1-e~ M) (@+1)(c+t)
c(ck-1)

and d(N(t),Z(t»sd(N(t),M(t))+d(M(t),Z(t»s&min{l. k(°*‘gfjl"a“)}+‘“j‘” . Because the

second term is obtained from Theorem 1.C (ii) in [1]. Thus, the shaper bound for d(N(t),Z(t)) in Theorem 1.2 is
of the form

a+l
d(N(),Z(t) sl{(l—e—ﬂ)uamin{l,k(”t)(l_p)}} (12)
c k ck -1

which yields a good approximation when ¢ is large or k and ¢ are large.

Il. METHOD

The tools for giving the desired results are Stein’s method for negative binomial and Poisson distributions and
the covariance associated with the generalized Waring random variable N(t).

For Stein’s method, Stein [8] introduced a power full method to give a bound on the normal approximation to
the distribution of a sum of dependent random variables. Later, Chen [5] applied this method to give a bound on
the Poisson approximation to the distribution of a sum of dependent Bernoulli random variables. Brown and
Phillips [2] also applied this method to give a bound on the negative binomial approximation to the distribution
of a sum of dependent Bernoulli random variables. Additionally, this method was applied to other discrete
distributions, including binomial, hypergeometric and geometric. The important tool of Stein’s method for
each approximation is called Stein’s equation. Stein’s equation of each distribution is a simple tool for giving a
bound on the distance between the two interesting distributions.

In this study, Stein’s equations for Poisson and negative binomial distributions are used to give bounds for
approximating the generalized Waring distribution. Stein’s equation for the Poisson distribution with parameter
At >0, for given h, is of the form

h(x) — P (h) = Atg(x+1) —xg(x) , (13)

o0 —At i - - - -
where P, (h) :Z:H)h(k)e i(,’“)' and g and h are bounded real valued functions defined on N U {0}. Similarly,
Stein’s equation for the negative binomial distribution with parameters a>0 and 0< p=1-q<1, for given h, is
of the form

h(x) = NB, p(h) =a(a+x) f (x+1) —xf (x) 14)
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where NB, ,(h)= Zf:oh(k) Ef??:)’ p2q® and f and h are bounded real valued functions defined on N U {0}.

For Ac Nu{0}, let hy:NU{0}— R be defined by
Jf xe A
h 15
A= { s (15)
Following [1], the solution g, of (13) can be expressed as

0a (0 = {(x ~D)1A) e [Py (hanc, ,) — Par(ha)Prhc, . if x21,

,if x=0,

where xeN and C,_; ={0,...,x—1}. For negative binomial approximation, by [2] and [9], the solution f, of (14)
is as follows:

(16)

NBa, p (hancy 4 )-NBs, pa(th) NBaplexy) ieoq
fa(X) = M a7)
0 , ifx=0.
Let Aga(X) = ga(X+1) —ga(x) and Af,(x) = fa(x+1)— fo(x). The following lemma gives bounds for Ag, and
Afp.
Lemma 2.1. For Ac Nu{0} and x e N, then we have the following:

sup|Aga(X)| < (18)
A
1-p
f < 19
Sl:\p\A A < @ (19)
and
(20)

sup|AfA(X)| <
A

For the covariance associated with the random variable N(t), by following [4], the covariance of N(t) and
ga(N()) and the covariance of N(t) and f,(N(t)) can be expressed as

Cov[N(®), ga(N®)]= D] AGa(M D (eny — DPIN() = j)} (21)
n=0{ j=0
and
Cov[N(®), FACN®)] = D [ ATAM D (any — DPIN() = 1)1, (22)
n=0 j=0

respectively.

Lemma 2.2. With the above definitions, we have the following.
Cov[N(t), ga(N(t)] == E[AQA(N )kt +N®)@+N(t)] (23)
and
Cov[N(t), fa(N(®)]=— E[ fACN (D)t + N )@+ N©)]. (24)
Proof. Because the proof of (24) is similar to that of (23), it suffices to show that (23) holds. The probability
function of N(t), c :pr1, can be expressed as
T'(@a+n)T(ck+a+Dr'k(c+t)+)r(kt+n)

P(N(t)=n) = ,ne{0,1,..}.
r(@n! r(ck+)rk)rk(c+t)+a+n+1)

n

2 (= DP(N®=])

Let y(n) =12 SN , n=0,1,..., then we have to show that
7(n):w7 n=0,1,.. (25)
ck
(kt+l)(a+1)

(kt+m)(a+m)

« we shall show that

It is seen that y(0)=uyg =2 and y(1)= . For meN, let y(m)=
M Because

y(m+1) = X
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m+1
> (un - DPN®=])
y(m+1) =12

P(N()=m+1)

m
2. (un@—DP(N(D)=])

PIN®)=m) j=
B PIN({t)=m+1) = P(N()=m) + 4N — (M+1)

_(m+D[k(c+t)+a+m+1] (kt + m)(a+m) +‘lt
(a+ m)(kt +m) ck c

_ (m+D[k(c+t)+a+m+1] +a—t—(m+1)

ck c
_(kt+m+D(@+m+1)
- ck '
by mathematical induction, (25) is obtained.
Substituting (25) into (21), it becomes

Cov[N(). ga(N®)]= Z[

n=0

—(m+1)

Aga(n)(kt +n)(a+n)
ck

P(N(t) = n)}

=§EpmMNGMM+NGMa+NmH
this implies that (23) holds. 0

I1l. PROOF OF MAIN RESULTS

This section uses Stein’s method for negative binomial and Poisson distributions and the covariance associated
with the random variable N(t) to prove our main results, Theorems 1.1 and 1.2.

Proof of Theorem 1.1. From (14), substituting h by h, and x by N(t) and taking expectation in this equation,

we have
P(N(t)e A)—P(N(t) e A) = E{q(a+ N@E)F(N({E)+) - N()f (N(t))}

= E{agf (N(t) +1) + gN () Af (N () — pN (1) f (N(1))}
=agE{ f(N(t) + 1)} +gE{N®AF (N ()} —p{Cov[N(), f (N(®)]+ i E[ f (N®)]}
= aqE {Af (N (1)} +GE {Ni ()AF (Ny (1))} —p{Cov[N(), f (N())]},
where f = f, is defined in (17). By applying (6) and (24), we obtain
d(N(t),M () = sti\p‘aqE{Af (N()} +qE{N®AF(N(1))} —-{E[AF(N®)(Kt+ N (D) (@+ N(t))]}‘

E{r?+gNayf“+N“ﬁa+N®unNm%

E{[z(“ T N(t)c)k(a+ N(t))}Af (N(t»}

< pE{[I\I(t)mdr'\l(t»}stipAf (N(t))} (26)

p[1-P"") @@+ N
S E[ - } (by (19))

1—p“1E[NGXa+NG»}
T (a+Dt k
_ac+t)a-p*th

B c(ck —-1)

= psup
A

= psup
A

(@7)
From (26), we also obtain

d(N@®.M () < pE{N(t)(a'FN(t)) 1

ck (a+N(D)q

} (by (20))

-2
ck’
Hence, following (27) and (28), the result in Theorem 1.1 is obtained. 0

(28)
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Proof of Theorem 1.2. From (13), substituting h by h, and x by N(t) and taking expectation in this equation,
we have

P(N(t)e A)—P(Z(t) e A) = E{/itg(N(t)+1) - N(t)g(N(t))},
where g =g, is defined in (16). Applying (7), we have

d(N(t), Z(t)) =sip\ztE[g(N(t)+1)]—E[N(t)g(N(t))]\
=sip\ztE[g(N<t)+1)]—Cov[N(t>,g(N(t))]—uNmE[g(N(t»]\

= st/ip‘itE[Ag(N(t))]—Cov[N(t), g(N@®)].
By (23), we obtain

d(N(t),Z(t)) =sup
A

%t E[Ag(N(1))] _cik E[AgA(N@)(kt +N(D)(@a+N (t))]‘

RS E{[at K NO)ax N“’)}Ag(wa»}
C A k
le{— KN (t) + N(t)(a+ N(t))supAg(N(t))}
c k A
—A
_ 1_; t E[ktN ®+N@®@+ N(t))} (by (18))
c k
e [H (a+1)(c+t)}
c ck -1
which gives the Theorem 1.2. )

IV. CONCLUSION

In a generalized Waring process with parameters (a,k, p), the negative binomial and Poisson distribution are

limiting distribution forms of the generalized Waring distribution. However, these limiting forms do not give
any criteria for measuring the accuracy of each approximation. This study gave these criteria in the terms of two
error bounds for the total variations distances, the total variations distance between the generalized Waring

distribution with parameters (a,kt,c) and the negative binomial distribution with parameters (a,ﬁ) and the
total variations distances between the generalized Waring distribution with parameters (a,kt,c) and the Poisson
distribution with mean At, where C:pT_l>0' With these bounds, it is pointed out that (i) the generalized

Waring distribution can be approximated by the negative binomial distribution when ¢ and/or k are large and
(ii) for 2=2>0, the generalized Waring distribution can be approximated by the Poisson distribution when ¢

is large or At is small. Following these conditions, each distribution, negative binomial and Poisson, can be
used as an appropriate approximation of the generalized Waring distribution.
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